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Some remarks on linear functional sequences

by Cmr GUAN-FU (Poznan)

Let X denote & Banach space with a norm || ||, and let X* be the con-
jugate space of X with the ordinary norm | |*. Tt follows from, the Banach-

Steinhaus theorem that for any sequence {f,} C X* such that ILim||f,[*
N—00

= oo, liz\ fu(®)| = co on a residual set. It will be shown in the sequel
N—>00

that apart from the trivial case when X is one-dimensional the theorem
is not true when “lim” and “residual set” are replaced by “lim?” and “one
point” respectively. Moreover, we shall give certain conditions under
‘which the modified theorem remains true. I wish to express my thanks
to Professor W. Orlicz for his valuable suggestions during the prepara-
tion of this note.

1. We start from the following imstructive example, showing the
difference between our problem and the theorem of Banach and Stein-
haus. Let X = (<0, 2n) denote the space of all periodical continuous
functions with period 2= and ordinary norm. For any z<X, let us exa-
mine the partial sums of the Fourier series of this function

n

salay ) = | sin(2n +1)(z—1)

sin%(‘r——tw) z(z)dT,
where n = 0,1,2,... Evidently, s,(-,%)eX"*, for each #,¢<0,2xr); it
ig known that
“Sn('7 to)H* ~ ].'117’&,
whence
lim fs,(-, to)“* = 00.
Tz 00

We shall prove lim |s, (%, )] < co for each ¢ X and arbitrary te {0, 2r).
=
Suppose that it is not so. Then there exist m,¢ X and t,¢ (0, 2n), for which

lim|s,, (w5, ty)| = oo,
N—00


GUEST


260 ' Chi Guan-fun
whence
1 n—1
On (%o, B) = 7'/“2 |83 (@0, t) — To(t)|—> o0,  for — n — oo
%=0

But, on the other hand, it is known that o, (2, {)) = 0 for n — oo (see [2],
. 2317).

2. In order that {f,} C X* and Lm|f,|* = oo imply Lm|fy (@) = oo,

: N—00 Ny 00
for a certain z,e X, it is necessary ond sufficient that X be one-dimensional.
Proof. Suffieiency. Let X be a one-dimensional space; it means

that there exists #< X such that |Z] = 1 and X = {oZ: « Tuns over all
real numbers}. BEvidently, fu(#) = a,a for 2 = o and a, = f,(T). If

lay| = IIan* — 00 for - oo,
then
lim|f,(z)] = co for @ #0.

Necessity. If X is at least two-dimensional, then there exist @y, yoe X
which are linearly independent and || = |lyoll = 1. One may find
¢, he X* such that
@) =0, h{yo) =1

Let us eonsider the set R = {(I,m):1=0, 41, 4-2,...;m=1,2,...}
which may be arranged as {(ay,b,):n=1,2,...} so that the sequence

glo) =1, g(y) =0; h(

{(a24+b2)"2:n =1,2,...} is non-decreasing. Obvmusly,hm(an—ir BEV? = oo,
Write
Ju(®) = ang(@)+-bub(@), n=1,2,..
Since
1
”f‘nﬂ* = sup'“'nvg(w)‘l” bnh(m)i > ma‘x{lanl} \bn” > ”"5(’:"1214“)“ bf@)llzi
lell<1 Ve
we get hm||an = oco. We ghall show that, for each x ¢ X, lim |f, (@) < oo,

'I)-—»DO
Exa.mme bhe following cases:
a. If g(x)h(x) =0, then either g(z) = 0 or h(x) = 0; it means that
either f,(¢) = by h(x) or f,(x) = a,g(x). Since lim|a,| = 0 and lim |b,| = 1,
ey prae

we always have in this case lim.|f,(2)| < oco.

