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On the multivariate transfinite diameter

by THOMAS BLoOM (Toronto) and JEAN-PAUL CALvi (Toulouse)

Abstract. We prove several new results on the multivariate transfinite diameter and
its connection with pluripotential theory: aformula for the transfinite diameter of a general
product set, a comparison theorem and a new expression involving Robin’s functions. We
also study the transfinite diameter of the pre-image under certain proper polynomial
mappings.

1. Introduction. We present several new results on the multivariate
transfinite diameter which, we believe, should clarify its rather close con-
nection with well-known objects of pluripotential theory. We shall first recall
the definition, fix the notation and provide the necessary background. An
outline of the paper appears at the end of this introductory section.

The space of all polynomials in C" is denoted by P(C™) and the subspace
of polynomials of degree at most d by Py(C™). The dimension of the latter
is N := Ng(n) := (dzn), which is also the number of multi-indices whose
length does not exceed d. We arrange the multi-indices in a sequence («;),
i =1,2,..., such that a; < ;41 for every i where < is the usual graded
lexicographic order. Recall that this order is defined by a < [ if either
la] <|B| or |a] = |B| but the first (starting from the left) non-zero entry of
a—[3 is negative. Thus, for example, a3 = (0,...,0,0) and ay = (d,0,...,0)
and the z%, i =1,..., Ng(n), form the usual monomial basis of Py4(C™).

The Vandermonde determinant of a collection of N4(n) points z; =
(i1, -+, 2in) € C™ is the N x N determinant defined by

(11) VDM('ZD cee aZN) = det(’ziaj)ﬁ\y/jzl'

As a function of the N x n complex variables z;;, VDM is a polynomial of

1991 Mathematics Subject Classification: 32F05, 32E30, 41A10, 31C15.

Key words and phrases: multivariate transfinite diameter, Chebyshev polynomials,
minimal polynomials, Robin’s functions, extremal plurisubharmonic functions.

The first author was supported by NSERC of Canada.

[285]



286 T. Bloom and J.-P. Calvi

degree

e e R e

is the dimension of the space of homogeneous polynomials of degree j.
Now, given a compact set £ C C", we define the dth diameter of £ by

(1.3) Dy(E) = lti/sup IVDM(z1, ..., 2x)]-

z€E
When n =1, we have Ny =d+ 1, [VDM(z1,...,2n)| = H1§i<j§N |zi — zj
and lg = (d;rl) so that Dg(F) converges to the classical transfinite diameter
of Fekete that coincides—this is a basic result of potential theory in the
complex plane—with the logarithmic capacity. The question whether or not
the sequence Dg4(FE) converges as well for every compact set E C C™ was

posed by Leja in 1959 and answered affirmatively by Zakharyuta [Za] in
1975. This limit

(1.4) D(E) = lim Dy(E)

d—o0

is naturally called the (multivariate) transfinite diameter. The proof of this
result provides an interesting link with approximation theory.

Given a compact set F C C" and a multi-index o we define
PN

> a5’

B<La

where the infimum runs over all the possible choices of the coefficients ag.
A polynomial to,5(2) = 2% + 3 5., apzP for which the infimum above is
attained, i.e.

(1.6) lto.lle = T(a, E),

(1.5) T(a,E) = inf {‘

will be termed a P(«)-minimal polynomial. Such a polynomial is, in general,
not unique.

Now, for every 6 € Xy where

n

(1.7) Eg::{HGR”:Z&:l, 9,~>0(z‘:1,...,n)}

i=1

is the interior of the standard simplex in R"™, Zakharyuta [Za] proved that
the following limit exists:

(1.8) (E,0) = lim T(a, E)Y1 o] - oo,

a/|a|—6
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and established the existence of D(F) via the following remarkable formula:

(1.9) D(E) = exp <ﬁ [ log(r(E. 9))dm(0)>.
2o

The numbers 7(E, ) are called the directional Chebyshev constants of E. In
the course of the proof, Zakharyuta [Za, Lem. 6, p. 356] also showed that

(1.10) D(E) = lim ( I1 T(a,E))l/ ()

d— oo ’
|a|=d

which will be used in the sequel.

This multivariate transfinite diameter is involved in several questions of
pluripotential or approximation theory but few relevant results can be found
in the literature. We list here some known results.

(i) (Transfinite diameter of a product of planar compact sets) If E; C C,
i=1,...,n,and E = E; x ... x E, then

D(E) = ¥/D(E))...D(E,).

This is a result of Schiffer and Siciak [SS].
(ii) (Sheinov’s formula) If A € GL,,(C) and E C C™ then

(1.11) D(A(E)) = /|det A] - D(E).

The original (elementary) proof of [Sh] is somewhat cumbersome. In fact the
result is not difficult to establish directly from the definition when A is a
diagonal matrix while when A is unitary, Levenberg and Taylor have given
a fairly simple proof in [LT]. Since unitary and diagonal automorphisms
generate GL,,(C), formula (1.11) follows.

(iii) (Continuity under decreasing sequences of compact sets) If E; C C"
is a decreasing sequence (E; D E;y1, 1= 1,2,...) of compact sets such that
E = "<, E; then D(E;) \, D(E) as i tends to co. This is a result of
Znamienskii, subsequently (independently) proved by Levenberg [Le].

