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The BV-algebra of a Jacobi manifold

by Izu VAISMAN (Haifa)

Abstract. We show that the Gerstenhaber algebra of the 1-jet Lie algebroid of a
Jacobi manifold has a canonical exact generator, and discuss duality between its homology
and the Lie algebroid cohomology. We also give new examples of Lie bialgebroids over
Poisson manifolds.

1. Introduction. A Gerstenhaber algebra is a triple (A = @, AF A,
[, ]) where A is an associative, graded commutative algebra structure (e.g.,
over R), [, ] is a graded Lie algebra structure for the shifted degree [k] := k+1
(the sign := denotes a definition), and
(1.1) [a,bAc] = [a,b] Ac+ (=1)FbAla,d
for all a € A**! b € A/, ¢ € A. If this structure is supplemented by an
endomorphism & : A — A, of degree —1, such that §2 = 0 and
(1.2)  [a,b) = (=1)*(6(a AD) —daAb— (=1)*a Adb) (ac A* be A),

one gets an exact Gerstenhaber algebra or a Batalin—Vilkovisky algebra (BV-
algebra) with the ezact generator 6. If we also have a differential d : A* —
AF+L (d? = 0) such that

(1.3) d(aAb) = (da) ANb+ (=1)*a A (db)  (a € AF, b A),
we will say that we have a differential BV-algebra. Finally, if
(1.4) dla,b] = [da,b] + (=1)*[a,db] (a € A*, b A)

the differential BV-algebra is said to be strong [21].

On the other hand, a Jacobi manifold (see, e.g., [5]) is a smooth manifold
M™ (everything is of class C*° in this paper) with a Lie algebra structure
of local type on the space of functions C*°(M) or, equivalently [5], with a
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276 I. Vaisman

bivector field A and a vector field E such that
(1.5) [A,A]=2EANA, [AE]=0.

In (1.5) one has the usual Schouten—Nijenhuis brackets. If £ =0, (M, A) is
a Poisson manifold.

One of the most interesting examples of a BV-algebra is that of the
Gerstenhaber algebra of the cotangent Lie algebroid of a Poisson manifold,
described by many authors (see [9], [8], etc.). More generally, Xu [21] extends
a result of Koszul [9] and proves that the exact generators of the Gersten-
haber algebra of a Lie algebroid A — M are provided by flat connections
on A" A (r = rank A), and Huebschmann [6] proves a corresponding result
for Lie—Rinehart algebras.

The main aim of this note is to show that a Jacobi manifold also has
a canonically associated, differential BV-algebra (which, however, is not
strong), namely, the Gerstenhaber algebra of the 1-jet Lie algebroid de-
fined by Kerbrat and Souici-Benhammadi [7]. Then we apply results of Xu
[21] and Evens-Lu-Weinstein [3] to discuss duality between the homology
of this BV-algebra and the cohomology of the Lie algebroid. (The homology
was also independently introduced and studied by de Leén, Marrero and
Padron [11].)

In the final section, we come back to a Poisson manifold M with the
Poisson bivector @), and show that the infinitesimal automorphisms F of @
yield natural Poisson bivectors of the Lie algebroid TM ®R. These bivectors
lead to triangular Lie bialgebroids and BV-algebras in the usual way [8], [21].

Notice that BV-algebras play an important role in some recent research
in theoretical physics (see, e.g., [4]).
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2. The Jacobi BV-algebra. For any Lie algebroid A— M with anchor
a: A — TM one has the Gerstenhaber algebra A(A) defined by

(2.1) A = (BT A AL Jsx).

keN
where I" denotes spaces of global cross sections, and SN denotes the Schou-
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ten—Nijenhuis bracket (see, e.g., [8], [21]; on the other hand, we refer the
reader to [15, 8, 3|, for instance, for the basics of Lie algebroids and Lie
algebroid calculus). The BV-algebra which we want to discuss is associated
with the 1-jet Lie algebroid of a Jacobi manifold (M, A, E) defined in [7],
which we present as follows.

We identify M with M x {0} C M x R, where M X R is endowed with
the Poisson bivector [5]

ot

Let J'M = T*M @R be the vector bundle of 1-jets of real functions on M,
and notice that I'J'M is isomorphic as a C°°(M)-module to
(2.3) To(M) = {e(a+ fdt) ] a e N\' M, feC®(M)} € AN'(M xR).

