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Difference methods for the Darboux problem
for functional partial differential equations

by Tomasz CzrAPINSKI (Gdansk)

Abstract. We consider the following Darboux problem:
(1) Dryz(% y) = f(xv Y, Z(m,y)7 (DIZ)(w,y)7 (D’yz)(m,y))v
(2) Z(ZI),y) = d)(xyy) on [—CL(), a‘] X [—b07 b] \ (07 CL] X (07 b]7
where ag,bo € R4, a,b > 0. The operator [0,a] x [0,b] 3 (z,y) — w(, ) € C([~ao,0] x
[~bo, 0], R) defined by w(, ,)(t, s) = w(t+z, s+y) represents the functional dependence on
the unknown function and its derivatives. We construct a wide class of difference methods
for problem (1),(2). We prove the existence of solutions of implicit functional systems
by means of a comparative method. We get two convergence theorems for implicit and
explicit schemes, in the latter case with a nonlinear estimate with respect to the third
variable. We give numerical examples to illustrate these results.

1. Introduction. Given a,b > 0 and ag, by € Ry = [0,00), we define
E =(0,a] x (0,b], E°={[—ag,a] x [~bo,b]\ (0,a] x (0,],
and B = [—ag, 0] x [~bg,0]. For any function w: E°UE — R and (z,y) € E
we define w(, ,) : B — R by
Wiy (t,s) =w(@+ty+s), (ts)€B.

Consider the following Darboux problem for a second order functional
partial differential equation:

(1) Dryz(x,y) = f(xaya Z(r,y)7(DIZ)(x,y)v(Dyz)(x,y))7 (:an) €k,
(2) 2(z,y) = ¢(z,y),  (z,y) € E°,
where f : ExC(B,R)? — Rand ¢ € C'(E°,R) are given functions. We call

z € CY(E°UE,R) a solution of (1), (2) if z has a continuous mixed derivative
and satisfies (1) on E, and z fulfills the Darboux condition (2) on E°. In
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172 T. Czlapinski

other words we will consider difference methods for classical solutions of
problem (1), (2). A model of functional dependence in (1), (2) based on the
operator (z,y) +— W(z,y) contains as particular cases differential equations
with deviated argument and integral-differential problems.

ExAMPLE 1. Consider the differential equation with deviated argument

(3) Dryz(x,y) = f(:Evyv z(%(x,y)),sz(%(:E,y)), Dyz(Vz(%y)))a

where f: E xR3 — R and v9,71,72 : £ — EY U E are given functions such
that v;(x,y) — (z,y) € B,i=0,1,2, for (z,y) € E. If we define f by
flx,y,w,wy,ws)
= f@,y,w(r0(z,y) — (,9)), w1 (1 (2,9) — (,9)), wa (y2(2,9) — (x,9)))
for (z,y,w,w,wy) € E x C(B,R)? then (3) becomes a special case of (1).
ExaMPLE 2. The differential-integral equation

(4) nyZ(ZE,y) = f<$7y7 S GU(tvst(:E + t7y + S)) dtds7
B

| Gi(t,s, Doz(w +t,y + 5)) dtds, | Galt, s, Dyz(z +t,y + s)) dt ds),
B B

where f: E xR3? — R and Gy,Gq,G2 : B x R — R are given functions, is

also a special case of (1) if we take

f(x7y7w7w17w2) = J?(%y’ S GO(t,37W(t, 3)) dt dS,

B
S G1(t,s,wy(t,s))dtds, S Ga(t, s,wa(t, s)) ds dt)
B B

for (z,y,wo, w1, ws) € E x C(B,R)3.

We construct a wide class of implicit and explicit difference schemes for
the hyperbolic problem (1),(2). A general theory of convergence of such
schemes for hyperbolic problems without partial derivatives on the right-
hand side of (1) was developed in [8]. Explicit difference schemes for (1), (2)
were also considered in [10].

Difference methods for nonlinear parabolic functional differential prob-
lems were studied in [7], [9], [11]-[13]. Those investigations focused on find-
ing a stable difference approximation which satisfies consistency conditions
with respect to the original problem. Stability of corresponding nonlinear
functional difference equations was proved by using difference inequalities
or simple theorems on linear recurrent inequalities.

Difference methods for first order functional differential equations with
initial or initial-boundary conditions were studied in [1], [4], the latter paper
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with rich bibliographical information. Convergence of these methods was
proved by means of functional difference inequalities and a comparative
method. We also refer the reader to [16] for a survey on difference methods
for ordinary differential functional equations.

In this paper we construct difference schemes for (1), (2) under the as-
sumption that f is Lipschitzean with respect to the last two variables. In the
case of implicit schemes we also assume that f is Lipschitzean with respect
to the third variable while for explicit schemes we only assume that f satis-
fies a nonlinear estimate of the Perron type. In the latter case we also prove
the existence and uniqueness for implicit functional difference problems that
arise in discretization of (1), (2).

Existence results for the Darboux problem for functional differential
problems can be found in [2], [3], [14].

2. The difference problem. For any two sets X and Y, we denote by
F[X,Y] the set of all functions from X to Y.
We construct a mesh in E° U E in the following way. Let h € (0,a] and
k € (0,b] denote the steps of the mesh with respect to x and y. Write
x; = ih, Yj = jk, Lit+1/2 :Zh+h/27 y]+1/2:]k7+k/27 i,j € 2.
We denote by Iy the set of all (h,k) € (0,a] x (0,b] for which there exist
My, Ny € N such that Myh = ag, Nok = by and such that k/c < h < ke
for a fixed constant ¢ > 1. We assume that Iy is nonempty and that there
exists a sequence {(hn,kn)} C Ip such that lim, o (hy,kn) = (0,0). For
(h.k) € Io put Zny = {(z4,y;) : 1, € Z} and
Ep=ZmNE’,  Ew=2ZnuNE, Eu=2ZuNE.
There exist M, N € Nsuch that Mh < a < (M+1)hand Nk < b < (N+1)k.
Then
Epp ={(z;,y;) :1<i <M, 1<j< N}
Furthermore, let
Epp={(z,y;):1<i<M-K, 1<j <N},
Epy={(2iy;) : 1<i <M, 1<j <N - K},