(iv) D(E) has been computed for balls of the form E = {>"7 | |2]|P* <
M} by Jedrzejowski [Je] and for E = {z% + 23 = 1} € R? C C? by Bos
who was motivated by a problem on multivariate Lagrange interpolation
(see [Bo] and [BBCL)).

(v) Finally we mention that there exist some comparison theorems be-
tween the transfinite diameter and the logarithmic capacity (see [LT]). In
particular D(E) = 0 if and only if F is pluripolar.

In the next section we shall extend the result (i) above to the case where
the factor sets are not necessarily plane. The third section will exhibit a close
relationship between the transfinite diameter and the Robin function of a
regular (see below) compact set. Several applications will be given. The final
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section will study the transfinite diameter of the pre-image of a compact set
under suitable polynomial mappings, thus giving a partial generalization of
the corresponding classical one variable theorem of Fekete.

We assume that the reader is familiar with the basic notions of pluripo-
tential theory—the standard reference is the book of Klimek [Kl]—but we
shall provide the necessary background on Robin’s functions. Let us just re-
call here that a compact set £ C C" is said to be regular if its pluricomplex
Green function Vg is continuous on C".

2. Transfinite diameter of a product set. The purpose of this section
is to prove the following

THEOREM 1. Let E C C" and F C C™ be compact sets. Then
(2.1) D(E x F) = "*{/Dn(E) - D™(F).

The proof will use a connection of independent interest between the
transfinite diameter and orthogonal polynomials with respect to suitable
probability measures.

Let p be a probability measure on a compact set £ C C". We say that
u satisfies the Bernstein—-Markov inequality if for every € > 0, there exists a
finite positive constant M = M (e) such that for every (analytic) polynomial
p we have

(2:2) Iplle < M1+ €)™ ]p]|,,

where [|p||?, := §|p|® du. Roughly, (2.2) means that the L?(u) norm and the
supremum norm of polynomials are asymptotically comparable. For such
measures and for F unisolvent the monomials z® are linearly independent
and, using the standard Gram—Schmidt procedure, we can therefore form
the sequence of monic orthogonal polynomials p,, that is, polynomials p,
of the form

(2.3) Pa(z) = 2% + Z cg?”
B=<a
such that
B<a= (pa2?) =0
where (-, -) is the hermitian product of L?(u).

LEMMA 1. Let E be a compact unisolvent set in C"™ and p a probability
measure on E satisfying (2.2). Then

(2.4) ()= tim (T lrall)"

loo|=d

ha)
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NOTE. The assumption of this lemma is satisfied on every regular com-
pact set for example by the equilibrium measure pg of E (see [Kl, Cor. 5.6.7])
and [NZ]).

Proof. Due to the L? minimality property of monic orthogonal polyno-
mials we have, for every multi-index «,

(2.5) 1pally < llta.slly < [lta.zlle = T (a, E)
while, given € > 0, the Bernstein—Markov inequality (2.2) gives
(2.6) T(a, E) = ta,ellp < [palle < M1 +)pall,-

Inequalities (2.5) and (2.6) give upper and lower bounds for [,y [|Palx
in terms of H\a|:d 7T (o, F) and the lemma follows from (1.10) since £ can
be made arbitrarily small. m

NOTE. Under the same hypothesis but using (1.8) rather than (1.10) it
follows (see [Le]) that
(2.7) 7(E,0) = lim Hpa”ll/‘o‘l, la| — oo.

af|a|—0
(This will be used in Section 3.)

Lemma 1 shows that, as in the one variable case, the transfinite diameter
reflects the asymptotic behavior of orthogonal polynomials with respect to
a measure satisfying (2.2). It would be interesting to know if the equality
(2.4) is a sufficient condition for u to satisfy (2.2) on E.

The idea of applying orthogonal polynomials to the study of the multi-
variate transfinite diameter is not new. Bos [Bo] employed it in a slightly dif-
ferent formulation. Roughly, he proved that the Vandermonde determinant
(1.1) can be replaced by the Gram determinant of the 2%, 1 = 1,..., Ng, in
the definition of the transfinite diameter.

The following remark should explain the interest in considering orthog-
onal polynomials for computing the transfinite diameter of a product set.

Let 1 (resp. p2) be a measure satisfying (2.2) on ECC™ (resp. FCC™)
for which the orthogonal polynomials can be constructed. Then we can also
construct the orthogonal polynomials with respect to the product measure
11 ® po and these polynomials can be easily expressed in terms of the former.
Here is a precise statement.

If o is an n+m-multi-index, we write & = (a1, a3) where ay (resp. ) is
an n-multi-index (resp. an m-multi-index). We denote by p, ¢ and r (properly
indexed) the monic orthogonal polynomials for the measures p = py ® o,
11, o respectively. Recall that the three families are constructed using the
graded lexicographic order in the corresponding space. It is easily seen that
if @ = (aq, az) then

(2.8) Pa(2) = Ga, (21)Tay (22), 2= (21,22) €C" x C™,
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and consequently

(29) Hpa”u = ”qalulllHTOéQHNQ'

Indeed, this follows from the fact that if « = (a1, a2) < 8 = (B1,2) then
a1 < ﬂl or oo < ﬂg.
We shall need the following

LEMMA 2. Let py (resp. p2) be a measure satisfying (2.2) on E C C"
(resp. FCC™) with E, F unisolvent. Then p1®us satisfies (2.2) on EXF C
(Cn+m =C" x C™.