(For any differentiable manifold V we denote by A" V' the space I' \* T*V of
differential k-forms on V'.) A straightforward computation shows that I (M)
is closed under the bracket of the cotangent Lie algebroid of (M xR, P) (see,
e.g., [19]), namely
(24) {e'(a+ fdt),e"(B+gdt)}p = €'[Ls,af — Ly, po — d(A(er, B))
+ fLEB — gLpa — a(E)B + B(E)a

where (#4a,3) := A(a, 3) (a, 3 € \' M), and

{f, 97 = Aldf,dg) + f(Eg) —g(Ef) (f,9 € C™(M))
is the bracket which defines the Jacobi structure [5].

Therefore, (2.4) produces a Lie bracket on I'J'M. Moreover, if fip is
defined similarly to #,, we get

(2.2) P:=e" <A + 9 A E) (t € R).

(25 tp('(a+ Fdt)) = faa+ FE ~ a(B) 5
and
(2.6) 0:= (prya ofp)i—o : J'M — TM

has the properties of an anchor, since so does fip.

Formulas (2.4), (2.6) precisely yield the Lie algebroid structure on J'M
defined in [7]. In what follows we refer to it as the 1-jet Lie algebroid. The
mapping f +— e'(df + fdt) is a Lie algebra homomorphism from the Jacobi
algebra of M to IH(M).

2.1. PROPOSITION. The Gerstenhaber algebra A(J'M) is isomorphic

to the subalgebra Ao(M) := Dy AF To(M) of the Gerstenhaber algebra
A(T*(M x R)).
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Proof. The elements of A%(M) := A" Iy (M) are of the form
(2.7) A=A +xnd) (M eN M, Ae AN M),

and we see that Ag(M) is closed under the wedge product and under the
bracket { , }p of differential forms on the Poisson manifold (M x R, P)
(see, e.g., [19]). Accordingly, (A(J'M), A, {, }) and (Ao(M),A,{, }p) are
isomorphic Gerstenhaber algebras since they are isomorphic at the grade 1
level, and the brackets of terms of higher degree are spanned by those of
degree 1. m

2.2. REMARK. Since Ag(M) is a Gerstenhaber algebra, the pair (AY =
C>®(M), A} = I(M)) is a Lie-Rinehart algebra [6].

Now, we can prove

2.3. PROPOSITION. The Gerstenhaber algebra Ao(M) has a canonical
exact generator.

Proof. It is known that A(7T*(M xR)) has the exact generator of Koszul
and Brylinski (see, e.g., [19])
(2.8) dp =i(P)d — di(P),
where P is the bivector (2.2). Hence, all we have to do is to check that
SpA € AFTH(M) if X is given by (2.7).

First, we notice that
(29)  WP)(dtAp) = e QB+ dt A (i(A)) (e A M).
Then, if we also introduce the operator d, := i(A)d — di(A) (cf. [1]), and
compute for X of (2.7), we get
(2.10)  OpA=eF VSN + (=1)FLpy + ki(E)\

+ (0ad2 + (=DFi( DN + (k= Di(E)Xo) Adt]. m

It follows from (2.10) that dp restricts to an exact generator § of the
Gerstenhaber algebra A(J'M), and the latter becomes a BV-algebra. This
is the BV-algebra announced in Section 1, and we call it the Jacobi BV-
algebra of the Jacobi manifold (M, A, E). We can look at it under the two
isomorphic forms indicated by Proposition 2.1.

It is easy to see that the Jacobi BV-algebra above has the differential
(2.11) dX = ek HDtg(e=kt)),
where ) is given by (2.7). But a computation shows that d is not a derivation
of the Lie bracket { , } of A(J'*M). Another difference from the Poisson
case is the formula
(2.12)  (6pd+dép)A\ = e [(k + 1)i(E)d\

+ (Lpis + (k4 1)i(E)d\y — (=1)F6,01) A dt],
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where A is given by (2.7) again. This formula is the result of technical com-
putations which we omit.