where K =0 or K = 1. With the same K we write

B = {(zi,y;) : =My <i < K, =Ny < j < K},

Bl = {(zi,y;) : ~Mo <i <0, —Ng <j < K},

Bip={(zi,y;) : =My <i < K, =Ny < j <0}
Given w € F[EY, U Epi, R] and (74, y;) we write w(®9) instead of w(w;,y;)

for simplicity, and we use the same convention for F [Egk U E}Lk,R] and
FIEY, UE2, R].
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Now, we define a discrete version of the operator (z,y) r wW(gy). If
w:EgkuEhk—>Rand0§z’§M—1,0§j§N—1thenwedeﬁne
w[m-] : Bhk —R by

w[i,j](t7 S) = w($i + tayj + 8)7 (tv 8) € Bhk-

If K = 1 we analogously define wy; ; on B}, and B?, forw: E), UE}, — R
orw: E), UEZ, —R.
We define the following difference operators:

Swld) — %[W(Hl,jﬂ) UL (gt ()]

|

. 1
51&)(17‘]) — E [

w(i""lvj) — w(’v])]’ 5200(17‘7) — _ w(ivj""l) — w(’v])]

Let fhk : Ehk X f[Bhk,R] X f‘[B}llk,R] X f[B}zlk,R] — R and qﬁhk,ahk,ﬁhk :
EY,. — R be given functions. We will approximate solutions of problem
(1),(2) by solutions of the following system of functional difference equa-
tions:

0209 = frr(@i, o 20 wig Vg (@i 95) € Bk — {(h, R)},

(5) Sou'™) = fup(2i, yj, 204 Vi) Ving)s (@6 y;) € By — {(k,0)},

5109 = fu(@i, ¥, 20 W) Viig))s (@i ys) € En — {(0,h)},
where “—” denotes the algebraic difference of sets, with initial conditions

(6) 2= nk, U=aQpg, U=k, on Epy.

More precisely a solution w of (1), (2) will be approximated by z while the
derivatives D,w, D,w by u,v, respectively.

REMARK 1. If K'=1 then problem (5), (6) becomes an implicit difference
method. More precisely, for fixed (i,7) the right-hand side of (5) depends
not only on z(#¥) ym¥) ymv) for < 4, v < j, but also on z(Fhi+1),
24 13) - (07 +1) gy (63+1) and ¢(+19) | Note that in this method we do not
compute the values of u(*7) for i = M and the values of v(*) for j = N.
If K = 0 then we have an explicit method and problem (5), (6) represents
a simple functional difference system of the Volterra type which obviously
has exactly one solution.

In the case K = 1 the existence theorem for the functional difference
problem (5), (6) is proved by the use of the comparison method. This method
consists in associating with the operator f;, another operator o, and inves-
tigating a suitable comparison equation. If the latter equation has adequate
properties, then problem (5), (6) has exactly one solution which is the limit
of the sequence of successive approximations.
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The general idea of the method used here is given in the fundamen-
tal paper of Wazewski [15]. This method has been used under various as-
sumptions in many papers, for initial or initial-boundary value problems for
partial or ordinary, differential and functional differential equations [3], [5],
(6], [14].

Define the following discrete operators:

i—1j—1
Vo furlz, u,v] ) = hk Z Z Frilz,u, 0] on By,
pn=0r=0
j—1
Vi fuelz, u, 0] =k Z Furlz, w, v] ) on E},,
v=0
i—1
Vo furlz, u, ] = hz Furlz, u, v] 9 on E?,,
pn=0

where frilz,u, 0] = frn(@i, y;, 20,57, Wi gl Viig))-

LEMMA 1. Problem (5),(6) is equivalent to

200 = Vg frulz, u, 0] + ¢§Li;;0) + ¢§3§j) - ¢§3§0) on Epg,
(7) w9 =V, frilz, u, 0] B9 4 ag,’co) on B},

v = Vo frklz, u, v](i’j) + ﬁ;(b%j) on B,
(8) 2= ¢nk, u=apk, =P, onkEY.

We omit the proof of this lemma.

REMARK 2. The proposed difference method is generated by the method
of proving the existence of solutions of the Darboux problem in which (1), (2)
is transformed into a system of integral equations

zy
2(z,y) = S Sf(s, by 2(s,) Us,t)> U(s,p)) ds dt 4+ ¢(x,0) + ¢(0,y) — ¢(0,0),
00
y
u(x,y) = Sf(ﬂf, ty Z(z,t) U(w,t), Uz t)) At + Dyd(x,0),
0
U($7 y) = S f(S, Y, Z(s,y)au(s,y)av(s,y))ds + qub(oy y)a on E7
0

z=¢, u=D,p, v=Dyp, onE°
that corresponds to (7), (8).
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In the sequel we denote by = the set of all triples (z, u,v) where z : E?Lku
Ene —»Ryu:EY, UE!, - R v:EY UE? — R, and by = the analogous
set with the functions taking values in R. If (z,u,v), (Z,u,v) € =, and

z<Zon Ep,, u<uonE},, v<TonE},
then we write (z,u,v) < (Z,%,0) on (Eng, B}, E7,) for simplicity. If all
these inequalities hold on the same set EY, then we use the usual notation
(z,u,v) < (2,u,0) on EY,. Analogously we define the relation (z,u,v) =
(z,u,v) on (Eny, E},, EZ,).
For (z,u,v) € = define
thk[zu u, U] = (Vthk[Z7 u, U]7 Vlfhk[z7 u, U]7 Vthk[Z7 u, U])

Then we may write problem (7), (8) in a simple form
(2,u,v) = Vfi[z, 1, 0] + T (Onk, ¥hi, Bur)  on (Epk, By, Eiy),
(Z,’LL,’U) = (¢hk7ahkaﬁhk) on Egkv
where 7 is defined by
T (dnes ank Bur) 7 = (043 + o5 — o agi”, B3 ).
For any wy,y, : E?Lk — R let wpy : Egk U Expr — R be defined by
~ _ whk(‘ray) for (.’I’,y) € Egkﬁ
whk(x7y) o {0 for (m,y) € Enp,
and analogously define @y, on EY, UE}, or EJ, UE?,.