Proof. We use the previous discussion. Fix ¢ > 0. We want to find a
positive constant C' such that

(2.10) IpllExr < O+ ) 7|lpll,,  (p € PC"F™)).

Since both p1 and us are regular, we can find positive constants Cy and Cs
such that for every P € P(C") and @ € P(C™) we have

IPlls < Cu(L+¢/2)* 87 |[Pllu,  1IQllF < Ca(L +2/2)* Q.

Now, take p€P(C"*™) and set d := deg p. Using the orthogonal polynomial
basis of (2.8), we can write

(211) b= Z GaPo
jal<d

where [|pa [|”,a0 = (p,pa). Using the Cauchy-Schwarz inequality and (2.8)
we deduce

IPallExF
Ipllexr < Iplle > H“ ”X
laj<d Pelln

G, | El17as || F
=~ || H# Z |

la|<d ’qumHTocz”uz
<lpllCiCo Y (1+¢/2)!% (1 + ¢/2)l]
la|<d
< C1CollpluNa(m +n)(1 +¢/2)" < Ca|lp|[, (1 + ).

(The last inequality holds true because, as d — 00, Ng(n +m) grows slower
than any §¢ with § > 1.) This shows that p; ® po satisfies (2.2) and the
lemma, is proved. =m

REMARK. Z. Blocki [Blo| has shown that ugpxr = pp ® pp (answering
a question of J. Szczepanski).

Proof of Theorem 1. Tt suffices to prove formula (2.1) in the case where
both E and F' are regular. The general case can be deduced by using Prop-
erty (iii) (in the introduction) and approximating F and F' by sequences
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of decreasing regular compact sets. Such sequences always exist (see [KI,
Cor. 5.1.5]).

Now take a probability measure p; (resp. ug) satisfying (2.2) on E (resp.
F). This is possible since these compact sets are regular. Then, by Lemmas 1
and 2, using again the orthogonal polynomials p, with respect to y = 1 Qo
and the notation o = (a1, ag) we have

1/(dha(n+m))
D(Ex F) = lim (T Ipallu) )
|a|=d
hence
1/(dhgq(n+m))
212)  D(ExF) = Jim (T laos o l: ) -
|a|=d

Define sequences (uy) and (vg) by
U = H ”qa1HM17 Vg = H Hrom”uzv
|a1|:k ‘ag‘:k:

and take 0 < A < 1 < A < 0o. According to Lemma 1, there exist four
positive constants ¢; < C7 and ¢y < Cy such that

(2.13) ey (AD(E))* ) <y < CL(AD(E))FM#™) (ke N),
(2.14)  cx(AD(F))FMm) < 4 < Co(AD(F))Fm) (ke N).

Now, returning to (2.12), we have

H ”qalthHrOéQHMQ = H HqC’él”Nl H ”Tag”ug

lo|=d \al—d loo|=d

d
_ H ha—r(m) ,UZd—k(n)‘
k=0

Using (2.13) and (2.14) we can find lower and upper bounds of the quantity
above that involve D(E) to the power ZZ:O khi(n)hg—i(m) and D(F) to

the power ZZ:O khi(m)hg—x(n). Assume for a while that for every integer
m and n,

Zkhk Yha—i(m ):HLmdhd(ner);

then the lower bound of [1|a=a [19as [l I7a Il is precisely

cjlvd (m) ()\D(E)) n+m dhg(n+m) Nd(") ()\D(F)) nrm dhg(n+m)
while the upper bound is given by
Oy (AD(B)) i) G (AD(F) e dtalrtm),



292 T. Bloom and J.-P. Calvi

Since limg—.oc Ng(n)/(dha(n +m)) = 0, we deduce, by taking roots, that

1/(dha(n+m))
(DB e D)™ ) < tim (T pall,)
d—o00
|a|=d

and

T (I lpall.)

loo|=d

Since A (< 1) and A (> 1) can be taken arbitrarily close to 1 the desired
formula follows. This proof will therefore be completed as soon as the simple
combinatorial lemma below is proved. =

1/(dhg(n+m))
' < (AD(E))™ Em) (AD(F)ym/ (mtm),

REMARK. As pointed out by Prof. Siciak, it is sufficient to prove the
result for the d-neighborhoods of a compact set £ and on these sets the
Lebesgue measure itself is known to satisfy the Bernstein—-Markov inequality.
Also the spirit of our proof can be compared with that of Siciak’s [Sil] proof
of the product formula for the extremal function.

LEMMA 3. Let m and n be positive integers. Then

n
Zkhk Yha(m) = ——

Proof. Set ¢4 := Zk:o khi(n)hg—(m) and consider the formal power
series Fy and Fy defined by

= f: dhg(n) X% =X Z dhq(n) X!
d=0

i 1 _ nX
dX (1-X)» (1 - X)n+1’

> 1
X) = ;)hd(m)Xd =T

Now ¢y is the coefficient of X% in

dhd(n + m)

=X

nX
(X)) (X) = (1 — X)m+n+1
that is,
 (m+n+d-1
Cqg=Tmn d—1 .