2.4. REMARK. If we refer to the Poisson case F = 0, we see that both
T*M and J'M have natural structures of Lie algebroids. The Lie bracket
and anchor map of J!M are given by
(2.13)  {e'(a+ fdt),e' (B + gdt)}

= e'[{a, B}a + ((fac)g — (£4B)f — Ale, B))dt]

and
(2.14) o(e'(a+ fdt)) = faa,

and the mapping o — e’(a+0dt) preserves the Lie bracket, hence T*M is a
Lie subalgebroid of J'M, and the latter is an extension of the former by the
trivial line bundle M x R. J!M has not yet been used in Poisson geometry.

3. The homology of the Jacobi BV-algebra. We call the homology
of the Jacobi BV-algebra of a Jacobi manifold (M, A, E), with boundary
operator §, the Jacobi homology H}}(M, A, E). (Another “Jacobi homology”
was studied in [1].) Here, we look at this homology from the point of view
of [21] and [3], and discuss a duality between the Jacobi homology and the
Lie algebroid cohomology of J'M, called Jacobi cohomology.

Jacobi cohomology coincides with the one studied by de Leén, Marrero
and Padrén in [10]. If C € I' \"(J'M)* is seen as a k-multilinear skew
symmetric form on arguments (2.7) of degree 1, at ¢t = 0, it may be written
as

(31) C = 6‘15:0 = 67“ [(Cl + g VAN 02>:|
ot i—0

(C, € VM, Cy € VP71 M),

where VFM =T /\k T M is the space of k-vector fields on M. Furthermore,
the coboundary, say o, is given by the usual formula

(3.2)  (6C)(soy.-.,5k)
k
= (=1)"(0s:)C(S0s- -+ 5is- -, 5k)
=0

k
+ Z (—1)i+j0({8i,8j},80,. ey Sy 7§j; .. .,Sk),

i<j=1
where g is given by (2.6), and s; € ['J'M. Again, if we view the arguments
as forms (2.7) with k£ = 1, (3.2) becomes

(3.3) oC = [opClimo = [P, Ci—o,



280 I. Vaisman

where op is the Lichnerowicz coboundary (see, e.g., [19]). Up to sign, (3.3)
is the coboundary defined in [10], namely

(34) O'C:[A,Cl]—kE/\Cl—A/\CQ
0

— o, M4, G = (k= DE A Gy +[B,C1)).

We denote the Jacobi cohomology spaces by H¥ (M, A, E).

3.1. REMARK [10]. The anchor g induces homomorphisms ¢ : H% (M)
— H¥(M, A, E) given by

(35) (0" A)(s1,...,s6) = (=D*A(os1,...,088) (Ae N"M, s; € DT M).

Now, we need a recapitulation of several results of [21] and [3].

For a Lie algebroid A — M with anchor a, an A-connection V on a
vector bundle E — M consists of derivatives Ve € I'E (s € I'A, e € I'E)
which are R-bilinear and satisfy the conditions

Vise = [Vse, Vi(fe)=(a(s)fle+ fVse (f € CF(M)).

For an A-connection, curvature may be defined as for usual connections.
Any flat A-connection V on A" A (r = rank A) produces a Koszul operator

D:TI /\k A— F/\k_1 A, locally given by
DU = (=1) 1 i(dw) 2 + 3" o A (i(w) V5, 2)|,
h=1

where 2 € TN\ A, w € I' \" % A* is such that i(w)2 = U, s, is a local basis
of A, and a” is the dual cobasis of A*. Moreover, D is an exact generator of
the Gerstenhaber algebra of A, and every exact generator is defined by a flat
A-connection as above. The operator D is a boundary operator, and yields
a corresponding homology, called the homology of the Lie algebroid A with
respect to the flat A-connection V, Hy,(A, V). For two flat connections V, V
such that D — D =i(«a), where a = daf (f € C°(M); d4 is the differential
of the Lie algebroid calculus of A), one has Hy(M,V) = Hy(M,V). If there
exists 2 € I' \" A* which is nowhere zero, and V*{2 = 0 where V* is the
connection induced by V in the dual bundle A" A* of A" A, one has the
duality Hy(A,V) = H"*(A), defined by sending Q € I' \* A to xoQ :=
i(Q)2.