We define the sequence {(zy,, un,v,)} C = in the following way:

(i) (20,u0,v0) = (ghim Qnk, Bri) on (B, U Epg, Ef UEL L ER U E?);

(ii) if (2p, Un,v,) € = is already defined then

9) (Zn41s Unt1, Unt1) = Vnkl[2n, Un, vn] + T (Pnk, Ohk, Brk)
on (B, E},, E?,), and
(10) (Znt1s Unt1, Vnt1) = (Phk, i, Bug)  on Epy.

We prove that under suitable assumptions on fj, the sequence {(zy,, un, vy)}
converges to the unique solution of problem (7), (8).
For w € F[Bpi, R] we define a norm |w|x by

|wlne = max{|w(z, y)| : (z,y) € Bhk}-
We let 0,5 be the zero function in F[Bpk, R]. We use the same notation for

functions defined on B}Lk or Bik.
Finally, if w,w : EY, — R then |w| : Ep; — R is defined by

Wl =[] on Ef,

and the relation w < @ means that w(®7) < w(69) on Egk.
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AssuMPTION H;. Suppose that

(i) for each fixed (z,y) € En the function oni(z,vy,-, ) : F[Buk, R] x
F[B},,R] x F[B},,R] — Ry is continuous and nondecreasing with respect
to all its arguments, and opk(x, Y, Onk, Onk, Onr) = 0 for (z,y) € Epk;

(ii) for all (z,y) € Enk, w, W € F[Buk, R], wi,Ww; € F[B}Lk,]R], Wa, Wo €
F|B?,,R] we have
(11) ‘fhk(x7y7w7wl7w2)_fhk(xayuw7wluw2)’

< onk (2, Y, [w — Wak, (w1 — Wi pk, |w2 — Wank);

(iii) there exists a solution (gpk, Prk, k) € = of the problem

(12) (z,u,0) > Vonglz, u,v] + ke, Enks Ank)  on (Enk, Eby, B2y,
(13) (Z7U7U) = (|¢hk|7 |ahk|7 |ﬁh/€|) on E?Lkv

where (Mnk, Enky Ank) is such that

. - i_l j_l - -
i) > hk Z Z | i[O O O] 0|+ 10550 | + 0557 | + 03],
pn=0rv=0

7j—1
(14) & > B | fanl0nns Onk, O] )| + la?),

v=0
i—1

AGD) > hz | ik [0 Ones Onie] | + 1857,
pn=0

on Eng, EL,, E?,, respectively;
(iv) the function (z,u,v), where Z(z,y) =0, u(z,y) =0, v(z,y) =0, is
a unique solution of the problem

(15) (z,u,v) = Vopglz,u,v]  on (Enk, ELy, i),
(16) (z,u,v) =0 on EY,,
in the class of all (z,u,v) € = such that

0 < (2,u,0) < (ghk, Prk Guk) o0 (Eng, Eby, Ery).

THEOREM 2. If Assumption Hy is satisfied then there is a solution (Z,,v)

—_

€ = of problem (5), (6), and it is unique in the class of all (z,u,v) € = such
that

(2], [ul, [0]) < (ghi>Prksank) — on (Bnk, By, Ejy).

Proof. We consider the sequence {(gn,Pn,qn)} C = defined in the fol-
lowing way:

(i) 90 = gnk, Po = Phk, Q0 = Qnk;
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(ii) if (gn,pn,qn) € = is already defined then

(A7) (gn+1,Pn415@nt1) = VOuklgn, Dnran)  on (Bnk, Epy, Ejfy),
(18)  (9n+1,Pn+1,qn+1) =0 on EY,.
We prove that on (Epy, EL,, E?,.) we have

(19) (gn+17pn+17%1+1) < (gnypna(Jn)a

(20) lim (gnypna Qn) = 07

(21) (|2nl, \Un\ V) < (Ghks Phks Gnk),

(22) (’Z’fb+1 - Zn’a ‘unJrl un‘ ’Un+1 - Un’) (gn7pn, Qn)

It follows from (12) that (g1,p1,q1) < (go,Po,q0) on (Enk, Eiy, E2y)-
If for fixed n € N we have (gn,Pn,qn) < (gn-1,Pn-1,qn—1), then from the
monotonicity of oy, with respect to the function variables we get (gn41, Pn+t1,
Gn+1) < (gn, Pn,qn) and (19) follows by induction on n. Since we also have
(9nsPnyqn) = 0 on (Ehk7E}Lk7E}2Lk)7 the limit (g,p,q) = limy—o0(gns Prs Gn)
exists, and it follows from (17) and (18) that (g,p,g) € = is a solution of
problem (15), (16), which implies (g,p,q) = 0.

Note that inequality (21) is obvious for n = 0. If we assume that
(Iznl, lunls lonl) < (ghksDnk,qnk), then from (11) and (14) and from the
monotonicity of o we get