Hence we get

1 n (ernjdf 1) n

=N khp(n)hy = d—1 = .
dhd(m+n)kzzo (m)ha—(m) d(mtrTh o mtn .
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3. Transfinite diameter and Robin’s functions. Let F be a regular
compact set in C" with pluricomplex Green function Vg(z). The Robin
function of E is defined in complex projective (n — 1)-space P! (see [BT])
via

(3.1) or([z]) = IA1@%(‘@()\2) —log [Az])
where z € C" — {0}, | - | is the euclidean norm on C™ and [z] is the point

that z determines in P"~!. Of course, the pluricomplex Green function Vg
and the Robin function are defined whether or not E is regular but we shall
only use these notions in the regular case. In this case, pg([z]) is continuous
on P! ([Le] or [Si2]). The logarithmic capacity of E, denoted by C(FE), is
defined (see e.g. [BT]) by

(32) C(B) = exp(= sup 05 ((2)).

We remark that the Robin function (and the logarithmic capacity) de-
pends on the norm we work with. Replacing the euclidean norm |- | by any
complex norm v in the definition above, we may similarly define the Robin
function % and the capacity C,(E). The two functions pg and g% behave
essentially in the same way (for the two norms are equivalent) but the values
of C(E) and C,(F) are different and this will play some role in our study.
(Note that the computation of the transfinite diameter does not require the
use of a norm on C™.) Another function is often called the Robin function
in the literature. It is the function

(33) 2p(z) = Jm (Ve(h) ~log|A) (= £0).

which has the advantage of being independent of the norm but the inconve-
nience of not being homogeneous and therefore not defined on the projective
space. Of course for every complex norm we have

(3.4) 0p(2) = 0p(z) + log v (2).
Another description of this function is the following. Under the above reg-

ularity assumption on E there exists (see e.g. [Si2]) a unique homogeneous
continuous plurisubharmonic function Vg(z) on C™ x C such that for ¢ # 0,

(3.5) Vi(z,t) = log [t| + Vg (z/t)

for every z € C". (We refer to [Si2] for the meaning of “homogeneous” in
this context.) Then we have

(3.6) op(2) = VE(2,0).

Much of the content of this section will be based on a polynomial approx-
imation theorem of Bloom [Bl, Th. 3.2]. We first need to consider another
polynomial approximation problem.
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Let h be an homogeneous polynomial of degree d. Then an h-minimal
polynomial for a compact set E is a polynomial of the form h + p where
p € Py_1(C™) which is of least deviation from 0 on FE, that is,

(3.7) |h+ pllp = inf{||h +r||g : 7 € Py_1(C™)}.

Such a polynomial is generally not unique. The notation Cheg(h) will be
used for any of these polynomials.

Of course the uniform norm ||Cheg(h)|| g depends only on h and E and
we have

(3.8) IChep(Ah)||le = A [|[Chen(h)[[z (A e CY).

THEOREM 2. Let E be a regular polynomially convexr compact subset of
C™ and let {Qq} (d=1,2,3,...) be a sequence of homogeneous polynomials
such that deg Qg strictly increases. If

— 1
(3.9) Jim 1oz 0, log|Qa(2)| —log|z| < op([2]) (2 #0)
then

(3.10) Tm |Cheg(Qq)||}/ 59 < 1.

This theorem is stated in [Bl] with deg @4 = d but the proof works just
as well under the assumption that deg ()4 increases. Bloom [Bl] based it on a
Cauchy—Weil integral formula in order to construct explicitly a competitor to
Che(Qq) that satisfies (3.10), and Siciak [Si2] gave an alternate (somewhat
more abstract) proof.

We are now able to relate these notions to the multivariate transfinite
diameter.

THEOREM 3. Let E and F be regular compact subsets of C". Then
e 9B < D(E) e 9B

(10 et oor = D(F) = P e

In particular,
(3.12) or = or = D(E) = D(F).

NOTE. Since E and F' are regular, both o and or are continuous on
the compact space P*~! so that the extrema above are attained and finite.
In (3.11) we may replace simultaneously og by 05 and gor by 05, as follows
from (3.4).

Proof (of Theorem 3). First we note we may suppose without loss of
generality that ' and F' are polynomially conver. Indeed, if K is a regular
compact subset of C" and if K is its polynomial hull then D(K) = D(K)
(see [Za]) and ox = oz for Vi = Vi (see [KI]).

Let a be a non-zero multi-index that we keep fixed for a moment.
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Take a P(c)-minimal polynomial ¢, r for F' (see (1.6)) and consider the
function
1
(3.13) u(z) = m(log lta,r(2)] —log [[ta,rl F)-
This is a plurisubharmonic function on C™ of logarithmic growth that is
smaller than or equal to zero on F', therefore

(3.14) u(z) <Vp(z) (z€Cm),
as Vp is the supremum of such functions. Consequently, we have
(3.15) Ml‘i_moo(U(AZ) —log|Az]) < or(z]) (2 #0).