These results may be applied to the case where A is the cotangent Lie
algebroid of an orientable Poisson manifold (N™, Q). In this case, the flat
connection Vo = 0 A (di(Q)¥) (# € T*N, ¥ € \" N) precisely has the
Koszul operator d¢g and defines the known Poisson homology Hy (N, Q) (see,
e.g., [19]). Finally ([21], Proposition 4.6 and Theorem 4.7), if N has the
volume form (2, which defines a connection Vo by Vof2 = 0, and if W¢
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is the modular vector field which acts on f € C°°(M) according to the
equation
Lyaf2 = (WeHN

(ng2 is the Hamiltonian field of f) [20], one has 6 — Do = i(W®), where Dy
is the Koszul operator defined by V. Accordingly, if the modular field W<
is Hamiltonian (i.e., (IV, Q) is a unimodular Poisson manifold), Hi(N, Q) =
H"k(T*N).

The case of a general, possibly non-orientable, Poisson manifold is stud-
ied in [3]. The expression of V¥ above can be viewed as the local equation
of a connection on A" T* N, and it still defines the Koszul operator dg. The
general duality Theorem 4.5 of [3] is

(*) Hk(N7Q) :Hnik(T*Nv /\nT*N>a

where the right hand side is the cohomology of the Lie algebroid T*N
with values in the line bundle A" T*N. This means that the k-cocycles
are spanned by cross sections V@ ¥, V € VFN, & € I' \"T*N, and the
coboundary is given by

OVew) =[Q,VIew + (—1)V AVY,

where V¥ € VIN @ ' \"T*N = Hom(I'T*N,I’ \" T*N) is defined by
(VW)(0) = VoW, 0 € I'T*N. The duality (*) is again defined by the isomor-
phism which sends V @ ¥ to i(V)¥.

With this recapitulation finished, we apply the results to Jacobi man-
ifolds (M™, A, E). Consider the Poisson manifold (M x R, P) which we
already used before. Then 0p is the Koszul operator of the (T*M x R)-
connection

(3.6) VoW =0A(di(P)W) (0eT*(MxR), ¥eA\N""(MxR)).
In particular, if we take

(3.7) O=¢él(a+ fdt), W=e"VDAdt (acT*M, dec \™ M),
then ¥ € A" (J1M), (2.9) implies

(3.8) VoW = "™V fdi(EYD — a A (di(A)D + mi(E)P)] A dt,

and this formula may be viewed as defining a J! M-connection on /\m+1J M.
Clearly, the Koszul operator of this connection must be the ¢ of (2.10).
Therefore, we have

3.2. PROPOSITION. The Jacobi homology of (M, A, E) is equal to the
homology of the Lie algebroid J' M with respect to the flat connection (3.8),
i.€.,

(3.9) H}(M,A,E) = Hy(J'M, V).
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Now, assume that M has a volume form @ € A™ M. Then 2 := e+ D@
A dt is a volume form on M x R, and one has a connection V defined by
Vo2 = 0 with a Koszul operator Dy such that

(3.10) 6p — Do =i(W7F),
where W is the corresponding modular vector field, i.e.
(3.11) LxpQ=W"p)2 (p€C™(M xR)).

We need the interpretation of (3.10) at t = 0. To get it, we take local
coordinates (z') on M, and compute the local components of W by using
(3.11) for ¢ = 2 and ¢ = t. Generally, we have

. _ 0y 0

P _ ot 9P Y

(3.12) X, =i(dp)P =e (fmdcp + T E —(Eyp) Gt)'

On the other hand, on M, define a vector field V' and a function divg E by
(3.13) Ly, @ = (Vf)®, Lgp®=(dive E)® (f e C™(M)).

(The fact that V is a derivation of C*°(M) follows easily from the skew
symmetry of A.) Then the calculation of the local components of W¥ yields

(3.14) WP =t [V —mE + (divg E) gt] .

At t =0, (3.14) defines a section of TM ®R which we denote by V(4F) and
call the modular field (not a vector field, of course) of the Jacobi manifold.

As in the Poisson case, if & — a® (a > 0), then VAE) o V(AE) 4
o(Ina), hence what is well defined is the Jacobi cohomology class [V (4#)])
to be called the modular class. If the modular class is zero, (M, A, F) is a
unimodular Jacobi manifold.

