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On the topological triviality along moduli
of deformations of J; o singularities

by PIOTR JAWORSKI (Warszawa)

Abstract. It is well known that versal deformations of nonsimple singularities depend
on moduli. However they can be topologically trivial along some or all of them. The
first step in the investigation of this phenomenon is to determine the versal discriminant
(unstable locus), which roughly speaking is the obstacle to analytic triviality. The next
one is to construct continuous liftable vector fields smooth far from the versal discriminant
and to integrate them. In this paper we extend the results of J. Damon and A. Galligo,
concerning the case of the Pham singularity (J3 0 in Arnold’s classification) (see [2, 3, 4]),
and deal with deformations of general Jj, o singularities.

1. Introduction. Let f : (C",0) — (C,0) be a germ of an analytic
function with an isolated critical point at the origin. Let

F:U—-C, (0,00eUcCcXxA4 X=C" A=CH,

be an analytic deformation of f (i.e. f(x) is the germ of Fy(z) = F(x,0)
at the origin) which is miniversal for right equivalence. Obviously Fy(x) =
F(z,\) is versal for V-equivalence. Furthermore if A; is a free term, i.e.
F(z,A\) = F'(x,\) + A1, where A = (A, \) € A =C x A’ and the domain
U splits, U =C x U’, U’ € X x A’, then the unfolding

F:(U,(0,0)) = (4,0), F(z,N)=(=F'(z,\),\),

is right-left stable.

Let T be the moduli set, i.e. the subset of A consisting of all A such that
Fy(z) has a critical point p of multiplicity x = p(f) (Milnor number) and
Fyx(p) = 0. Let w: (A4,0) — (T,0) be an analytic projection (transversal
to T').

We say that the deformation F' (resp. the unfolding F) is topologically
trivial along T relative to 7 if there exists a projection 7y : A — 7~1(0) such
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194 P. Jaworski

that F'(z,A) (resp. F(z,A)) is topologically equivalent to the deformation
F(z,m(X\)) (resp. to the unfolding (F(z,mo(X)), 7(N))).

Now let the germ f be quasihomogeneous (weighted homogeneous). Then
there exists a distinguished class of projections induced by quasihomogene-
ity. We consider a quasihomogeneous miniversal deformation:

Fx(z) = F(z,A) = f(z) + Z Aiei(x)

where e1,...,e, is a quasihomogeneous basis of the local algebra O, /Iy,
where Iy is the ideal spanned by the partial derivatives 0f/0z;, i =1,...,n
(compare [1], §8). We say that the parameter \; is underdiagonal, overdiag-
onal or diagonal if the quasidegree of e; is less than, greater than or equal
to the quasidegree of f respectively. We remark that the number of basis
elements of a given quasidegree does not depend on the choice of a basis
(see [1], §12.2). In this case the moduli set T is a linear subspace of the base
A = C* spanned by the overdiagonal and diagonal \’s. Moreover, there is a
canonical projection 7w onto T', “forgetting” the underdiagonal \’s. For this
projection the restriction Fy, A € 771(0), is the part of the deformation con-
sisting of the underdiagonal terms, the so-called underdiagonal deformation
(also called the deformation of negative weight). Since quasihomogeneous
germs are germs of polynomials, F) is defined globally and we may put for
example U = C" x C*. Nevertheless since the topological triviality depends
on the choice of domain where the deformation is defined, we restrict our-
selves to domains U such that the sum of the Milnor numbers of the critical
points of Fy in Uy = {z : (z,\) € U} is constant.

The goal of this paper is to show that in general quasihomogeneous
miniversal deformations of Jj, ¢ singularities are topologically trivial along
the moduli. The only exceptions are when £ > 3 and the singularity is
harmonic or aharmonic. That is, except the above two cases:

1. The underdiagonal part of the quasihomogeneous miniversal deforma-
tions of the Jy ¢ singularity is topologically V-versal; or

2. The analytic miniversal deformations of (different) singularities be-
longing to the family J ¢ are topologically V-equivalent.

The author would like to mention here that the problem of topological
triviality has also been investigated by A. du Plessis and C. T. C. Wall (see
[5, 6]).

2. Notation

2.1. Deformations and unfoldings. In the mathematical literature one
can find two different points of view on the theory of deformations of germs
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of analytic sets: analytical and geometrical. Since we are going to deal with
both of them, we have to differentiate the notation.

Let f(z) : (C™ x0) — (C,zp) be a germ of an analytic function. By a
deformation of f we mean an analytic family of functions

F(.TU,)\) : (U7 (l‘o, AO)) - ((sz(])v UcC"x Aa

such that f(z) is the germ of F(z, \g) at xg (compare [1]).