But an easy calculation shows that
1

(3.16) MIEOO(U(AZ) —log[Az[) = m(log [ta,r(2)| = log|lta,r | F) —log|z|

where %\a, F is the homogeneous part of degree || in ¢, . Hence we deduce
1 ~
m(log lta.r(2)] —10g [|ta,r|lr) —log|2|

< or([z]) < er([z]) + lor([2]) — 0 ([2])]

< 0s([2) + suplor((2) ~ ex([=)]

We define the finite number « by the relation
(3.17) ~logy = sup ler([2]) — en([2])].

Let Y be a sequence of multi-indices for which |a| increases and a/|a| —
6 € Xy. Then since (see (1.8))

(3.18) T tarlf = 7(F,6),

|| =00, a€
from the inequality above we get
1

T(F,0)

319) | Tm | cloglfa e(2)] ~logle] < p((2) + log
Set finally
(3.20) v:=1(F,0)/.
The relation (3.19) gives
: L |t
e mlog V|—;j(z) —loglz| < 0p(z]) (2 #0).

Therefore Theorem 2 implies

(3.21) m _|Chep (fur /v )| < 1;

|a| =00, €
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and, in view of (3.8), this also gives

(3.22) m |ICheg (to.r)| ' < v.

|a] =00, e
So, since
(3.23) lte.z]l < |Chep(ta,F)le,

taking roots, letting |a| — 0o, € Y and using (3.22) together with (1.8),
we obtain

(3.24) T(E,0) <v=r1(F,0)/,
that is,
log 7(E,0) <logT(F,0) + ;u})l lor([2]) — 0 ([2])].
Substituting this inequality in Zakharyuta’s formula (1.9) we obtain
log D(E) < log D(F) +§upl[gp([21) - oe([2])]-
Taking exponentials, we have
2 — < —_—
(3.25) D(F) = b o=er
This is the first of the required inequalities. As for the second, since E and
F play a symmetric role, we also obtain
D(F) e~er DE) _ . e 9"
2 — < d ——= > inf ——.
G20 D@ = e 9% Dy 2 M e

We now apply our result to the computation of the transfinite diameter
of the level sets Er of E. They are defined for R > 1 by

Er ={z € C":Vg(z) <logR}.

Each Eg is compact and Vg, (z) = max{0, Vg(z) — log R}. It follows that
0r,([2]) = 0E([2]) —log R and C(ER) = RC(E). Taking F' = Eg in Theo-
rem 3 we immediately obtain the following corollary that answers (affirma-
tively) a question posed by Zakharyuta [Zal.

COROLLARY 1. Let E be compact, polynomially convex and regular in
C™ and R > 1. Then

D(ERr) = RD(E).
REMARK. Examination of the proof shows that, in fact, we have 7(Eg, 0)
= R7(E,0) for every 6 € X.

COROLLARY 2. For every compact set E C C", n > 1, we have

n

(3.27) C(E) < exp (% > %)D(E).

k=2
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Proof. We may assume that E is regular; otherwise we can use an
approximation argument since the transfinite diameter and the logarithmic
capacity are continuous under decreasing sequences of compact sets. Then
the result follows immediately from Theorem 3 on taking F' equal to B(0, 1),
the unit (closed) euclidean ball, and using D(B(0,1)) = exp(—3 > 1_, 1)
which is a result of Jedrzejowski [Je]. m

Inequality (3.27) is sharp—a less precise bound appeared in [LT|—for it
reduces to an equality if F = B(0, R), actually if F is a regular compact set
such that lim;| (Ve (z) — log |2|) exists.

More generally, if E' is regular compact set such that there exists a com-
plex norm v (depending on E) for which the limit

(3.28) \ZI\EHOO(VE(Z) —logr(z)) exists

then it must be —log C,(F), and
D(E)
D(B,(0,1))

where B, (0,1) is the closed unit ball for the norm v. More specifically, if
v = - |, the polydisc norm, then D(E) = C);|(E).

Of course the hypothesis (3.28) is very strong, but several compact sets
for which one can explicitly find the pluricomplex Green function do have
this property. Let us give two examples that can be derived from the corre-
sponding formulas for Vg due to Baran, as in [Kl]. If £ = ¥, the standard
simplex in R™ C C", then the norm v(z) = > |2 + | > 2| works and the
limit in (3.28) is log 2. If E = Bg(0,1), the real euclidean ball in R” C C",
then we can take v(2) = ((|2|> + | Y 22[)/2)"/? and the limit is again log 2.
Recent results of Baran [Ba] imply existence of such a norm for every convex
symmetric subset of C". It would be interesting to study whether this holds
true for other classes of regular compact sets.

(3.29) (3.28) = O, (E) =

Theorem 3 reveals that D(E) is in fact a function of pp. We now show
how the transfinite diameter of a regular compact set E can be (theoret-
ically) computed with the sole knowledge of the Robin function of E. In
view of Zakharyuta’s formula, it suffices in fact to express the directional
Chebyshev constant in terms of the Robin function.

We first need some new definitions.