It is also possible to get the modular class [V(4F)] from the general
definition of the modular class of a Lie algebroid [3]. In the case of the
algebroid J!M, the definition of [3] means computing the expression

€ = (LY iy pan[(€™®) A (€'dt)]) @ &+ (€D D A dt) @ (Lg(er (af+ £ary @),
where p is given by (2.6), and
L8 pan[(€™®) A (ehdt)] = {e' (df + fdt), (e™®) A (e'dt)}p.

If we decompose (™) = A\, (e'p;), pi € A' M, the result of the required
computation turns out to be

E=2(Vf)+2f(divg E) — Ef)(e™ Vi A dt) @ &.

By comparing with (3.14), we see that the modular class in the sense of [3]
is the Jacobi cohomology class of the cross section of TM @ R defined by

ANE) — oy (AE) _ (9 + 1)E.
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With all this notation in place, the recalled results of [21], Proposition
4.6, and [3], Theorem 4.5 (see also [6]) yield

3.3. PropoOsITION. If (M, A, E) is a unimodular Jacobi manifold one
has duality between Jacobi homology and cohomology:

(3.15) HY(M,AE) = H" *(M, A, E).
If (M, A, E) is an arbitrary Jacobi manifold, one has the duality
(3.15) H}(M, A, E) = HPFL M A™ T M),

Proof. The right hand side of (3.15') is Jacobi cohomology with values
in N™1 JLM, similar to that in (). The homologies and cohomologies of
(3.15) and (3.15") are to be seen as given by subcomplexes of @, A (M xR),
@, VF(M x R) defined by (2.7) and (3.1). Then the result follows by the
proofs of the theorems of [21], [3] quoted earlier, if we notice that

) |:€kt <Cl + % A 02>:| (€(m+1)t¢ A dt)

= eM=FHD(_1)™i(Cy)D + (i(C1)P) A dt].
The notation is that of (3.1) and (3.7). m

In particular, let us consider the transitive Jacobi manifolds [5].

a) Let M?" be a locally or globally conformal symplectic manifold with
the global 2-form {2 such that 2|y, = e’~(2,, where {2, are symplectic
forms on the sets U, of an open covering of M, and o, € C*(U,). Then
(see, e.g., [18]) {do,} glue up to a global closed 1-form w, which is exact
iff there exists o with U, = M, and {4 := b;zl, FE = i )w define a Jacobi
structure on M (cf. [5]). It follows easily that Lg 2 = 0, hence divon E = 0.
Furthermore,

Ly, aqp 2" = —n(n — 1)df Aw A Q"L

Using the Lepage decomposition theorem ([12], p. 46) we see that df A w =
&+ pf2, where

EANQVL=0, o= —%z‘(/l)(df Aw) = Ef.

Hence, V = —n(n—1)E, and V4F) = —n(2n—1)E. Then, for f € C>(M),
(3.4) yields of = fadf — (Ef)(0/0t), and of = E holds iff w = df. Thus,
(3.15) holds on globally conformal symplectic manifolds. But (3.15) may not
hold in the true locally conformal symplectic case. For instance, it follows
from Corollary 3.15 of [11] that the result does not hold on a Hopf manifold
with its natural locally conformal Kahler structure (private correspondence
from J. C. Marrero).
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b) Let M?"*! be a contact manifold with contact 1-form € such that
& := 0 A (df)™ is nowhere zero. Then M has the Reeb vector field E where
iW(E)0 =1, i(E)dd=0,
and for all f € C°°(M) there is a Hamiltonian vector field X? such that

(X90=f, i(X})do=—df + (Ef)6.
Furthermore, if
A(df,dg) := dO(X§,X]) (f,g € C(M)),

then (A, E) is a Jacobi structure [5].
Now, let (qi,p?, z) (i =1,...,n) be local canonical coordinates such that
0 =dz— ) ,pidq'. Then

0

0 0
E:$7 A:zi:@qi/\apZ 82 <Zp18pz>

This leads to divg E = 0, V(AE) = nE. and it follows that there is no
f € C>(M) satisfying o f = (nE @ 0).