By an unfolding we mean a corank one mapping

f(xv /\) : (U/7 (:EOv)‘é))) - ((C x A/) (207)‘6))’ U’ cC"x A/v

such that F=1(29) = f~1(20) x {N\,}.
In the following the set A (resp. A’) will be called the base of the defor-
mation (resp. of the unfolding).
Let IT: C" x A — A and IT' : C" x A’ — A’ denote the projections onto
the second factor.
Two deformations F;(x, A) : (Ui, (zi0,Aio)) — (C,0), i = 1,2, are topo-
logically V-equivalent if there exist functions
@($‘7 >\) : (UZa ($2,07 )\2,0)) - (Cn70)7
O(A) : (II(Uz), A2,0) = (I(U1), (21,0, A1,0));
H(z,A) : (U, (22,0, A20)) — C
such that ¢(z, A2 0) and ©(\) are homeomorphisms, H and 1/H are locally
bounded and

Fi(P(xz,\),0(N) = H(xz, \)Fa(z, \).
Furthermore we say that two unfoldings
f,(.%',)\) : (Uzla (wi,Ou ;,0)) - (C X Al? (07 ;,0))7 L= 1727
are topologically A-equivalent if there exist two homeomorphisms
D(z, M) : (Uﬁa (902,0’/\/2,0)) - (U{a (ml,Oa )\/1,0)),

O(z,A) : (Us, (0,/\’270)) — (Cx A, (0,)\’2,0)), ImF, U3 CCx A,

such that
Fro0dP=0600F,.

Now assume that the base of a deformation (resp. of an unfolding) splits,
A=(7,s). We say that the deformation F' (resp. unfolding F) is topologically
trivial along s if it is topologically equivalent to the deformation

G(z,\) = F(x,T,s0)
(resp. to the unfolding
G(z,\) = (F(z,1,50),5)).
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2.2. Jy o singularities. We consider quasihomogeneous analytic functions
f(w7y):y3+/8yx2k+’yx3k7 k:2737"'7

of type (1/(3k),1/3), where 432 + 27+% # 0. Each of them has an isolated
singular point at the origin. In Arnold’s classification (see [1], §15) such
singularities are called Ji 0. We remark that they are classified (up to both
right and V-equivalence) by the j-invariant:

.
433 42742

Note that the j-invariant has two branching values: j = 0 (the harmonic
case) and j = 1 (the aharmonic case).

We remark that the Milnor number of a J, ¢ singularity equals 6k —2 and
the modality is £—1 (but only one modulus occurs in the quasihomogeneous
part, the other are overdiagonal).

J

3. The main result. With the exception of the case k = 2 the topo-
logical triviality is not possible for j = 0 or j = 1 since in these cases there
exist nontypical decompositions (see [8, 9]).

Therefore we restrict ourselves to the case when j # 0,1 and put

flzy) =y* +ua®y + 2%, 4P +2140#w

We shall consider the following deformation of f:
k—2 3k—2 2k—1
F(Z[J, Y, 7, 8) = y3 + Ul'Qky + x3k + Z 37)2/332k+z + Z 7_0,73371 + Z Tl,iy'xzv
i=0 i=0 i=0

and the associated unfolding
f(:L‘, Y, 7—,’ S) = (_F(xa vy, 0, 7—/’ 5)7 7_/7 S))

where 7 = (190,7') € C?*~! and s € Ck~1. We remark that F becomes
a quasihomogeneous function of x,y, 7, s if we put qdegs; = —i/(3k) and

qdeng =1 —j/3—Z/(3k)

THEOREM 1. If u # 0 and u®+27 # 0 then there exist quasihomogeneous
neighbourhoods U and U’ of the origin such that the deformation F restricted
to U and the unfolding F restricted to U’ are topologically trivial along s.
Moreover if u is real then the above neighbourhoods and trivializations can
be chosen to be invariant under complex conjugation.

REMARK. The case k = 2 was proved by Looijenga [11], and the next
one, k = 3, by J. Damon and A. Galligo [2, 3, 4]. Furthermore, it follows
from the results of Wirthmiiller [12] that F and F are topologically trivial
along sx_o.
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4. Liftable vector fields. The construction of a topological trivializa-
tion is based on integration of certain vector fields.

We recall the basic definitions. Let F'(x,\) be an analytic deformation
of f(z) = F(x,0). Let A\g be a point from the fibre 7=1(0), where 7 : A — T
is the projection onto the moduli set. A continuous vector field

0
1= -
defined on some neighbourhood of \q is called liftable if there exists a neigh-

bourhood W of g and a continuous vector field £ defined on II~*(W)NU
such that

£= Zfi(lﬁ\)gJﬂ?

and {(F') = AF, where A(z,\) is a locally bounded function. We call such
a vector field ¢ lifted and denote its component tangent to A by IT#(¢).
Note that & and 7 are linear combinations of analytic (holomorphic) vector
fields with continuous coefficients. Thus they annihilate all antiholomorphic
functions.

