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Some properties of convex functions of higher orders(*)

by Z. CresieLskI (Poznan)

In this paper we study conditions sufficient for the continuity of
w convex funetion of the n-th order.

The author is very grateful to Professor W. Orlicz for a number
of suggestions.

First we shall recall the definitions of a convex function of the n-th
order in the sense of Jensen and in the sense of Popovicin. Furthermore
we establish some lemmas necessary to prove the fundamental theo-
Tems.

In the present paper we shall denote by (a,b) an open interval.
Let A%f(x) denote a finite difference of the funetlon f of the n- 'Gh order
with increment h defined as follows:

Af(@) = f(@), ARf(®) = A7 fl@+h)— 47 ().
Let [@y, ..., @pysf] vdenote a divided difference (diférence divisée, see
[4]) of the function f at the different points #,,...,%,,,. This difference
is determined by

[o;f1=1@), [m,...

It is well known that

[mﬂy "':wn-l-l;f]“[ml; s

Bpy1— &y

y B3 11 ]

y Tnpr; 1 =

Uy, .oy By f)

(1) (@1 o0y Bypqs 1= sy s onr)
where
1 oo, ..o 27 f(wy)
@) U@y ooy a3 ) = | o vveme e ,
1 @iy g (G
1o ... of
(3) V($1y<u,mn+1)=U(wl,...,mn_)_l;m)—— .........
1 @pyq oen By

(*) This paper constitutes a part of the paper which obtained the first place at
a competition for the best mathematical student publication organized in May 1957
at the Second Polish Symposium of Scientific Mathematical Student Society in Torun.
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2 Z. Ciesielski

A function f defined on (a, b) will be called J-convex of the n-th order (in
the sense of Jensen) over (a,b) if the inequality

- A (@) =0

holds for all # and % > 0 such that o <z <+ (n+1)h<b. A func-
tion f defined on (a,b) will be called P-convex of the n-th order (in the
sense of Popoviciu) over (@, b) if the inequality

[@1y 00y Bnya; F1 20

holds for all points i, ..., @, such that o <@, < ... <@, <b.
The fact that the definitions are equivalent for f continuous on
(@, b) was proved earlier by T. Popoviciu in [4]. This result follows imme-
diately from the remark that [#,s-+h, ..., o+ (n+1)h; fl(n4-1)1A*H! =
= Ay*'f(») and from the following
Lemwa 1 ([4]). If a function f is T-convex of the n-th order over (a, b),
then the inequality

[@yy ..., %+2§f] »>’ 0

holds for a <y <...<Wyy, <b, where the points x,,...
rationally the interval (@, @,,,).

It may be instructive to remark at this point that if a function f
iy P-convex of the nm-th order over (a, b), it is also continuous in that
interval. This follows from (1), (2) and (3) (see [4]).

Now we ghall prove )

Lewmma 2. Let f denote a function such that for every mge(a,d) and
for every & >0 there exist a set of measure eero (of the first category)
N = N (a,, e) and a number 6 = 8(,, &) > 0 such that v e(wy— 6, 24+ 8) — N
implies |f(w)—f(z,)| < e. Then f is continuous at each point we(a,b).

Proof. Let us suppose that f is discontinuous at w,¢(a, d). Then
there exists &, > 0 such that the oscillation w(s,) of f at @, satisfies
the condition w(wo) > 2&,. By our hypothesis there exist N, = N, (,, £,/2)
and &, = &(w, £/2) such that we(wy— 6y, @+ &) — N, implies |f(w)—
—f(mo)| < /2. It is easily seen that a point y,e(w,— by, %o+ 6,) may
be found such that |f(o)—Ff(yo)| > . By our assumption we find again
that for certain Ny = Ny(yo, &/2) and 8, = 8,(y,, 8/2) the relation
Be(Yo— Oy, Yo+ 82)—N, implies |f(@)—F (yo)| < £/2. Moreover, we imposo
(%o B2y Yo+ 83) C (wo— &y, wp+ 6;). Then 9“(?/0— 03, Yot 0g) —(Ny v Ny)
implies &, < |f (o)~ (y0)| < |f (@) —F( Do)l + (&)~ (o)l < &. Thus f is
continuous on (a, b).

y Dy divide
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Lemwa 3. Let 1 C (a, b) denote a set of positive measure (of the second
category and satisfying the condition of Baire) and B the set of all rational
numbers. Then m[(a, b)—E,] = 0 (B, is residual in (@, b)), where

= B,
*eR
and

By, = {o: » = (L—p)2y+ uy, y <B)

for any real u 5= 0 and a fimed woe(a, b).

Proof. We suppose that the set is measurable and of positive mea-
sure. Let y,¢(a, b) denote any point of density of E. We introduce the
symbols I(8) =(y,— 8, y,+48) where 6> 0 and L(6)={z: & =(1—p)z,+
~+py, y<l(8)}. For every & > 0 there exists é, > 0 such that 0 < h < §,
implies mH ~ I(h) > (1—e)mI(h). We remark that for reR, r 5% 0
and 4 5 0 the inequalities

m By ~ I,(h)
mI,(h)

mE, ~ I(h)
mI,(h) ’

mBy, ~ I,(h)
ml1,(h)

_ mB~ IR

11—
mity — o F

hold for 0 <k < 6,. Let 2 denote any point of (a,b) and A =0 the
real number satisfying the condition z = (1 — 1)@, Ay,. Since for each
7> 0 and Ae(0, &) there exists re<R such that

mB, ~ I,(h)
mI;(h)

mE;, la Iz(h)

AR

then 0 <h < 8, implies mBy ~ I;(h) > (L—e)mI (k). It follows at
once that m[(a, b)—HF,] = 0.