N i—1j—1

|ng1)| < hk‘z Z | Frk 20 tns 0] ) — Frrc Ok, Onres One] )|
pn=0r=0
i—1 5—1
+BE Y S | e[k Ones O] @+ 104 | + 165y + 65|
pn=0rv=0
i—1j—1
< hk Z Z Tt (Zps Yy (90 )y PR ) (@) ) + s
pn=0r=0
< g

on Ej, and analogously

7j—1

|u7(~f-’£| < kz Ohk $Z7yu7 (ghk)[z v]» (phk)[z v]» (qhk‘) [é 1/]) + 5(27]) p;;];j%
v=0

i) < hzahk Ui (90 g1 (Or) et (@) gt) + M < @i
n=0

on E},, E?,, respectively. Thus (21) follows by induction for all n, and con-
sequently (22) holds for n=0. If we assume that (|zn1r — 2n |, [Untr — Unl,
[Vntr —Vn|) < (GnsPn,Gn), then from (11) and from the monotonicity of oy
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we get
|Zv(11—7i-j12+1 - z7(12+]1)|
i—1j—1
< hk Z Z ‘fhk[ZnJrra Un4r, Un+r](#7y) - fhk[zm Un, Un](‘u’ll)
u=0v=0
i—1j—1
< hk Z Z O'hk(x;u Yv, ’(ZﬂJrT - Z”)[%V] ‘hk’
p=0v=0
[ Un ) [j1,0] |nkes [(Vngr — Un)u,] k)
i—1 j—1 L
<hE YD onk (@ Yo (90 s P (@) un)) = 9ii on Ep,
u=0rv=0
and analogously

|Uq(zl3£2+1 - ugff1)| < pq(;g on Ejy, |vfjjﬁ2+1 - Uq(#1)| < qsﬁrjl) on By,
from which (22) follows by induction again.

It follows from (20) and (22) that (Z,7,7) = limy,— o0 (25, Un, Up) €xists.
By (9) and (10) we see that (Z,u,7) € Z is a solution of problem (7), (8).
Suppose that we have another solution (z,u,v) € = of (7),(8) such that
(21, 1al, [21) < (gnk, Prks qnr) on (Eng, E},, E?,). Then as in the proof of
(22) we get (|12 — znl, |2 — unl, [0 — vn]) < (gnsPnsqn), from which, by (20),
it follows that (z,u,v) = (z,u, 7).

REMARK 3. Theorem 2 gives uniqueness of solutions of problem (5), (6)
only in the class of (z,u,v) € = such that

(I2], [ul, [v]) < (gnk> Dris gnr) — on (Eng, Epy, Efy)-

We may also get global uniqueness provided that Assumption H; is satisfied
and that (Z,w,7) = (0,0,0) is a unique solution of the problem

(Z,U,U) < VO'hk[Z,’LL,’U] on (Ehk7Ef1Lk7E}2Lk)7

(z,u,v) =0  on EY,.

3. Convergence of explicit difference methods. The next lemma
concerns functional difference inequalities generated by monotone operators
of the Volterra type.

LEMMA 3. Suppose that K =0 and

(i) Ghr : Eng X F[Bug, R]? — R is nondecreasing with respect to the last
three variables;
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(ii) z,u,v,%,u,0 : EY, U Epp — R satisfy the inequalities
(z,u,v) — VGrilz,u,v] < (Z,u,7) — VGri[z,w,0] on Epg,
(z,u,v) < (Z,%,0) on EY,.
Then
(z,u,v) < (Z,u,0) on Ep.

The proof is by induction and we omit it.

To state the next assumptions we denote by © the class of all functions
a: Iy — Ry such that lim, x)—(0,0) a(h, k) = 0.

ASsSuMPTION H,. Suppose that K = 0 and

(i) conditions (i), (ii) and (iv) of Assumption H; are satisfied;

(ii) the solution (z,u,v) € =, where Z(z,y) = 0, u(z,y) = 0, v(z,y)
= 0, of the problem

5Z(i7j) = Ohk [Zauav](ihj)a (xwy]) S Ehk - {(h7 k)}a

(23) 52U(l"7) = Ohk [Zauav](ihj)a (xwy]) € Ehk - {(07 k)}7
51U(i7j) = Ohk [Z, u, ’U](i’j)v (33@', y]) € Ehk - {(h7 0)}7
(24) 2(07) = g (63) = (B7) = 0, on Egk,

is stable in the following sense: if (Zx, Unk, Onr) € =4 is a solution of the
problem

5Z(i7j) = O-hk[zauvv](i7j) + Oéo(h, k)v (xwy]) € Ehk - {(ha k)}v
52u(i7j) = Uhk[zv u, ’U](i,j) + al(h7 k)v (33@', y]) € Ehk - {(07 k)})
§po(B9) = ahk[z,u,fu](i’j) + az(h, k), (xi,y;) € Epr — {(h,0)},

209) = go(h, k), w9 =¢i(h, k), v =¢gy(h,k), on EY,,
where ay,¢; € ©, i =0,1,2, then there are §; € O, i =0, 1,2, such that
2 < Bolhk), " < Bubk), Tg” < Ba(hik),  on By

An example of a class of difference problems satisfying Assumption Hy
is given in Theorem 5.

THEOREM 4. Suppose that Assumption Hy is satisfied and

—

(i) (Zhk,Unk,Vnk) € = is a solution of problem (5),(6) and there are
a; €6,i=0,1,2, such that

160D — )| < eo(h,k),  |(Deg) ) — ali?| < ex(h, k),
(D)) — BSD| < eo(h, k), on EY;

(ii) w : E°UE — R is a solution of problem (1),(2) and w is of class
C? on E;

(25)
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(iii) the compatibility condition
(26)  [fur(@i Y5, (W), 5), (Dewni)fi,5), (Dywni)jij))
- f(.’,l'“ Yj, w(ri,yj)a (me)(m,yj)7 (Dyw)(w“yg))’ < a(h’7 k)

is satisfied on Epj, with & € O, where wpi,, Dywhi, D,wpy, are the restric-
tions of w, Dyw, Dyw, respectively, to E9, U Epy.