A polynomial p is said to have leading monomial z® if it is of the form
p(2) = aaz® + 3 5., apz® with a, # 0. The coefficient a, is then termed
the leading coefficient of p and we write a, = Lead(p). (The order < is
defined in the introduction.)

Now let H(a) denote the space of all the homogeneous polynomials of
degree |a| whose leading monomial is z¢.
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DEFINITION. Let 0 € Xy. A sequence of homogeneous polynomials Qg,
d=0,1,2,...,is said to be a #-extremal (polynomial) sequence for F' if the
following two conditions are satisfied.

(1) For every d, Q4 € H(a?) with |a?| increasing as d increases and
al/|ad| — 60 as d — oo.

(2) For every z # 0, [a?| ! log |Qa(2)| — log |2| < or([2]).

COROLLARY 3 (to the proof of Theorem 3). Let F' be a reqular polyno-
mially convex compact subset of C™ and 6 € Xy. Then

(3.30) = SUp{dﬁ Lead(Qd)l/ladl :

1
7(F,0)
(Qq) is a O-extremal sequence for F'}.

Proof. First we note that 7(F,f) cannot be zero for otherwise, by [Za,
Cor. 1, p. 353], 7(F,-) would vanish on the whole of Y. This would imply
D(F) = 0 and thus C(F') = 0, which would contradict the regularity of F.

Now, take a sequence Y of multi-indices of increasing length such that
afla| — 6 for a € Y. Then the sequence to, r/||ta.r|| (o € Y) is a f-extremal
sequence for F' (see the proof of Theorem 3). Since

Ve L\ Vel )
Lead ——— = — — —— al o0, a€Y),
< Hta,FH> (nta,Fu) ey )

we deduce that 1/7(F,0) is not greater than the right hand side in (3.30).

For the reverse inequality, we can proceed as follows. Take a 0-extremal
polynomial sequence Q4 for F'. In view of condition (2) in the definition, we
may apply Theorem 2 to get

(3.31) Tm |Cher(Qq)|3 *59 < 1.
On the other hand the polynomial Cher(Qq) is of the form
Cher(Qq) = Qq + (lower degree terms) = Lead(Qd)zo‘d + Z ag?’,
B=<ad

which implies that Cher(Qq)/Lead(Qq) is a competitor to be a P(ad)-
minimal polynomial for F' and consequently

| Cher(Qq)

t <
H Oéd,FHF —_ Lead(Qd)

F
or equivalently

Lead(Qa) - [[tas,pllr < |[Cher(Qa)l p-
Taking |a?|th roots and letting d — oo we obtain, using (3.31) and the fact
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that a¢/|a?| — 6,
7(F,0) - Tim Lead(Qa)"’ ol < 1,
from which the required inequality immediately follows. m

We conclude this section by another comparison theorem involving the
second Robin function.

THEOREM 4. Let E and F' be regular compact subsets of C™. Then

D(F) 3
3.32 -~ 7 S sup eQE
(3:32) D(E) ™ s(r)

where S(F) is the Shilov boundary of F'.

Proof. We return to the orthogonal polynomial method used in Sec-
tion 2. Let pp be the equilibrium measure of the regular compact set F'. We
denote by p,, the sequence of monic orthogonal polynomials in L?(ur). Re-
call that (-,-) denotes the corresponding hermitian product. Now, for a non-
zero multi-index a, we consider once again the polynomial t, g/||te.gllz. We
have repeatedly used the inequality

1 () o
Tabg<ﬁ;ﬂg>§bwﬂ+@ﬂkb—gﬂ) (2 #0),

that is,
lta,6(2)]
[to,EllE

(In fact this holds true even when z = 0 for in this case the left hand side
reduces to 0.) Here this inequality is exploited as follows:

<exp(lafop(z)) (2€C").

~

1 to. to.E
el = (etra) < | et

p
lta.ellE lta EllE willz 1P llur

1222

< l(exp2p) ™ lur Pl -

Now, taking roots and letting || — oo with a/|a| — 6 € Xy, we derive,
with the help of (2.7),

1 S— 1/(2]el) 1
_ - <T 5 .)2lel .
g < (Vep2n)™ duc) (F.0)
(The use of (2.7) is valid here for pp is regular.) Now the limsup above is
equal to the supremum of the integrated function on the support of ug.
Since this support is known to be the Shilov boundary of F (see [BT2]), we
are done. m

The bound (3.32) can be improved by using the invariance of the transfi-
nite diameter under translations (z — z-+a) and under the group SL,,(C) :=
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{A € GL,(C) : |[det A| = 1}, i.e., b € C™ and A € SL,, imply D(A(F)+b) =
D(F). The translation invariance follows via the Zakharyuta formula from
the invariance of the directional Chebyshev constants or, via Theorem 3,
from the simple fact that opyy = op. The SL, invariance follows from
Sheinov’s formula (1.11).