We close this section by the remark that the identification of a manifold
M with M x {0} C M xR leads to other interesting structures as well. For
instance, if we define the spaces

Ao M = {el(& + & Adt) | & e N*M, & e N1 MY,

the triple (P, /\]g M,d,i(X + f(0/0t)) is a Gelfand-Dorfman complex [2],
and a Jacobi structure on M is equivalent to a Hamiltonian structure [2] on
this complex.

On the other hand, if we have a Jacobi manifold (M, A, E), and put

vg;M:_{ —(k— 1)t<Q —i—/\Qg) /QleVM Qy € VF™ 1M}

then (@, VEM,[ , ],op) (P is defined by (2.2) and [, ] is the usual
Schouten—Nijenhuis bracket) is a differential graded Lie algebra, whose
cohomology is exactly the 1-differentiable Chevalley—FEilenberg cohomology
HY (M, A, E) of Lichnerowicz [13]. In particular, Hi (M, A, E) is the
quotient of the space of conformal Jacobi infinitesimal automorphisms by
the space of Jacobi Hamiltonian vector fields [13].

4. Lie bialgebroid structures on 7'M ®R. In the Poisson case, T M
is a Lie bialgebroid over M (see [8], [16]) with dual T'M. This is not true for
JYM on Jacobi manifolds in spite of the fact that (J*M)* = TM & R has
a natural Lie algebroid structure, which extends the one of TM. Namely, if
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we view X € I'(TM & R) as a vector field of M x R given by
0
4.1 X=X —
(4.) (x+75)
we have the Lie bracket

(4.2) (X, V]o = [X—i—fgt,Y—i-g;] :[X,Y]—l—(Xg—Yf)gt,

(X eI'TM, feC®(M)),

t=0

and the anchor map a(X') := X. If we were in the case of a Lie bialgebroid,
the bracket {f,g}s = (df,d.g) (f,g € C°°(M)), where d, d, are the dif-
ferentials of the Lie algebroids TM & R and J!'M, respectively, would be
Poisson [8], [16]. This is not true since one gets {f, g}s = A(df, dg).

4.1. REMARK. The differential d defined by (2.11) is the same as the
differential d of the Lie algebroid T'M @& R with bracket (4.2).

In Poisson geometry, the cotangent Lie bialgebroid structure is produced
by a Poisson bivector IT of TM, i.e., [II, IT] = 0. It is natural to ask what
is the structure produced by a Poisson bivector IT of TM @ R. As a matter
of fact, we will ask this question in the more general situation where we fix
a closed 2-form {2 on M, and take the Lie bracket

0

ot

The notation and the anchor map a are the same as for (4.2). It is known
that (4.2") defines all the transitive Lie algebroid structures over M such
that the kernel of the anchor is a trivial line bundle, up to isomorphism
[15]. A Poisson bivector IT on T'M @ R with bracket (4.2") will be called an
£2-Poisson structure on M.

(4.2)) (X, Ve =[x, V] + 2(X,Y)

4.2. PROPOSITION. An §2-Poisson structure II on M is equivalent to a
pair (Q, E), where Q is a Poisson bivector on M (i.e., [Q,Q] = 0), and E
is a vector field such that

(4.3) LpQ = o0

Proof. Using the identification (4.1) of the cross sections of TM & R
with vector fields on M x R for ¢t = 0, and local coordinates (z*) on M, we
may write

0 1 .. 0 0 0 0
4.4 = —ANE=2QY A — + — A | BF(z) =
(4.4) T 29755 N o T < (x)axk>’
where ) is a bivector field on M, E is a vector field, and the Einstein
summation convention is used.
Now, [II, IT];; = 0 can be expressed by the known formula for the Schou-
ten—Nijenhuis bracket of decomposable multivectors (see, e.g., [19], formula

(1.12)), and (4.2"). The result is equivalent to [Q,Q] =0 and (4.3). m
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4.3. COROLLARY. If (M,Q) is a Poisson manifold, then Q extends to
an §2-Poisson structure for every closed 2-form (2, where the de Rham class

[£2] has zero §g-image in the Poisson cohomology of (M,Q), by taking E
such that (4.3) holds.

This is just a reformulation of Proposition 4.2.