Under these assumptions there exist 3; € ©, i =0,1,2, such that
) — 2501 < Bo(h k), (Do) ) — i < 1 (R ),
(Dyw) @) — %D < Bo(h k), on Epg.
Proof. Let nuk, &nk, Ank be defined by

5“’2 = fur[whi, Dywhi, Dy whk](w) +77(m)
52D ng ) — fhk['whk,D whk,D whk](ld) +§(Z7])
51Dyw, 3) — £y e[k, Dy Wi, Dywpi] 9 +)\(”)

From the compatibility condition (26) and (ii) it follows that there are «; €
6,1 =0,1,2, such that

i) < aolh k), 1657 < ar(h, k), IAGD] < aolhy k).
Let 2 (m) |z(m) w(z,])| ~(ZJ) |u(lJ) (D, w)(zg)| ~(m) |U(m) _
(Dyw)(m)|. Then

N;Ei’j) < Voonk[Znk, Unk, Oni] "9 + hikjag(h, k),
ﬂ;(j;]) < V1001 Znkes Unie Oni] ) + kjan (hy k),
T < VoonsZuks Unks Unk] O + hiaa(h, k), on Epg,
E,EZ’j) <eo(h, k), u}EZ’]) <ei(h,k), ’U}EZ’]) <eg(h,k), on EY,.
Let (z,u,7) € = be a solution of the problem
209 = Vyonelz, u, 0] + abag (b, k),
u(h9) = Vlahk[z,u,v](i’j) + bay (h, k),
v = VQO’hk[Z,U,’U](i’j) + aas(h, k), on Epg,
2(63) = eo(h, k), u(®d) = e1(h, k), v = ea(hy k), on Egk.
Lemma 3 implies that
200 <20 gqled <q@d) i) <5l on By

The stability of problem (23), (24) completes the proof of Theorem 4.
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We consider the difference method
6209 = f(i,y5, Tawzgi g Trwttfi ) Thiv g))
(27) Soul™?) = f (i, i, Thrzi g Thwttfi ) Thivi g))
51009 = f(zi, 95, Thez(i g1 Tkt ) ThiVli 1)
on Epp —{(h,k)}, Enr — {(0,k)}, Enr — {(h,0)}, respectively, and
(28) 2= pr, U=pk, V=Ll on Ej,

where Ty, : F[Bni, R] — C(B,R) is an interpolating operator defined by

h k k

1.0t — T S — Y » t—x; S — Y
(i+1,5) 1 = J (54) |1 — ¢ 2 9
+w W [1 3 }—l—w [1 A }[1 A ],

59 T =ut s SR ey =1

for (t,s) € B, where i,j5 < 0 are integers such that z; < t < z;;7 and
Yi <8< Yt

The above problem may be considered as a generalization of the Euler
method for ordinary functional differential equations.

AssuMPTION H3. Suppose that f : E x C(B,R)?> — R is continuous and
(i) there is a continuous and nondecreasing function o : ExR,y — R,
such that o(z,y,0) =0 for (z,y) € E;

(ii) the function @w(z,y) = 0, (z,y) € E, is a unique solution of the
problem

Dyyz(x,y) = o(x,y,2(x,y)) + LiDy2(2,y) + LaDy2(z,y),  (2,y) € E,
z(z,0) =0 forxz €[0,a], 2(0,y)=0 forye]l0,],

where L, Lo are nonnegative constants;

(iii) the estimate

‘f(x7y7wawlaw2) - f(l’,y,mWhWQ)!

<o(@,y, |w=o|5) + Lillwy — w15 + L2|w2 — 2|5

is satisfied on E x C(B,R)3, where || - || denotes the supremum norm in
C(B,R).

THEOREM 5. Suppose that K = 0, Assumption Hs is satisfied and

(1) (2hk, unk,vnk) € Z is a solution of problem (27),(28) and there are
g; €0, 1=0,1,2, such that (25) holds;

(ii) w: E°UE — R is a solution of problem (1),(2) and w is of class
C* on E.
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Then there are 3; € ©, i =0,1,2, such that
2 = w] < Bo(hik),  Jupy” = (Dew) )| < Bu(h, k),
0\ = (Dyw) @] < By(h, k),  on Epg.
Proof. Since K = 0 we have By, = B}lk = B,%k. Let
foe (@, y, w, w1, w2) = f(2,y, Thew, Thrwr, Thrw2)

for (x,y,w,wy,ws) € Epg X F[Bri, R]3. Then
| far(, y, w, w1, w2) — far(,y, W, W1, W)

< o (@, y, [ The(w — )| B) + L[| Thr (w1 — @1)|| B + Lo Thi (w2 — w2)|| 5

=o(z,y, |lw —W|pk) + L1|wy — W1 |pk + Lo|wy — Wa |k

on Epi X F[Buk,R]?. The operator Thi has the following property: if w €
F(B,R) is of class C? then there is C > 0 such that

(30) HThkwhk — wHB S 5(;12 + kz),

from which it follows that fy) satisfies the compatibility condition (26).
Consider the problem

5269) = o(s, ys, 209)) + Lyuliod) 4 Lyp(d),
(31) Sou?) = g (24, y;, 29) + Lyu™) + Lov(™9),
51009 = (2,5, 20D) + Lyu) 4 Lypd),
on Epi — {(h,k)}, Enk — {(0,k)}, Enr. — {(h,0)}, respectively, and
(32) 2(B7) = (6:3) = ¢(6:3) = 0, on EY,.

We prove that the zero solution of this problem is stable.
Let (Zhk, Unk, Unk) € =4+ be a solution of the problem

52(03) = o(xi,y;, z(i’j)) + Liu9) 4 Lop(d) ag(h, k),
Sou(®d) = o (i, Y5, z(i’j)) + Lyu'9) 4 Lop(d) 4 ay(h, k),
§109) = o(zi,y;, z(i’j)) + Liul) 4 Lop®d) 4 as(h, k),
on Epp — {(h,k)}, Epr — {(0,k)}, Enr — {(h,0)}, respectively, and
200 = go(h, k), w9 =gy (h k), v =ey(hk), on EY,,
where ay,¢; € ©, i =0,1,2. Consider the Darboux problem
Dgyz(z,y) = o(x,y,2(x,y)) + LiDyz(x,y) + Lo Dyz(z,y)
+ag(h, k) + ai(h, k) + az(h, k) (z,y) € E,
z2(x,0) =eg(h, k) +e1(h,k)x  for z € [0,q],
2(0,y) = ¢eo(h, k) +ea(h,k)y  for y € ]0,b)].
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There is ¢ > 0 such that if h+k < o then there exists a solution 2, : £ — R
of this problem and