COROLLARY. Under the same assumptions as in Theorem 4 we have
D(F)

. < inf 2 .
(3.33) D(E) = Jof  inf S exp(og(A(2) +))

Proof. Take A € SL,, and b € C™. Applying Theorem 4 to A(F')+b we
get
D(F) D(A(F)+b) -
= < sup €% = gup
D(E) D(E) S(A(F)+b) weS(F)

Taking the infimum over A and b we obtain the desired inequality. m

(0 (A(u)+b)

This leads in turn to a purely geometric bound for the transfinite diame-
ter. For brevity we work only with the euclidean norm |-|. Given a compact
set K in C™ we define its radius rad(K) by

rad(K) := bielgn SIGJI[; |z —b].

We have rad(K) < diam(K) < 2rad(K). Now, taking n > 2 and E =
B(0,1) in the corollary above we get
I~1
D(F) < —— — | -rad(S(A(F
(1) < exp( 5 3 ) red(S(4P)

where A is any element of SL,,.

Note finally that the use of the SL,, invariance could also provide some
improvement in the bound of Theorem 3.

4. Transfinite diameter of a pre-image. Let ¢(2) =ag2%4aq_12%" 1+
...+ a1z+ap be a univariate polynomial of exact degree d (aq # 0). Given a
planar compact set E, a classical theorem of Fekete states that the transfinite
diameter of the compact set F' = ¢ 1(E) is

D(E)>1/d‘

|ag]

(4.1) D(F) = (

The classical (mostly algebraic) proof of Fekete can be found in [Go] and
a direct potential-theoretic proof is available e.g. in [Ra]. It is the purpose
of this section to study the generalization of this result to the multivariate
transfinite diameter.
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We consider polynomial mappings ¢ = (¢1,...,¢,) from C" to C™ such
that

(4.2) degg;=m>1(1<i<n), g *0):=qg;'(0)N...ng,"(0) = {0},

where ¢ = (q1, .. .,q,) and g; is as usual the leading homogeneous term of g;.
Under these assumptions, ¢ is a proper polynomial mapping [KI, Th. 5.3.1]
so that F':= ¢~ !(E) is compact if E is. We will study the relation between
D(F) and D(FE). Our first result shows that, as in the one-variable formula
above, the relation between D(E) and D(F') depends only on the highest
degree components of gq.

THEOREM 5. Let q be a polynomial mapping satisfying conditions (4.2)
and E a regular compact subset of C*. If F = q~Y(E) and F = ¢ '(E)
then D(F) = D(F).

Proof. This follows from Theorem 3 since, as shown in the lemma
below, both F' and F' have the same Robin function. m

LEMMA 4. Under the above hypothesis, we have or = 0.

Proof. We prove that for every z € C",
_ 1_ .

(4.3) or(2) = —0p(1(2))-
Applying this to ¢ instead of ¢ we get 9p(z) = 0p(2) and this implies
equality of the Robin functions.

By a theorem of Klimek [KI, Th. 5.3.1], the pluricomplex Green function
of F is given by Vr(z2) = m~'Vg(q(z)). (Note that the regularity of E
implies that of F .) We use the corresponding homogeneous plurisubharmonic
functions Vg(z,t) (see (3.5)). For every z€ C™ and every non-zero ¢t we have

(44)  Vrlet) =loglt] + Ve(z/t) = log|t] + - Vi(a(=/1)).

One can write ¢(z/t) = t~™(q(z) + R(z,t)) where lim; o R(z,t) = 0. Fix
z € C™ and define () := q(z)+ R(z, \) for A € C*. Note that (£(N),\™) —
(4(2),0) as A — 0. Now, (4.4) gives

V(s A) = V(60 X™).

Letting A — 0 and using the continuity of V¢ at (z,0) and of Vg at (g(2),0)
[Si2, Prop. 2.3], in view of (3.6) we get

_ I
(4.5) or(2) = —0p(7(2)). =

We are able to give a precise multivariate version of (4.1) only in very
particular cases. A polynomial map ¢ is said to be simple (of degree m)
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if g;(z) = 2™ for i = 1,...,d. Simple mappings obviously satisfy condi-
tions (4.2).

THEOREM 6. Let E be a compact set in C", q a simple polynomial map-
ping of degree m and F = q ' (E). Then

(4.6) D(F) = %/D(E).

This is a consequence of the following much stronger statement proved
in [BC]. (We use the notation explained in the introduction.)

THEOREM 7. Let E be a compact set in C™ and q a simple polynomial
mapping of degree d. If p is a P(a)-minimal polynomial for E then po q is
a P(ma)-minimal polynomial for F = ¢~ 1(E).

Proof of Theorem 6. The previous theorem says that 7 (ma, F)=7 (a, E)
so that

(4.7) T (ma, F)Y/ Mol = /7 (o, E)1/1el,

Now since the condition a/|a| — 6 is equivalent to ma/|ma| — 6, passing
to the limit in (4.7), we obtain 7(F,0) = R/7(FE,0), and the theorem then
follows immediately from Zakharyuta’s formula. m

Bos [Bo| has proved that the transfinite diameter D(D) of the unit disc
D:={2? + 23 < 1} CR? C C? is 1/y/2e. Thus, using the mapping ¢(z) =
(22,22), we deduce from Theorem 6 that the transfinite diameter of the
triangle T of vertices (0,0), (0,1),(1,0) is D(T) = 1/(2e).

Formula (4.6) can be extended to some more general polynomial map-
pings by using Sheinov’s formula.