It is well known that a Poisson bivector on a Lie algebroid A induces a
bracket on I"A* such that (A, A*) is a triangular Lie bialgebroid [8], [16].
Namely, the Poisson bivector IT of (4.4) yields the following bracket:

(45) {a@faﬁ@g}(l = L,?H(a@f)(ﬁ@g)
— L (e (@® f) —do(I(a® f,6®9)),

where a @ f,3® g € I'’J'M, and the index §2 denotes the fact that the
operators involved are those of the Lie algebroid calculus of (4.2").
To make this formula explicit, notice that

(4.6) tr(ot ft) = o + [ — a(B) 2
whence
(4.7) H(a+ fdt, B+ gdt) = Qa, B) + [B(E) — ga(E).

Then, by evaluation on a field of the form (4.1), and with (4.2"), we obtain

(4-8) Ln%(mrfdt) (5 + gdt) = Lﬂn(a+fdt) (5 + gdt) - g(bQﬁQa) - fgi(E)Q,
where b X :=i(X)f2. As a consequence, (4.5) becomes

(4.9) {a®f,B®g}e:=[{a,Bq + f(LEB+balehf) — 9(Lea +balqa)]
@ [(tea)g — (HB)f + f(Eg) — g(Ef)],

where (Q, F) are associated with IT as in Proposition 4.2.

The anchor map of the Lie algebroid J'M with (4.9) is ¢ := pryy, ofirr,
and it is provided by (4.6).

In particular, Proposition 4.2 tells us that a pair (@, E') which consists
of a Poisson bivector () and an infinitesimal automorphism E of (), to which
we will refer as an enriched Poisson structure, provides a Poisson bivector
IT on TM & R with bracket (4.2), and a Lie bialgebroid (TM @ R, J'M =
T*M @ R).

An example (suggested by [14]) can be obtained as follows. Let (M, A, E)
be a Jacobi manifold. A time function is a function 7 € C*°(M) which
satisfies ET = 1. If such a function exists, then (Ag := A — (§4dt) A E, E) is
an enriched Poisson structure. Jacobi manifolds with time may be seen as
generalized phase spaces of time-dependent Hamiltonian systems. Namely,
if H € C>(M) is the Hamiltonian function, the trajectories of the system
are the integral lines of the vector field XY :=f,,dH + E.
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Let us briefly indicate the important objects associated with the Lie
algebroids TM &R defined by the bracket (4.2"), and J*M with the bracket
(4.9).

The cohomology of TM @ R is that of the cochain spaces

(410)  ASMi={A=X+AAdt /A e N M, Ae NIy

with the corresponding coboundary, say dg. A straightforward evaluation
of dpX on arguments X; + f;(0/0t), in accordance with the Lie algebroid
calculus [15], yields the formula

(4.11) doXd =d\ — (=1)*Q2 A Xy,

The Poisson cohomology of TM@ER above, i.e. the cohomology of the Lie
algebroid J! M with (4.9), can be viewed (with (4.1)) as having the cochain
spaces

(412)  CM(M) = {C =01 + % A Ca / CreVEM, Cr € V’HM},

and the coboundary 0C = [II,C]q, with II of (4.4) and the 2-Schouten—
Nijenhuis bracket. In order to write down a concrete expression of this

coboundary, we define an operation U Ap V € V=2 for U € VFM,
V € V"M, by the formula

(413) UNhg V(Oél, ce ,OékJrh,Q)

1 .
BRCE ] 2 [simno)

0ESkin—2

. Z U(E, gyse vy Qo 1)V (00260, Qs s Q5]
i=1
where S is the symmetric group, e; is a local tangent basis of M, and &° is
the corresponding dual cobasis. If U,V are vector fields, UNo V = 2(U, V).
By computing, for decomposable multivectors Cy, Cy we get
0
(4.14) oC = [Q,Cﬂ—f—a/\([Q,Cﬂ%—Q/\Q C1—LEC1),
where the brackets are the usual Schouten—Nijenhuis brackets on M.
Furthermore, the exact generator of the BV-algebra of the Lie algebroid
JYM is 8¢ := [i(I]),dg], and using (4.11) we get
(415) 5_(3()\1 + X A dt)
= oM + (D) H([i(Q), e(2)] X2 — di(E)A2) + (JgA2) A dt,
where e(f2) is exterior product and [, ] is the commutator of the operators.