We denote by M(U) (respectively by L£(U)) the O(II(U))-module of
analytic liftable (respectively lifted) vector fields and by M(\) (respectively
L(A)) the C-linear space of their values at the point A.

We recall that the tangent space to a V-equivalence stratum is spanned
by liftable vector fields. Therefore we apply the following definition (compare
the notion of a versality discriminant [2, 3, 4] and an instability locus [5]):

DEFINITION. A point A € 7~1(0) belongs to the versal discriminant
relative to the projection w if the module M of analytic liftable vector fields
is not transversal to the fibre 771(0) at :

M()\) ) T)\Tfil(()) ;é T)\A

5. Regular domains

5.1. Definition. Let the set of germs of analytic functions e(x),...,
e, () be a basis of the local algebra of the germ at the origin of an analytic
function f(z). We consider its (right) miniversal deformation

F(z,\) = f(z) + Z()‘z — Ao,i)ei(T),

(z,\N)eUCXxA, X=C", A=CH

Moreover we assume that U is open and contains (0, o).
We say that the domain U is regular if:

e the analytic functions e;(z),...,e,(x) span the factor algebra of an-
alytic functions on U modulo the ideal Ir generated by the derivatives
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OF /0x;, as a module over the analytic functions on the projection I7(U),
OU) =1r & OUI(U))(e1(), . .., eu(x)),

e for every A € II(U) the analytic functions e;(x),...,e,(z) are C-
linearly independent in the factor algebra of analytic functions on U N
IT71()\) modulo the ideal If, .

The first condition implies that the fibres U N IT~!(\) are not too big,
i.e. they do not contain “additional” critical points of F) (not converging
to the origin as A tends to 0). The second one means that these fibres are
not too small, i.e. the sum of the Milnor numbers of critical points of F is
constant (equal to ).

Now, let F' be a miniversal deformation of a Jj o singularity defined as
in Section 3. As an example of a regular domain we can take the set

U6767w = {(I, Y,70,0, 7—/7 S0, 5/) : (l‘, Y, 7—/) 50, ‘9/) € Uzg,s,an T0,0 S (C}7

Usewo = {(@ 9.7, 50,8) = [s0] < 8, (Ja* +[y*) - [|s']| <e,

17 11"l < e~ wh
where 0, €, w are sufficiently small positive constants, and
|s'|| = max{|s;[?*/" i =1,...,k =2} fork>2 |s||=0 fork=2,
1711 = mase{| ;|**/CFIR0 4 (i, ) # (0,00}
5.2. Properties. We state some basic properties of a regular domain U.

LEMMA 1. For every X € II(U) the mapping

w
OF
(m,--.,n)H< m)

B mod IF;

is a C-linear isomorphism of the tangent space TxA and the factor algebra
ownm'(\)/Ip,.

Proof. Indeed, 0F/0O\;, = e;(x) and the e; form a basis of the above
factor algebra.

Furthermore, there is a canonical O(II(U))-linear mapping
T:LU) - OW),  T(€) = E(F)/F.
LEMMA 2. T is onto and ker T C ker IT#.

Proof. The first assertion follows from the first regularity condition and
the second from the second one. Indeed, for every analytic function a on U
we have a decomposition

a(z, \)F(z,\) = Zfz‘(f’?a /\)c‘(;)a:}i + Zm()‘)gi
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We put
0 3}
£ = Zfi(OC,)\)% + Zm()\)af)\i'
Obviously £(F') = aF. On the other hand if £ is as above and {(F') = 0 then
OF OF
> i, )\)8751- + Zm()\)af)\i =0.
But 0F/0)\; = e;(x) and for any fixed A they are linearly independent

modulo F/dx;’s. Therefore all n; must be 0. Hence IT#(£) = 0.

LEMMA 3. M(U) is an O(II(U))-module generated by the vector fields
IT#(&;) where &(F) = e; F.

Proof. Let £ be a lifted vector field, {(F) = aF. We decompose a as

a(z,\) = Bi(x, )\)gz +3 " ai(Vei(x).
We put
&€= F Y BN+ Y aig
Obviously &*(F) = aF. Therefore

I#(§) = (€)= ai(MITF (&),
We apply the above to a deformation F' of a Jj, ¢ singularity restricted
to a regular domain. Basing on the results of [9] we obtain:

PROPOSITION 1. The versal discriminant of the deformation F consists

of the parameters T such that
Fr =y° +ud(x)y + d(x)°,

where d(x) is a polynomial of degree k with at least one multiple root.