33 lim x = lim sz x,
( ) (h, k:)1 —(0, 0) ( ’y) (h, k)1~>(0 0) hk( y)
= lim D,z T =0
(h k)l 0,0) Y hk( ay) )

uniformly on E. It is obvious that the following functions are nondecreasing:
Zpk in (2,Y), Dyzpk in y and Dyzpy in 2. The relations

Do zpi(z,y) = €1(h, k)

y y
+ SeLl(yfs)O_(x’ s, Z(l‘, S)) ds + Lo S eLl(y*S)Dyzhk($, S) dS,
5 0
Dyzpi(z,y) = e2(h, k)
+ e Do (t,y, 2(t,y)) dt + Ly | e Dyzpp(t,y) dt
0 0

yield that D,z is nondecreasing in x and D,z in y. Thus for h+k < o
we have
x; Yj
z}(f,;]) S S (t,8,2ni(t,8)) + L1 Dyzni(t, s) + LoDy zpi(t, s)
00 +ao(hy k) + ai(hy k) + as(h, k)] dt ds
+ €O(h7 k) =+ $i51(h7 k) + yj52(h7 k)

i—1j-1

> hk Z Z[a(x#, Yo, zé‘;’y)) + Llez}(f,z’V) + LgDyz}(f,z’V)
pn=0rv=0
+ aO(ha k)] + EO(h7 k)a

Yi

(Dazni)™? = \[o(zi, 5, 201 (1, 5)) + L1 Doz (i, ) + LaDyznk (s, 5)
0
+ag(h, k) + ai(h, k) + az(h, k)| ds + e1(h, k)

> k(0@ yos245”) + LDzl + LaDy2fy
+ a1 (h, k)] +e1(h, k),

Zq

(Dyzni) ™ = Vo (t, 55, 2nr(t,95)) + L1 Daznk(t,y;) + LaDyznk(t, y5)
0
+ Oé(](h, k‘) + Oél(h, k‘) + Oég(h, k‘)] dt + 62(h, k‘)
> h Z[a(mu, Yj, z}(l’,i’])) + Llez}(l’,i’j) + LgDyz}(ﬁg’j)
+ ag(h, k)] + e2(h, k),
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on Ej;.. Since on the same set we have

i—1 5—1

~(w) _hkzz :E#,y,,,z}g‘,j ))—i—L (uV)+L ~(u1/)
H=ov=0 + ao(h, k)] + go(h, k),

alh) = kz 0(26, Y0, 207) + L") + Lot + ay (h, k)] + €1 (h, k),

o =h Z (@ ys, 2 ?) + L) + Lol + as(h, k)] + e2(h, k),

it follows from Lemma 3 that z(l’]) < z(w) }(sz) < (Dyzpy)®9), 5}521‘) <
(Dyzni) 9. Thus stability of (31) (32) follows from (33).

4. Convergence of implicit difference methods. Let K = 1 in
the definition of Bpy, Bi,, B?,. The operator Tjx that we have used in
the previous section may be defined by the same formula (29) on the sets
[—(1(], h] X [_b07 k]? [_a07 h] X [_b07 0]7 [_a07 0] X [_b07 k] USng formula (29)
on these three domains respectively we define three new operators by

Sprw(t,s) = Thrw(t +h/2,s+k/2), (t,s) € B,
Surw(t,s) = Thpw(t +h/2,s), (t,s) € B,
Swew(t, s) = Thew(t, s + k/2), (t,s) € B.
Consider the difference problem
621 = F(@iv1/2,Yj41/25 Snk2ji ) Shkfi g §hkv[i,j])a
(34) Sou'™) = (2511 /9, Yit1/2s ShkZli.j]s ShrUfi js §hkv[i,j])a
§007) = F(Tiy1/2,Yj1/2: Shk2i g ghku[i,j]a §hkv[i,j])a
on Enp — {(h,k)}, E}, —{(0,k)}, EZ. — {(h,0)}, respectively, and
(35) 2= ¢pp, U=apk, U=k, on EY..

AsSUMPTION Hy. Suppose that f : E x C(B,R)?> — R is continuous and
there are L, Ly, L, € Ry such that

|f(x,y,w,w1,w2) - f($,y,w,w1,@2)|
< LHU) —@HB + L1Hw1 —@1”3 + L2Hw2 — EQHB on F x C(B,R)B
THEOREM 6. Suppose that Assumption Hy is satisfied and

(i) w: E°UE — R is a solution of problem (1),(2), and w is of class
C* on F;
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(ii) Lab 4+ L1b + Loa < 1, and there are ¢; € O, i = 0,1,2, such that
inequalities (25) hold true.

Then there exists exactly one solution (zpg,Upk,Vhk) € = of problem
(34), (35) and there are C,C1,C € Ry such that

45 — | < 2y (b k) D) + iy, C (B + K2) + 320 (h, k),
sl = (Dpw) 9| <y (h, k)TN 4 y;C(h+ k) + 21 (b k),
09— (Dyw) )| < 2,7 (h, k)T 4 2,Co(h + k) + e(h, k),
on Eng, E}., E2,, respectively, where

1
1 — La;y; — L1y; — Low;
+ LgEQ(h, k) + Ll’iij(hz + kz)
+ L1y;Ci(h + k) + Law;Ca(h + k).

T(h, k) =

[3L50(h7 k) + L1€1(h, k)

Proof. Define

Jnr(i, Yj, W, W, wa) = f($i+1/27 Yj+1/2, Shrw, ghkwla ghkw2)~

Then

(36)  [fur(zisys, w, w1, w2) — far(wi, y;, W, W1, Wa)|
< L||Shsw — Spe®|| 5 + Li||Spxwr — Sui || 5 + La|Shrws — Suis| 5
= Llw — W|px + Li|wy — Wi|pi + La|ws — Wa|pg-
Let
onk (T, Y, w, wy, wa) = Llw|pk + L1[W1|ne + La[Wa|nk
for (z,y,w,wy,ws) € Epr X F[Bur,Ry] x F[B},,Ry] x F[B?,,Ry]. Then
problem (15), (16) with the above defined oy, is equivalent to

i—1j-1
S(:5) — hkz Z[LZ(qul,l/Jrl) + Llu(“’”Jrl) + LQU(N+17V)] on Epp,
pn=0rv=0
j—1
(37) w9 — kZ[LZ(i+1,V+1) + Lyu(vtD) _|_L2U(i+1,1/)] on E}lLk,
v=0

i—1
p(Bd) — hZ[Lz(qul,jJrl) + LyuWItD 4 Lopet1d)] on E?,,
pn=0

(38) 2(09) = 4 (09) = () = on EY,.
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It follows from (ii) that problem (37), (38) satisfies conditions (iii) and (iv)
of Assumption H;. The uniqueness of the trivial solution of this problem
follows from Remark 3.

