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The estimation of the third coefficient of the starlike
function with a pole

by J. ZAMORSKI (Wroctaw)

Let us study the class of functions starlike(!) for the point 0 with
expansion

1
F(z)=;+bu+b1z+~--7 0 <ol <1.

For this class we have the following
THEOREM. For the third coefficient of a function of this class the
following inequality is true:
bl < %-

The sign of equation occurs only for the function
1 172
P = (50w  mi=1

Remark. This theorem is known (see [1], [2]) for the class of
funetions which are starlike for the point 0, and for which b, = 0. The
class here discussed is really broader, because the addition of a constant
changes the centre of starlikeness.

Proof. In the paper [4] it has been proved that the funetional reb,
determined for the class of meromorphic starlike functions has its extremal
value for functions of the form

1 n+41 41
Py == [ [a—aet, lal=1, B>0, Da=2.
k=1 k=1

(1) The function F(z) is starlike in the ring 0 < [2| < 1, when the funection
f(z) = 1/F () maps the ring 0 < 2| <1 on a starlike domain.
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Moreover the numbers o and B, satisfy the following system of equa-
tions:

n—+1 n-+1 +l

" — b&“H~ T ookt Ao booy+1 =0,
(1)
S (n+1) o2 (20 +1) 2 by ot ok (1) AR ”Jrl By =0,
oy Uy S O Oy
(—1)P* p o v Opy Op
(2) bzazm 0 p—1 ... ap_y 0py |2 p=0,1,...,n,
00 .1 ay
n4+1 X
3) w= Bk §=0,..,m+1 a=2.
k=1

Now let us put » = 3 and let us suppose that the extremum reb,
is obtained for the function

F(z) = — (1—oy2)%
k=1
where oy 5 o; for k # §. It follows from this supposition that the equa-

tion

4 - .
(4) 0"+ —by0"+2b108+ 4b,05+ Ao+ 45,07+ 26, 02+~ Byo -1 = 0

w[m-

has four different double roots oy, o4, 05, 0;. Let us write

. 4 '

(5) @=2¢
=1

Then using the formulae expxcsmng the coefficients of a polynomml by
its roots and from (2), (3 ; (B) we obtain

j=1,2,3.

ay = %al"z‘i‘ oy
as = —la*+ia) o +iay,
From identity
ﬂ1+ﬂ2+ﬂs+lg4 =2,
B0+ Baoy+ Byoy+ ooy = Qyy

(6)

& = 070,030, = 4-1.

/31‘7%‘|'1320'§+ﬂ30'§'|‘1940'2 = O,
131‘7?1"}'/320'2'{“/330';'1‘/3403 == Qg
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we get
) B, = 20,050, — a,(0,03+ 050, 0304) + az(0y+ 05+ 0,) — 0y ;
(02— 04) (05— 01) (04— )
because
Br=pr and ox =1/o;
we get

(I) 2030304~ 0 (0305 + 0304+ 030)+ as{0s+ 03+ 04) —ag
= —20}+8,0{(02+ 02+ 0,) — @y 0{ (0205 + 0304+ 030) -Fazofe.

Then we exchange index 1 for 2, we subtract the resulfing equation from
equation (I) and divide by o,—o,. As a result we get

(II)  2030,—a;(0s+04)+az
= 2(0}+ 03+ 0,05) ~a1(01 0y + 0} 05+ 0} 0y + 010} + G o+ o3 oy +
+ 010405+ 010304) +85(01 0303+ 0} 0504+ 07030, + 0, 65 03+ 0F 0504+ £) —
—age(oy+ o).

Again we exchange the index 1 for the index 3, the resulting equation
is subtracted from equation (II) and divided by o;—o,. We get as a result

(III) @) = —ea3+ay(0,0203F 010,04+ 01030,+ 02030,)—
—01(0102+ 0,03+ 610, + 0505+ 03,04+ 030.) +2 (0, 0a+ 03+ 74)
and also
(IIT') 8, = e[ — az+ as(oy+ 03+ 03+ 04) — a1 (6,02 + 63 03+ 0,04+
40505+ 0504+ 0304) +2(0,0,03+ 0,050, 0,030,+ 05050,)].
Newton’s formulae give

1,3 o .
010305+ 010304+ 010304+ 050504 = (a7” —3ay oy + 245},

(8) .
0,02+ 0103+ 0,04+ 0303+ 0204+ 0304 = $(o] " —07).

Putting formulae (6) and (8) into equation (III') we gebt

(9) o = —lai®.

Since

@ = le(e;® 3¢ a7 +2a5),
from (9) we have

(10) @ = —hear (Fay*+ )
and from formulae (6)
(11) @ = —}eoy ag.
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If ay % 0 then |a, =2
B0+ Ba0h+ Baos+Buch = 267
4
and since f >0, Y B, = 2, we have
k=1
0 = Ué = 0’; = Oi’
i. e. contrary to the supposition not all o, are different.