REMARKS.. e Since F is a subfamily of F', d is monic and the sum of
its roots is 0, d = 2% + ap_ox® 2 + . ..

e In [9] we also described the versal discriminant of the two cases omitted
here, j =0, 1.

Basing on Lemma 3 one can also prove the uniqueness of quasihomo-
geneity.

PROPOSITION 2. Let

F(z,\), (x,\)eUcCcXxA X=C" A=CH,

be a quasihomogeneous miniversal deformation of a quasihomogeneous or
semiquasihomogeneous singularity. If U is a reqular domain then the quasi-
homogeneous C* action on the base A is invariant under analytic automor-
phisms of the deformation.
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Proof. The C* action on A is induced by the so-called Fuler vector field
0
= deg(Ai)\i=—.
e=>_ qdeg(\) e
The orbits of the Rt and S! actions are integral curves of the real and

imaginary parts of €.

Next, ¢ is liftable and for its lifting we can take the Euler vector field on
X x A,

S, =+ Z qdeg(xi)xiaaxi.
Obviously =, (F') = qdeg(F)F. The last condition is preserved by automor-
phisms:
PH(Z)(F) = §7(5e)(F o ®) = Ze(F) = qdeg(F)F.
Due to Lemmas 2 and 3 the difference ¢*(=,) — =, is tangent to the fibres

of the projection IT : X x A — A. Therefore ¢*(=,) is also a lifting of .
Thus for any automorphism @,

II#(9%(Z,)) =e.

Hence ¢ is an invariant of the automorphisms. (For more details see [10].)

6. The structure of the versal discriminant

6.1. Critical points. For
F = o® + ud(z)?y + d(z)3,
we have
OF oF

o 3y? + ud(z)?, = (2uy 4 3d(z))d(z)d' (z).
Let di(z) be the greatest common divisor of d and d’. We put d' = dypd;
and d = dgdl.

There are two types of critical points:

o d(.’ITQ) = Yo = 07

o d(zg) # 0 but d'(xg) = 0.
We remark that due to the nondegeneracy condition 4u® + 27 # 0 the
intersection of the zero sets of 0F/0y and of the first factor of 0F/dx consists
only of the points (xg,0) where d(z¢) = 0.

The roots of d(z) give rise to singular points of F~1(0). Let

d(z) = [J(z — z:)™,



Deformations of Jy o singularities 201

where all x; are different. In the local coordinate system {Z,y} in the neigh-
bourhood of the point (z;,0),
1/0@
F =3P +uz?®y+23*, where T = (:L‘—:vi)(H(x—mj)aj> ., Y=uv.
J#i

This gives the following singularity types:

e if a; = 1 then the point (x;,0) has type Dy;

e if ; = m, m > 2, then it has type Jy, 0, j = 4u/(4u3 + 27). (We
remark that at least one «; is greater than 1.)

Furthermore the sums of the Milnor numbers and the modality of these
critical points are respectively pu; = 6k—2degdy and m; = k—deg da, where
ds is the product of all prime factors of d, i.e. degdsy equals the number of
different roots of d.

The roots of dy(x) give rise to the remaining critical points of F'; which
are all of type A,.

6.2. Parametrization of the stratum. We recall that a subset of the base
of a deformation is a p-constant stratum if it is a connected component of
the set of parameters A such that the sum of the Milnor numbers of the
singular points of the zero sets of the corresponding functions is equal to a
given value.

We consider the p-constant stratum Vp containing the function F' =
y3 + ud(z)%y + d(x)3, which was investigated in the previous subsection.
Near F', Vg is parametrized by the family

Fo=y + (ut s@)d()y +d(@),  s(x) = siar® 2 4.+ s0.

Indeed:

e F has the same singular points as F, (z;,0), where z; is a root of
d(z). In the local coordinate system {z,y} in the neighbourhood of the
point (x;,0),

F=3y+ (u+ g(f))fza’ﬂ%- 3% where
~ o 1/o "
i=@-a)(JJ@-2)™) " G=v
J#i
Thus the whole family has the same singularity u-type.
e The dimension of Vg equals
mi + po =k —degds +2degds — 2 =k — 2 + degdo.

Hence it is equal to the number of parameters of the family F§; there are
k — 1 coefficients of ¢(x) and deg dy different roots of d(x), which fulfill only
one condition: their sum (counted with multiplicities) equals 0.
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We remark that Fy, s # 0, has more critical points than F' but the
additional ones lie outside the regular domain.

LEMMA 4. The p-constant stratum containing points from the versal dis-
criminant is transversal to the fibres of the projection .