Finally, let us discuss the modular class of the Lie algebroid J'M with
bracket (4.9). For simplicity, we assume the manifold M to be orientable,
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with volume form € I' A" M. In the non-orientable case, the same compu-
tations hold if @ is replaced by a density ® € I'| A" M|. Again, we denote by
W€ the modular vector field defined by Ly,qr® = (W< f)® (see Section 3).

There are two natural possibilities to define a modular class for the
algebroid J!M. One is by computing the Lie derivative:

(4.16) Ly (s fany (DA dt) = [Lyoa® + fLp® + df Ai(E)P] A dt.

This result is obtained if the computation is done after @ is decomposed
into a product of m 1-forms, and by using (4.6). Since i(E)(df A®) = 0, the
last term in (4.16) is (E'f)®, and if we also use (3.13), then (4.16) yields

(4.17) Ly (df+fary(@ A dt) = (Wf + fdive E+ Ef) (P Adt).
Therefore, we get the modular field

(4.18) W .=We 4+ E + (dive E)gt.

If @ is replaced by h® (h € C*°(M)), it follows easily that the II-Poisson
cohomology class [W] is preserved. This will be the modular class.
The second possibility is to apply the general definition of [3]. Similar to

what we had for Jacobi manifolds in Section 3, this requires computing the
flat connection D on (A" JEM) @ (A" T* M) given by

(4.19) Digppap[(P A dt) @ B = LY 0 (P A dt) @ D
+ (P A dt) @ (Lo(ar+ iy P)-
From Lie algebroid calculus, we know that
(4.20) Ll ) (@ A dt) = {df + fdt,® N dt}g,

where the bracket is the Schouten—Nijenhuis extension of (4.9). If we look
at a decomposition & = @1 A ... A, (g € A" M), (4.9) yields

(df + fdt,dt}o =0
and
{df + fdt,0i}o = Lortranypi — ei(B)df + frofieB — (1oB(f))dt,
and we get
(4.21) LM a0 (@ A dt) = [Ligrs pan® — (Bf)P + ftr(bo 0 8)®) A dt.

But we also have

(4.22) Lo+ an® = Ligap+ @ = WO f + fdive E + Ef]®.
By inserting (4.21), (4.22) into (4.19), we get another modular field, namely,
(4.23) An = (2WCP + E) @ (dive E + tr(bg 0 fig))

= 2WT - E)@tr(bg o fg).
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From the general results of [3], it is known that the I7-Poisson cohomology
class of this field is independent of the choice of @, and it is a modular class
of JIM.

As for the modular class of TM @ R with bracket (4.2'), it vanishes for
reasons similar to those for the class of the tangent algebroid T'M (cf. [3]).

We finish by another interpretation of the enriched Poisson structures.
If F is an arbitrary associative, commutative, real algebra, we may say
that f : M — F is differentiable if for any R-linear mapping ¢ : F — R,
¢po f e C®(M). Furthermore, an R-linear operator v, which acts on germs
of F-valued differentiable functions at x € M, and satisfies the Leibniz rule,
will be an F-tangent vector of M at x. Then we have natural definitions of
tangent spaces T, (M, F), differentiable F-vector fields, etc. [17]. A bracket
{, } which makes C*°(M,F) a Poisson algebra will be called an F-Poisson
structure on M.

Now, take F to be the Studi algebra of parabolic dual numbers S := R[s |
52 = 0], where s is the generator. An S-Poisson structure IT in the above-
mentioned sense will be called a Studi—Poisson structure. The restriction of
II to real-valued functions is a Poisson bivector ¢ on M, and the Jacobi
identity shows that the Hamiltonian vector field X of the constant function
s is an infinitesimal automorphism E of Q. Conversely, the pair (Q, F)
defines the Studi—Poisson bracket

{fo+ f1s,90 + g15} :== {fo. 90} @ + f1(Eg0) — 91(E fo)
+s({fo,91}q + {f1.90}q + f1(Eg1) — g1(Ef1)).

Notice that we cannot say that v,s = 0 for all v, € T, (M, F) since v,
was linear over R only.
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