Let nk, Enk, Ank be defined by

5w(m) F(@ig1/2,Yj41/2> Snk(Whi )i, 51
Sk (Downi)is1> Snk(Dywni) i) + nir?’,
82 (Dywnie) ™ = f(@it1/2: Y120 Shk(Whi)ji ],
ghk(wahk)[i,j], §hk(Dywhk)[i,j]) + 52@'};1‘)7
01 (Dywhk)(ivj) = f(@iv1/2, Yj+1/2 Snk(Whi )i g0
Sk (Dawnr) s> S (Dywni)ig) + AL
From (i) and (30) it follows that there are C,C7,Cy € R, such that

S| < Ch?+ k), €90 < e+ k), AN < Co(h+ k).

Let
N('Lv]) (,u,t/) (/1'71/)
z = max |z —w
hk —M()S/J,S’L" hk hk B
7N0<1/<j
~ (w) (ko) (# v) ~(i,3) _ (w/) (# v)
= max _|u, v = max vy
Uhk —My<pu< z| Dowpi™ls - Uy —Mo<p | Dywyy ™.
7N0<1/<j 7N0<l/<j

Since these functions are nondecreasing we have by (36) the inequalities

i—1 5—1
N(Z,]) < hkzz ~(,u+1 v+1) +L ~(#7y+1) —I—LQF'Z}/}SZ—FLV)
n=0v=0
+C(h? + k)] + 3eo(h, k),

j—1
(39) 17}52]) < k‘Z[LZ}E;:rl,qul) —|—L1ﬂ}(j€’y+1) 4 Lgi}gjl’y)
v=0
+ Ci(h+ k)] +e1(h, k),
- i—1 A A |
U < hZ[LZ,EZH’]H) 4 Ly ety 4 Ly et
n=0
+ Cy(h + k)] + e2(h, k),

on Epng, Ei,, E?,, respectively, and

200 < eo(hok), @b <ep(hk), T <ea(h k), on EY.
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Let the functions zh(k’]) ﬂ&] ), _(Z’]) , be defined by
= (04) _ {iﬂiij(ha k)OI + iy, C (R + k) + 3eo(h, k) on By,
“hk 3eo(h, k) on EY,,
— (i) _ [y T (h k)T 4y Oy (B + k) + 1 (hy k) on Ejy,
(40) . = 0
— (i) _ { 2T (b )Y 4 2iCo(h 4 k) + ea(hok) - on By,
M L ea(hy k) on EY,.

We will prove by induction that

ay P <3, a <l Bl <ol

on En, iy, E,%k, respectively. The relations (41) obviously hold on EY,.
Suppose that for all u, v such that u < i, v < j, we have

E}Elk%’/) < %}(Llliv’/)’ ,ZL'}EZ 1,v) <7 —(N 1, 1’)’ ;“}“}Ez v—1) <7 —(N v— 1)

By (39) we see that Zpk, Upk, Unk satisfy the inequalities

L63) _ hk[Lz(i’j) + Llu(ifl,j) + LQU(i,jfl)]

< hk 1231 ]E:l [Lz(“H’”H) + LyuWr ) 4 [opetie)
i3 + C(* + k*)] + 320 (h, k),
w19 Z R[L209) 4 Lyul19) 4 Lyp(d—D)]
<k ji[Lz(i”’“) + Lya D o Lo 4 Oy (b4 k)] + 1(hy k),
plid=1) _ hy[z(;m) + Lyulb9) 4 LD
<h §[Lz(“+1’j) + L9 4 LypWHhI= o Co(h + k)] + ea(h, k),
p=0

while the functions Zpx, Tk, Upi defined by (40) satisfy the reverse inequal-
ities. Thus by the inductive assumption we get

5}523) hk;[LE(”)—kL ~(Z ,J)+L ~(w 1)]
_(w) hk[L_(l7])+L1_(Z 17])+L _(w 1)]7

a}(LZ—LJ‘) _ k;[LN(”]) N ~(z 1,7) T ~(w 1)]
Sﬂ}sz 1’J)—k:[L_(”)—|—L1_(Z 1J)+L2—(ZJ 1)]’
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—(i,j—1 =(i,j —(i—1,5 —(i,j—1
< ’U}Ek] ) _ h[Lz;Sk]) + Llu,(Lk 2 + Lgvék] )],
from which we obtain
g}gzﬁ < g}szﬁ’ a&fl,y‘) < 5&71,;‘)’ 5&;‘71) < 5&,;‘71)‘

Thus (41) follows by induction, which completes the proof of Theorem 6.

5. Numerical examples. Equation (3) with deviated argument is an
example of a functional equation (1). As a special case of (3) consider the
equation

(42) ny2($,y) = Z(ﬂj‘,y) - $D1‘Z($/27y) - yDyZ($7y/2) + gl(ﬂj,y)
on E =10,1/2] x [0,1/2], where
g1(z,y) = 1 +4zy + 3y + 2%y* + 3ay®.