COROLLARY 1. Let g be a polynomial mapping of degree m satisfying
(4.2). Suppose that the highest homogeneous parts of its components q; are
of the form
(4.8) Gi(2) = apnly (2)™ 4+ aple(2)™ + ...+ awmln(2)™ (1<i<n)
where A = (ai;) is a non-singular matriz and the l;’s are linear forms. Then
for every compact set E and F = q~(E) we have
(4.9) D(F) = |detI|~Y/"|det A|~Y/ (™) /D (E)
where 1 is the linear automorphism of C™ defined byl := (Iy,...,l,).

Proof. Note that since ¢ is proper, [ must be invertible and det! does
not vanish. Now, thanks to (4.8), one can find a simple map @ of degree
m such that ¢ = AoQol. Hence F = (I"' 0o Q7' 0 A71)(E). Using twice
Sheinov’s formula (1.11) and once Theorem 6 we get
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D(F) = |det 1|~V D(Q ™ (A™Y(E))) = |det |~/ ®/D(A-1(E))
= |detI|~Y/™ /|det A|=1/"D(E). =

In fact, every proper map of degree 2 on C? that satisfies (4.2) also
satisfies conditions (4.8). Up to a linear change of variable, such a map has
a highest homogeneous part of the form

9(2) = (22,0227 + 202125 + 222) or  q(2) = (2122, a%2% + 202125 + 223),

where, of course, ¢ = (¢1,G2). We can make our result completely explicit in
both cases.

EXAMPLE 1. Let g be a proper polynomial map of degree 2 on C?, E a
compact set and F = q~1(E).

(i) If q is of the form q(z) = (22,a%23 + 2bz120 + c223) then D*(F) =
lc| "' D(E).

(ii) If q is of the form q(z) = (2122,a22} + 2bzy 29 + ¢*23) then D*(F) =
lac|~Y2D(E).

Proof. Note that in case (i), since ¢ is proper one must have ¢ # 0.
Now, setting l1(z) = z1 and l3(z) = (b/c)z1 + cz2 we have

G(2) =1(2)2+0-12(2)%,  @(2) = (a® = /) (2)? + 12(2)?,

and the claim follows from Corollary 1.

In case (ii), ¢ being proper implies that both a and ¢ are different from
zero. The result is again a consequence of Corollary 1 with the help of

(2ac — 2b)q1(2) + G2(2) = (az1 + cz9)?,
(—2ac — 2b)q1(2) + G2(2) = (az; — cz2)*. =

We can also compute the relation in terms of the roots of the ¢;. This is
easy for proper maps of type (i).

EXAMPLE 2. If q is a proper polynomial map of degree 2 on C? such that

7(2) = ((az1 +b29)?, (a'21 + V' 22)(a" 21 + " 2))
then
D2(F) = (|t'a —bd'| - |b"a — ba"|)"V2D(E).
Proof. This is again a simple computation. We omit the details. The

change of variable Z; = az; +bz9 and Z5 = a’z; + b’ 2o which is non-singular
since ¢ is proper brings us back to case (i) of Example 1. m

A little can be said on the computation of the transfinite diameter of
the (filled-in) Julia sets of certain polynomial maps. Recall that, given a
polynomial map ¢, the (filled-in) Julia set of q is

J(q) :=={z € C": (¢"™(2)); is a bounded sequence}.
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If ¢ is proper then J(q) is a compact set obviously invariant under ¢, that is,
J(q) = ¢ 1(J(q)). A classical and simple theorem of Brolin (see [Ra]) states
that if ¢ is a one-variable polynomial of the form ¢(z) = a,,z2™ + ... + ag

with m > 2 then the (one-variable) transfinite diameter D(J(q)) of J(q) is
‘am‘—l/(m—l).

EXAMPLE 3. Let g be a proper polynomial mapping as in Corollary 1,
with m > 2. Then the transfinite diameter of the corresponding Julia set is
given by

D™ Y(J(q)) = |det |=™/™ . |det A]~Y/™,
Proof. It suffices to apply formula (4.9) with E = J(¢g) = F. m

A precise generalization of (4.1) to all polynomial mappings satisfying
(4.2) remains to be found. (We think that such a formula does exist.)

We mention that there is no such formula for the logarithmic capacity
in C™ (n > 1). Klimek [K12, p. 2769] showed that for a polynomial mapping
of degree m one has

(4.10) C(F)< lim 1402

m
|z]—o0 |Z|

)Um < 0@ < o) T 'Q(z)')l/m,

|z]—o0 |Z|m
which follows from (4.5). The example below shows that one may have equal-
ity in either the right or left inequalities in (4.10).

Let E = A(0,7) x A(0,s) C C? where A(0, 0) is the closed disc in the
plane with center 0 and radius p. Then Vg(z) = max(0,log |21 /r|,log|2z2/s|)
and C(F) = min(r, s).

Let q(21, 22) = (27,222). Then F' = A(0,/r) x A(0,/s/2) and if /7 <
\/5/2 then /C(E) = C(F) and there is equality in the left part of (4.10),
whereas if \/r > /s then \/C(E) = v/2C(F) and there is equality in the
right part of (4.10).
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