Proof. Since

88%;5 = d(x)*yz’
the matrix of coefficients of the “vectors”
OF; OF;
€1,...,€E5k—2, 050 gy aSk_2

in the base 1,x,...,2% 72y yx,..., yz®*~2 of the factor algebra O(U N
II7Y(X\))/Ip, is triangular. Since the mapping n — n(F) is an isomorphism
of the above factor algebra and the tangent space to A (see Lemma 1), the
tangent space to the parametrization Fj is transversal to the fibres of 7.

7. Multigerm splitting
7.1. Deformations of a multigerm. Let
F(z,A), (z,\)eUcC"xA, A=C™",

be an analytic family of holomorphic functions. Let p be an isolated critical
point of F'(x, Ag). Then the germ of F(-,-) at (p, Ag) is a deformation of the
germ of F)\, = F(-, \o) at p. Hence it is right-equivalent to the deformation
induced from the miniversal one (see [1], Vol. 1, §8). Furthermore we choose
a normal form of the germ (F),),, say F),(g,(z)), where g, is a germ of a
diffeomorphism and g,(p) = 0. In such a way we construct a germ of an
analytic mapping ¥, from the parameter space A to the base A, of the right
miniversal deformation G (z, A) of the germ of Fy,(g,(z)) at the point p,

Wy (A, X0) = (Ap>xp70)
such that
F(:E, )‘) = Gp(gp(xa )‘)a g/p()‘))
in some neighbourhood of (p,\g), where g, is a holomorphic germ, and
gp(®,Xo) = gp(x). Let Crity denote the set of critical points of F . We
introduce a splitting mapping
v = >< !v/p . (/1, )\()) — >< (Ap, Ap,O)
pECrit,\O peCrit,\O
from the parameter space A to the base of a miniversal deformation of the
multigerm (F},(x, \o)), p € Crity,.
In the following we shall consider the case when F' is a right miniversal
deformation of a germ with an isolated critical point of multiplicity .
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PROPOSITION 3. If the domain U of the deformation is regular then the
splitting mapping
v = >< !v/p . (/1, )\()) — >< (Ap,xno)
pECrit,\O peCrit,\O

is a germ of a diffeomorphism.

Proof. We put f,(x) = F(g,(z), Ao). We recall that we may choose the
following miniversal deformations of the germ of f, at p:

fol@) = fop) + > bje;,

where b; are complex parameters, e; form the basis of the local algebra of f,
at p and e; = 1. We identify the tangent space to A, with the local algebra
Qp. Hence the derivative D¥ is the composition

TA = O a/Ir = €D Qp,
p€eCrit

3} d
N, — 8)\¢F mod (01 F,...,0,F)

x 0
N <8>\ifp mod (01 fp, - .- ,8nfp)(9p>

p€eCrit
The homomorphism 7 is an isomorphism of linear spaces. As a matter of
fact it is a splitting of a multilocal algebra into local components ([1], §5.8).
Hence DY), is also an isomorphism.

Thus ¥ is a germ of a diffeomorphism.

In the following sections we denote by the same symbol ¥ the analytic
diffeomorphism which represents it.

EXAMPLE. Let A be a point from the versal discriminant of a J3 o sin-
gularity such that the curve F’\ = 0 has two singular points Jio = J2 ¢ and
Dy. Then the 16-dimensional base of a right miniversal deformation of J3 o
is in some neighbourhood of A\ the Cartesian product of:

¢ a 10-dimensional base of Js o,

e a 4-dimensional base of Dy, and

e two one-dimensional bases of A; (there are two critical points with
nonzero critical values).

Obviously the 3-dimensional stratum containing the versal discriminant
is the product of:

e the 1-dimensional moduli set of J g,
e the origin of the base of Dy, and
e the two one-dimensional bases of A;.
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7.2. Splitting and liftable vector fields. Let n,’s be continuous vector
fields defined on some neighbourhoods of Xp,o in A,, pe Crit F),. If pis a
singular point of the curve F), = 0 then we assume that 7, is liftable and
&p is the corresponding lifted vector field,

Ep(Fp) = ApFy.
We extend each 7, to an open subset of the Cartesian product X A,, ¢ €
Crit Fi,, np — (0,...,0,1,,0,...0) € T( X Ay).

LEMMA 5. The vector field n = (W*)~1(3_n,) restricted to some neigh-
bourhood of A is liftable.

Proof. We construct the lifted vector field ¢ in the following way. In a
suitable small neighbourhood U, of a singular point p we put

&p = (g;aW*)_l(fp + Z W)-
p'#p
We remark that for (z, \) € U, we have
&) = &(Gpo (9 p))lan = (& + D ) (G)
p'F#p

= (ApGp)l(g, @20, (0) = Ap(gp(2, A), bp(A) F(, A).