N-—>00
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‘ B. Let g{@)h(x) # 0 and h(x)/g(x) = —p/g, Where ¢ > 0 and p are
integers; and let (p,, gn) = (np, ng), for n = 1, 2, ... Notice that

]Jn h(z) |
|-

Since {(Pn;@n):n=1,2,...}C R and (pi4¢2)'” steadily increase as

n - oo, there exists a sequence of positive integers I, << I, < ... < I, < ...
h
such that (pa, g.) = (ar,, b,); hence bl" + - ((:; } 0, for n =1, 2,
12
From |fi, (@) = |ag,g(0)+b k(@) =0, n=1,2,..., we see that
lim |f, (#)] = 0
ﬂ»—)DO

v. Let g(x)h(x) # 0 and h(x)/g(x) = o be irrational; then for each
positive integer n there exist mtegers Pn and g, where 1<g,<n
Pn | h(@) 1

+ —— for n=1,2,...
G 9@ | gun
Obviously, there exist sequences of positive integers &, < %k, < ..

sueh that (see e.g. [1], p. 170).

'<kn

y b <ly<...<l,<.. sueh that (pg,, q,) = (a,, by,) for n =
=1, 2, ... Therefore
a, h(z 1
—I;:« giw)) < s for n=1,2,
Hence finally
(@) = I, 000 + i o) < B, w =13,
i e. lim|f,(x) = 0.

3. Let 8 C X denote a positive cone, i. e. from z,ye8 and o, = 0
it follows that ax+-fyeS and S contains more than one element. Let §
be the closure of §. A linear functional fe X* i3 said to be non-negative
on S it f(z) = 0 for ze 8.

4. Let fupe X%, for myn =1,2,..., be non-negative on S. Put

SUp  frun ()

S @] =1

Mann, == ”fawn“s =

00
If 3 1lpmn < 00, form =1,2,..., then there ewists zeS such that
M=l

Lm, f, (#) = co, for m =1,2,...
Ny 00
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Proof. Take @y,e8 such that |[B) =1 and fun(@wn) 2 $un-
Obviously there is a double numerical sequence Amn  SUCh  that

ey ]szm—oo and Zlm Yo, = V< 00,

A—00

0< Ty < Ang <o vv < A <

for m =1,2,... Pub

1 I

= $—— Tmn, fOT
Yomn 2" v fom

m,n =1,2,...

o0
The double series J ¥m i8 absolutely convergent, whence it converges
mn=1

to zeS. Bvidently,

1 y
Fmn () fmn( 2m f mmn) = .z_m__ mn T (@)
a1 Ym  Hmn Vm  Mmn
= o —~o0, a8 m—oo, for m=1,2,..

2™V

5. Let faneX* for m=1,2,...; he(0,8(n) be non-negative on 8.
Furthermore, suppose that for each pair of positive integers (i, j) there ewists
an element eS8 such that |loyl <1, lim fm () = vy ond 11my4, = oo,

e
Then there exists am %‘eg such that hm fﬂh
K504

for i,j=1,2,...

= o0
for m=1,2,...
Proof. Take 1; =0

0 such that ZM 1 and Zl”yw = oco. Series

00
Z}.Mmﬁ is a.bsolutely convergen’n, whence it converges to y;eS for 1 =1,
.. But evidently 2 o

1
& 2yl +1)
thus converges to z<S. Finally we get

¥; is also absolutely convergent, and

»

2313”"(2"(!!1/ 1D Z o)
n ey

h—s04-

Lim fnh (m)

h—0+4

»
1
> ————— y! for m,p=1,2,..
SERCER) ZM T e

i e. im fo (2) = oo, for n =1,2,...

B0+
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6. As an application of 5 we shall show the following example. Let
X = (0<a,b) be the space of all continuous functions on (&, d> with
ordinary norm, and let {t,} C <(a,b) denote any sequence in (a, b). Then
there exists an <X which is non-decreasing and has infinite right side
derivatives at each point i,, for n = 1,2, ...

Proof. Take &(n) = 4(b—t,) and 8 = {reX:2(t')< ("), when

a <t <t <b). Pub
o(t,+h)—2(t,) .
f,,;,(ao):—ﬁ—;, for n=1,2,...; 0<h<é(n),
and
0, e <t <t
b—1;
1, it ——<t<h, for i,j=1,2,...

@y (t)e O<a, by,  ay(t) =

lh‘nea.r, L<t<t

Hence Vi = limf,;h(mﬁ) = 2_7 /(b—ti), and thus lim'yﬁ = 00, for i = 1, 2, TN
A0 J—o0
It follows at once from 5 that there exists an xeS = § such that

Lim w(tn+ h)""'w(tﬂ)

o 7 n=1,2,...

= lim o (@) = 00, for
B0
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