Since the delays /2 and y/2 are nonnegative for (z,y) € E, for the initial
set £ we may take [0,1/2] x {0}U{0} x [0,1/2]. For the Darboux condition
for (42) we take

(43) z(z,0)=—-142z forze0,1/2], =2(0,y)=-1 forye|0,1/2].
The explicit difference scheme (27), (28) for (42), (43) takes the form
52(10) = H(6d) _ i Thpu(z:/2,v;5) — yiThev(xs, y;/2) + g1(24, y5),
Soul™) = 209 — 3. Typu(:/2,y5) — v Thwv (@i, 9;/2) + 1(zi,95),
§pv(d) = 6d) i Thpu(z:/2,v;5) — yiThev(xs, y;/2) + g1(24, y5),
200 = 14y, w9 =1, @) =0 if j =0,
2(09) = 1, W) =148, 0D =0 ifi=0.
Note that

T 9 w29 if 7 is even,
(i /2,y5) = %(u((ifl)/Q,j) + u(+D/2.9)) if 4 is odd,

(i.d/2) i 7]
o v 1I 7 1S even,
Thrv(wi,y5/2) = { L(@G=D/2) 4 pGHD/2)if s odd.

The exact solution to (42), (43) is w(z,y) = —1+z+2%y? +ay. fh=Fk =
0.005 then the diagonal values of the errors at every tenth diagonal knot of
our mesh are given in Table 1.
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Table 1
T =y 2(01) w(ws, ;) w(Bd) Dyw(z;, x;) o0 Dyw(z;, z;)
0.05 —0.00000209 —0.00004312 —0.00002500
0.10 —0.00001712 —0.00017374 —0.00009999
0.15 —0.00005822 —0.00039185 —0.00022496
0.20 —0.00013849 —0.00069744 —0.00039990
0.25 —0.00027108 —0.00109051 —0.00062481
0.30 —0.00046910 —0.00157105 —0.00089967
0.35 —0.00074566 —0.00213905 —0.00122447
0.40 —0.00111390 —0.00279452 —0.00159923
0.45 —0.00158694 —0.00353745 —0.00202388
0.50 —0.00217789 —0.00436783 —0.00249852

If for comparison we consider the implicit difference scheme (34), (35)
for problem (42), (43) then we get

0209 = Spyz(i,y5) — wigr2Shwul@i/2,y5)
— yj+1/2§hkv(xi, Yi/2) + 91 (Tit1/2: Yjr1/2)s

0oul™) = Spiz(i,y;) — Tig1j2Sniu(i/2,y;)
_ yj+1/2§hkv($z‘a Yi/2) + 91(Tig1/2: Yjr1/2),

51007 = Sppz(i,y;) — Tit1/29nku(Ti /2, Y5)

— Yir12m0(i, 45 /2) + 91(Tig1/2, Yj41/2),
260 — 1 4 T, w(®d) = 1, o(H7) — 0, ifj=0,

20 = 1, w®) =1+ yéi’ o) =0, ifi=0.
In this case we have

Shkz(xlayj) = (Z('Lv]) _|_ Z('L""lv]) _|_ Z('Lv]""l) _|_ Z(l+1’]+1))

1
4
_ (i/2.9) (i/2+1,5)
u +u ) if i is even,
Sulif2:v3) { (+172.9) if 7 is odd,
— 1)(4,3/2) (6,3/241))  5f 7 i
oy ) 3 +v ) if j is even,
Shev(z4,45/2) {ww)/z) i J is odd.
The errors for h = k = 0.005 are given in Table 2
As an example of a differential-integral equation (4) consider the equa-
tion
(44)  Dyyz(z,y) = Dyz(w,y) + 2Dy2(2,y)
x y
+16 | | z(t.s)dtds+ga(z,y) on E=1[0,1/2] x [0,1/2],
z—1/2 y—1/2
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Table 2
vi=y; 200 —w(zi i) w = Dyw(ag, ;) v — Dyw(z;, z;)
0.05 —0.00000002 0.00001217 0.00005093
0.10 —0.00000007 0.00004910 0.00020171
0.15 —0.00000021 0.00011015 0.00045192
0.20 —0.00000054 0.00019426 0.00080080
0.25 —0.00000128 0.00029996 0.00124732
0.30 —0.00000280 0.00042537 0.00179014
0.35 —0.00000564 0.00056822 0.00242765
0.40 —0.00001055 0.00072584 0.00315796
0.45 —0.00001852 0.00089523 0.00397896
0.50 —0.00003081 0.00107304 0.00488826

where go(z,y) = 5 — 9y + 4wy + 24xy?, together with the Darboux condition

(45)  2(z,y) = —1 4+ 22y — 62y?
on B = [~1/2,1/2] x [~1/2,1/2] \ (0,1/2] x (0,1/2].

The explicit difference scheme (27), (28) for (44), (45) takes the form

@ y
62009) = y9) 4 29(3) 4 16 S S Thiz(t,s)dtds + ga(zi, y;),
z—1/2 y—1/2
@ y
Sou(®7) = u(B9) 4 29(59) 4 16 S S Thiz(t,s)dtds + ga(zi,y;),
z—1/2 y—1/2
@ Y
51009 = 09 4 2p(9) 4 16 S S Thiz(t,s) dtds + ga(xs,y5),
z—1/2 y—1/2

and
200 = 1 4 22y — Gxiy?, w9 = 2y — Gy?, v(9) = 2, — 122;y,,
on E}, . Note that the integrals in the above scheme may be computed easily

if we use the relation

Tit1 Yj+1 hk
V| Thz(t,s)dtds = 7(z(i’j) + 2(0H19) 4 0D 4 L+

Ti  Yj

The exact solution to (42), (43) is w(x,y) = —1+ 2xy — 6zy*. The errors for
h = k = 0.005 are given in Table 3.
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Table 3

T =y PICD. w(xs, ;) MO Dyw(z;, x;) plit) Dyw(z;, z;)

0.05 0.00007685 0.00153899 0.00008161
0.10 0.00031647 0.00318277 0.00035100
0.15 0.00073559 0.00497368 0.00085878
0.20 0.00135639 0.00697171 0.00167348
0.25 0.00220865 0.00926232 0.00288914
0.30 0.00333269 0.01196712 0.00463545
0.35 0.00478371 0.01525837 0.00709152
0.40 0.00663757 0.01937877 0.01050441
0.45 0.00899891 0.02466848 0.01521429
0.50 0.01201233 0.03160205 0.02168859
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