The complement of the set of singular points is covered by n + 1 sets:
Uo = A{(z,A) : F(z,)) # 0},

Ui:{(x,/\):g(:c,)\)#O}, i=1,...,n.

i

(gp ({E,)\),Tl)p()\))

Weputa):non Up,andon U;, 1 =1,...,n,
~_ —nF) 0
5= 90w 0w

The above vector fields are local liftings of n and

~ —n F ~
&(F) = F(‘ )F, &(F)=0.
Next we glue g’s using a smooth partition of unity to obtain a global lifting
of n:
£ = Z Cpép + Z Gi&i
pESing =0
where

n

> Gp+> G=1, suppl, C Uy, supp¢ C Us.

pESing =0
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7.3. Split-stratified vector fields. The aim of this subsection is to define
a category of continuous vector fields lifted from the base of a given (right)
miniversal deformation (of an isolated singularity S) which is closed under
addition and multiplication by smooth functions and furthermore contains
only integrable vector fields.

We recall that the so-called control functions are the basic tools used to
show the uniqueness of integral curves of continuous vector fields (compare
(2, 3, 4, 12]).

We associate with every (right, analytic) type S of a critical point a fixed
normal form fg and a fixed miniversal deformation Fl; if the singularity is
quasihomogeneous or semiquasihomogeneous then we choose a normal form
with the respective property and a quasihomogeneous deformation,

Fgq :Us—>C, Ug C(C”x/ls, fs(&’):Fs(x,)\o).

Let Ts be the moduli set, i.e. the subset of A consisting of A such that
Fs \(x) has a critical point p of multiplicity p = p(S) and Fs (p) = 0.
We say that a smooth function

ds ZA—>R+U{O}, 551(0) =1Tgs,

is an admissible control function if, for all singularities except the type Jj o,
it is the sum of the squares of the moduli of holomorphic functions which
generate the ideal of holomorphic functions vanishing on T, and for the
type Ji,o it is the sum of the squares of the moduli of quasihomogeneous
holomorphic functions of the same positive quasidegree.

Let F : U — C, U C C" x A, be an analytic family of holomorphic
functions.

DEFINITION. A lifted vector field
0

is split-stratified on U if for every p-constant stratum E':

(1) n is tangent to £ and smooth on F,
(2) € is tangent to Sing F' and

oF oF
5(8%) = A 0F + Az‘,jach

where A; ; are locally bounded on U N II~1(E),
(3) € restricted to IT7!(E) \ Sing F is smooth,
(4) for every A € E, for every set of admissible control functions d,,

p € Sing F), and for every splitting mapping ¥, there exists a constant C
such that
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‘77( 3 5pow)‘gc( 3 5pou7>

pESing Fy, pESing Fx,
in some neighbourhood of .

REMARK. The above definition does not depend on the choice of a par-
ticular splitting mapping. Indeed, the composition of an admissible control
function and an automorphism of the miniversal deformation is still an ad-
missible control function (see Proposition 2 for the case of J ).

LEMMA 6. If a continuous lifted vector field & is split-stratified then Re &,
Imé&, Ren and Imn are locally integrable.

Proof. From condition (4) it follows that any integral curve of Ren and
Im7 lies in just one p-constant stratum (compare e.g. [2]). Hence together
with (1) this implies the uniqueness of the integral curves of 7’s.

Integral curves of Re ¢ and Im £ lie over integral curves of Ren and Im 7.
The uniqueness outside the set of singular points follows from (3) while
the uniqueness at singular points comes from (2) and the fact that F\ has
only isolated singular points. Indeed, over integral curves of n’s, Sing F' is a
disjoint union of smooth curves. Next we consider the control function

OF |?
=|F? — .
RN

Then

OF \ OF
= A|F? AioF Aijj— | .
| | +Z< 0 +Z 7]81‘]‘)83)@'
Therefore, since |ab| = |a| - |b] < |a|? + [b|* we get
€(0)| < Co,

where C' is the sum of bounds of the coefficients A and A; ;. Hence no
integral curve of £ can cross the set of singular points.

The above yields the continuous dependence on initial values, i.e. the
continuity of the flow (see [7], Ch. V, Th. 2.1).

LEMMA 7. A linear combination, whose coefficients are bounded smooth
functions of A\, of lifted split-stratified vector fields is again split-stratified.