If oy = 0 then from (9) ay = 0. In order to denote a; we take equa-
tion (II). Exehanging its indices successively and summing the equations
thus obtained we get the equation
—a,(0;+ 03+ 05+ 04) +- 20, = 2(o}+ o3+ a3+ ’J':)" ay(0, 0504+
+ 0,030+ 010,04+ 05030, + oyt o}og+ otoy+ 0,05+ oh oyt
+ djoy+ 0,63+ 0305+ 03 o+ 0y 05+ 020'24‘0'304)‘}‘
+a,(0f 0y 05+ 10,04+ ”f”s”4+alagaa+uldgd4+ 030305+
+ U1“2°’§+ 0y ‘7.:‘;0'4“‘ 0,050+ 610'20'2‘*' 0y UaUZ+ 0'20'302’{‘2‘71 02050)—

— 0301040304 (01 03+ 03+ 04) .

(Iv)

Using formulae (6) and the formulae expressing symmetrical func-
tions by fundamental functions az and & we get from the equa.tmn (IV)
the following equation:

56 v4«1v2~2 vavlvz
(12) - +ma + O3 s

BT =&(2a;

—;'al' ).
It 4y = 0 and ay = 0 then (12) gives oy = 0 and from formulae (6) it
follows that

a, =0,

-‘a2=0, a3=0.

Henece and from (2) we infer that the extremal coefficient

by = —}a,.
a, i8 a real quality for which |e,| < 2. Hence
b < %
The equality occurs only when ay = 4-2, and thus when of = 1 or of =
= —1. Hence
oo =1 oy=4, o03=—1, 0y = —1
or
oy = em:u,’ Oy = gamf,/qy Oy = 657!‘5/4’ 6, = Pucy
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In both cases (7) gives 8 = %, and thus the extremal funection for the
functional reb, is of the form

1 172
F(z) = (;;izz) .

Turning the plane z we find that the funection
l 172
F(z) = (—; +ﬂz2) y Il =1
%
gives the extremum for the functional [b,|.

In order -to conclude the proof of our theorem it is sufflclent to prove
that for all functions of the form

3
1
Fy(z) = > l 1 (1— oy2)P%
k=1

we have the inequality [by| << 3.
Let us study the function

(13)

Fi(2)
T2

where F,(z) is the function (13).

This function maps a eircle || < 1 on the semiplane rep > 0 once,
twice or three times at most. This depends on how many different num-
bers there are among numbers oy, o5, 6;. The circumference of the circle
is mapped on the line rep = 0. Hence we infer that the function

pe) = — =14+az2+...

1—g(2)
1+¢(2)
is & funection bounded in the unit cirele. This function transforms the unit

circle in & unit cirele once, twice or at most three times. From Schurr’s
known theorem [3] we know that all such functions are either of the form

(14) Hz) =

e = L. a2+ (ha+ hyhghy) 22 byt

(157) by hy+ (hyt+hihoho)z+hy 22

where the parameters h,, by, h; satisfy the conditions

|h1! <1, [hzl <1, ]hal =1,
or of the form
1 hyz+ hye?
5" = ——
(15") 1(2) R T
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where the parameters h,, h, satisfy the conditions

[hy <1, k| =1
or of the form
(15" 1(z) = h%
where |h,| = 1.

With the help of the parameters which appear here we can express
the coefficients of the expansion of the functions f(2), ¢(#) and finally
Fi(2). - .
' ‘We shall find for the funection F,(z) that either

(169

s = (=R {BiPs—2 |y |2h2—3E3hy+
o (1 |hg|?) (2hy hy = 6By ho g+ BTg )},
or
(16") by = §(1— []®) (B3 Ry —2 |y |2 B — 3R F3),
or
(16" by = 0.

We eagily find from the above that always

A7) |be) <EA—rdfrirat2riri+3riry+ (1 —13) (274 67,75+ 374}
where 0 <7, <1, 0 <7, < 1.

Let 0 <7, <0,5; then

(-1 <0,19, 7 (1—73) < 0,375, 1—-1 <1,

|bs| < 0,125+ 0,907r,— 0,06275—0,78073, 0,59 < ryextr < 0,6,

i e.
|bg| << 0,489 < 0,5.
Let 0,5 <7, <1; then
r(1—r}) < 0,25, 7 (L—1) < 0,386, 1—1r < 0,75,

|bg| < 0,129 0,803r,—0,04575 —0,63673, 0,62 < ryextr < 0,63,

ie.
|bs} < 0,47 < 0,5.

Thus the theorem is completely proved.
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