Proof. The first three conditions are obvious. We deal with the last
one. Let n = b;(\)n;, where |b;(\)| < M. We have

90)] = | S b < S - @) < (M3 )s

LEMMA 8. Fvery analytic lifted vector field & is split-stratified.
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Proof. The first three conditions are obvious. We deal with the last
one. If n = IT#(¢) is analytic then so is ¥*(n). Let 7p be the component of
U*(n) tangent to A,. Then

(3 0,0w) =@ n) (3 6) = mls,)

If 6, is the square of the euclidean distance from the moduli set T,
to which 7, is tangent, then there is a local coordinate system {y; : i =
1,...,m} such that T ={y; = ... =y = 0} and

k
(Sp = Z 51,;‘(3/)%3/]‘7 where 5%1(0) = 1, 5173(0) =0 for ¢ 75 j

ij=1

Since 7, is tangent to T,

Z 77@,]% + Z 771

1,7=1 i=k+1

Thus n,(d,) belongs to the square of the ideal generated by yi,...,y; and
np(0p)/0p is bounded.

If p has type Ji o then 7, is a linear combination of quasihomogeneous
liftable vector fields of nonnegative quasidegree with analytic coefficients
(see Lemma 3):

=Y ami,  adeg(n:(5,)) = adeg(n;) + adeg(8,) > adeg(dp)-

Indeed, if n; = IT7(&;), where & (F) = e;F, then qdeg(n;) = qdeg(e;) > 0.
Therefore the quotients 7;(d,)/d, are bounded. The coefficients a; are also
bounded hence so is the quotient 7,(d,)/d,.

8. Construction of families =} of vector fields. Let f(z,y) and
F(z,y,7,s) be as in Section 3, and let I and 7 be the projections,
(z,y,7,s) = (7,5), 7(7,5) = s.

PROPOSITION 4. There exists a (k — 1)-tuple =y = {&k; 11 = 0,1,...,
k—2} of quasihomogeneous split-stratified lifted vector fields defined on some
quasihomogeneous neighbourhood of I71(7=1(0)) such that

g7, 8) 6 1=0,1,...,k—2.
],l

Proof. The construction of =} is by induction. We let =7 be empty,
and assume that for all m < k the families =), are already constructed.

We proceed in three steps. First we show that for every point (79,0) € A
lying on the quasihomogeneous “sphere” ||7|| = 1 there exists a neighbour-
hood W,, C A such that one can construct & ;’s on I1-1(W,,). Next we
choose a finite covering and glue the vector fields using a partition of unity.

H#(ékz -
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The last step is to extend the vector fields by quasihomogeneity to some
neighbourhood of the set I171(7=1(0)) = {(z,y,7,0)}.

STEP 1. If the point (79,0) does not belong to the versal discriminant
V' then for every ¢, i = 1,...,k — 2, we can find a neighbourhood W, and
a lifted analytic quasihomogeneous vector field &; with

0 0
Ds, + Z N5, (T; 8)87

Tl

IT# (&) =

defined on IT-Y(W,,).

Otherwise, when (79,0) € V, we apply induction. Let V(7p) be the
p-constant stratum containing (79,0) (obviously it also contains a stratum
of the versal discriminant). First we show that the tangent space to V(79)
at (79, 0) is spanned by quasihomogeneous split-stratified continuous liftable
vector fields. We consider the multigerm splitting

v (A, (19,0)) — X (Ap,xp,o).

p€ECritr,

We notice that ¥ maps the p-constant stratum V(1) to the product of the
overdiagonal and diagonal subspaces of A,’s for p singular (we denote them
by T,) and whole A,’s for the other critical points:

J/(V(TU)):( X Tp) ><( X A,,).

p€ESing p¢gSing

The tangent space to T}, p € Sing, at the origin is (by induction) spanned
by continuous liftable vector fields such that their liftings are split-stratified.
(If p has type Dy then T, = {0}.)

The tangent space to A, for p ¢ Sing is spanned by analytic vector fields.

The pull-backs of the above vector fields are liftable (see Lemma 5) and
span the tangent space to V(7y) at (70,0). Furthermore their liftings are
continuous and split-stratified.

Since the stratum V' (7p) is transversal to the fibres of the projection
m: A — T, the vector fields we are looking for are linear combinations of
the above with bounded continuous coefficients.

STEP 2. Since the quasihomogeneous sphere ||7|| = 1, s = 0, is compact,
we may choose from the covering {W,} a finite subcovering {W.}, 7 € I.
Let {Co,(r : 7 € I} be the corresponding smooth partition of unity:

CO+ZCT =1, supp¢ CW, forrel,

o =0 in some neighbourhood of ||| = 1.
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Obviously the vector fields
= G&i i=01,... k-2,
Tel

are continuous, lifted and split-stratified. Furthermore
~ 1 ifi=j,
ils;) = {0 if i £ j.
STEP 3. We restrict the vector fields &; to the preimage of the set ||7]| =1,
Is|| < e, where ¢ is positive and sufficiently small. Next we extend them
by quasihomogeneity (preserving the quasidegree) to a quasihomogeneous

neighbourhood of the origin minus the preimage of T'. We obtain quasiho-
mogeneous vector fields &; such that

0 0
n =7 (&) = B +Z77i,j,5871-
1 75

Moreover the quasidegree of 7; equals — qdeg s;, hence it is nonnegative.
The quasidegrees of 0/07;;’s are negative and thus the quasidegrees of the
corresponding coeflicients are positive. Therefore these functions can be ex-
tended to continuous functions on the whole neighbourhood of the origin by
putting 0 on T'. We denote the extended continuous vector field by the same
symbol n;.

We cover the complement of the set {(0,0)} x T by three sets:

OF O*F
— -1 _

v = {5 #0}.

Uy is the domain of the vector fields &, i =0,...,k — 2. We define

/ _77i<8F/8y) 9 " _ni(F) 9
= — . — i U s . = .
$= GeFjosay oz T UL &
Outside the set {(0,0)} x T, we glue the three vector fields with the same
index using the quasihomogeneous partition of unity ({o, (1,2). We obtain
quasihomogeneous continuous vector fields defined outside {(0,0)} x7T". Next
as above we extend them to the whole neighbourhood of the origin.

We thus obtain quasihomogeneous continuous vector fields {j, ; such that
&ki(F) = A;F, where the A; are bounded.

Furthermore the vector fields are split-stratified. Indeed, outside T we
base on the fact that the conditions of split-stratification are invariant under
analytic transformations of the deformation, hence also under quasihomo-
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geneous RT action. Thus they are valid for 7;’s and &;’s. Next, since

0
nilr = (9751-’
each 7n; is tangent to 7. Thus condition (1) is fulfilled.
Condition (4) is a consequence of quasihomogeneity. Both the vector field
n; and the control function ¢ are quasihomogeneous.  Furthermore

qdegn; > 0. Therefore
1 (9)

5 2
Hence the above quotient is bounded.

The coefficients of £, and £/ are smooth in = and y, hence condition (3)
is valid for & ;. Furthermore

g,((‘)F)_ H'  OF g,,<aF>_ H' OF

qdeg 0.

ox ) OF/dx Oz’ ox ) 9F/oy oy’
OF OF OF
&i <3x> =AF+ A2% + Aga—y.
Thus, outside {(0,0)} x T,
OF H! \OoF H!" \OF
Ek,i (8:)6) = (A1 F + <C0A2 + G 6F/8a:> o T (CoAs + C28F/8y> -
Next
EI aj _ O é-l/ aiF _ HZ{// 8£
Noy ) 7 “\oy) OF/oy oy’
OF OF OF
&i (83/) =B F+ 325 + B?’(Ty'
Thus, outside {(0,0)} x T,
OF OF H!" \OF
ki (836) = (B F + COB267 + <COB3 + (2 8F/8y> o

Note that since (y is zero on the set I1-1(T), (; is zero on the set 9, F = 0
and ¢, on the set J,F = 0, and the coefficients of the above decomposi-
tions are quasihomogeneous with nonnegative weights, they are bounded
on IT7Y(T). Since for other p-strata the coefficients A; and B; are locally
bounded by construction, the coefficients of the above decompositions are
bounded as well.

This proves condition (2) and finishes the proof of the proposition.

9. Proof of the Main Theorem

9.1. Deformations. To complete the proof of Theorem 2 for deformations
it is enough to integrate the vector fields Re{ ; and Im &y, ;.
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We remark that each & ; is tangent to the subspace s;41 = ... = sp_2
= 0. Thus:

e & k—o implies that F' is equivalent to F'|s, ,—o;
® & k—3 implies that F|,, ,—o is equivalent to F|s, ,—s, ,=0 - --
o &0 implies that Fls, = —s, ,—o is equivalent to F|s = —s, ,—0-

Hence F(z,y,T,s) is equivalent to F'(z,y,T,0).
Furthermore since the flows mentioned above are quasihomogeneous, the
equivalence holds on some quasihomogeneous neighbourhood of the origin.
If the singularity is “‘real”, i.e. u belongs to R, the vector fields can be
constructed in such a way that they are invariant under complex conjuga-
tion, hence so are the flows.

9.2. Unfoldings. The unfolding F associated with the deformation F' is
the composition of two mappings

U Luloa
where IT is the projection and J(z,7") = (z, —F(x,0,7’),7") is a paramet-

rization of the set F' = 0. Since the flows constructed in the previous section
preserve the zero set of F', they induce the equivalence of unfoldings as well.
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