If B is of the second category and satmﬁes the condition of Baire
then the proof is analogous to that given above. It is sufficient to replace
the points of density by the points of B which are of the first category
in the set (a, b)—E.

THEOREM 1. ‘Let the J-convew function f defined over (a@,b), of the
n-th order, be bounded on a set BC (a,d) of positive measure. Then f is
continuous on (a, b).

Proof. Let #, denote any fixed point of (a, b) such that m(a, #,) ~
~ B > 0. Then there exist I, = (#;,— 9, %0+ 6) and 8> 0 such that
@< 19— 0 < Byt 8 < Byg— 8 < ... < Wyt 6 < 4, Where m;, denotes the
point of density of (@, w,) ~ B for ¢ =1,2,...,n. Let

(4) By = {2: 2 = (1—1)zy+ry,yel; ~ B)
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4 Z. Ciesielski
and let R denote the set of all rational numbers. By lemma 3 we obtain

. n

(5) m{(a,b)—~HE,] =0 where K, =iﬂl rg})g B,

Let ;> 0 satisty the condition w0+ 6 < @—dy <@+ d < b. It is
eagy to remark that the set B, has the following properties: for every
wel, ~ B, where I, = (#,— 8, #,+ 6,) there exist points @; belonging
to I; ~ B, for ¢ =1,2,...,n, such that the points @,, ..., &, ®, divide
rationally the interval (w;,®). Since fis a J-convex function of the
n-th order over (a,b), we have by lemma 1

(6) (@15 ves Tnya; F1 220

for 4 <@, < ... < @nypp < b such that @,,..., s, , divide rationally the
interval (&, #y.0). Inéquality (6) together with (1) and (3) implies

(7) U(wla"-ym'n+25f)>07
whence by (2)
(8)  F(@ayn)V (g, - ey Tpgd) —F (Bnpa) V@1, -ovs By Buga)

n

= — Z("‘l)n—iﬂw’i)v(wu vevy Wygy By ooy “"n+2)~

i=1
Let @y, = ¥ and Ty = 2. By (8) we obtain
V(ml’“-:mn;w)]
9 @) — (@) = —f(% [1—— —
(9) (@)= flae) > —lm) | 1= o E
n
e T V(@ ey @iy Bupay ooy Boy B)
—(r—x = : .
( 0)i=1 ( ) &— %o V((L’l, "'7”%"’”0)
The intervals I;, i =1,2,...,n, ave fixed and no two of them have

common points. Therefore there exists a positive number 7 > 0 such
that |V(2y, ..., @, @) > 7 for all @y, ..., @y (Belin B, i=1,2,...,m).
Moreover we remark that:

1° The values f(#;) do not exceed the uppei' bound of f on the set .

2 Singe V (@, ..., Wiy Big1y -+y Bo, &) CODtRINS (@—do) 28 & factor,
we infer that V(@ ..., %1, By, .., To, @)[(6—,) i bounded for
wel; ~ B (j=1,2,...,n) and @e(@q, Bo+ Oo).

Thus for @ — @, (< @ < Bo-+ 0o; eHy) the right hand side of

(9) converges to zero uniformly in @, ..., #,. Therefore for every & > 0
"there exists 8, > 0 such that

(10) Be(wy, Do+ ;) ~ B, implies  f(@)—F(w) > —e.
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We take in (8) @n., = @ and @,,, = ,. Then by a method substantially
the same as that we have used above we obtain the existence of 4, > 0
such that

(11) we(By— Ogy %) ~ By implies  f(w)—f(x,) < &.

Relations (10) and (11) imply the boundedness of the function f below
on (@, g+ 6,) ~ By and above on (zy— &, #,) ~ By, The same result
will appear if we replace @, by @wye(®,, #,+ 6;). Define the sets By and
By as in (4) and (B) using @, instead of z,. Thus we find that there exists
8, > 0 such that for @e(w;— 8, %) ~ By we have f(z)—f(w;) < &, where
(25— 85, 23) C (g, Bo+ 6;) and 3, < wp— 8. It follows that the function
f is bounded on the set B, = (wy— &, #;) ~ By ~ B,. Of course m¥,; > 0.
If we replace in (4) the set I, ~ E by E, then we obtain by (5) a new
set B’ satisfying the condition m[(a, b)—E, 1 = 0. We put in (7) @, = @,
and @y, = 4. Let #,,,¢F, and ayel;~ B for i=1,2,...,n—1. Then
U(®y, ..., Wn_1y g, ¥, W, 3) 2> 0, whence analogously to (9)

H(@)— f(@o) < — F (o) [1__ _V(mls ‘,.,93‘,,,,_1,(1;‘,90.,,,+2))] +

V(Zyy--ns Bnoys Bos Troa
Vi@, .oy Bn_1y Boy &)
+ [ (@nys) +
. V{@1y ey Bp1s Boy Tnga)
n
n—i. V(zy, "‘?w'i—liwi+17"'7wﬂ—1)m07w’wﬂ+2)
+ (— 1) () .
V(#yy -oey Bpogy Boy wn+2)

i=1

Since @, @y, ¢ B v B, the values f(w;),f(%,,2) vary in a bounded set.
Therefore by an argument similar to that used for @,,; =, and @, ., =@
we infer the existence of a positive number §; such that f(x)—f(w,) < &
holds for @e(w,, 2o+ 6;) ~ Fy'. By the same method as those we have
used lately we find that there exist 8 > 0 and a set B, with m[(#,—0;, #,) —
—By'1=0 such that xe(z,— d;,m,) ~ B,' implies f(m)—f(m,) > — e.
Finally, there exist 6* >0 and a set B with m[(wo— 6%, 3o+ 0%)—
— BT = 0 such thab |f()—7 (@) < & holds for we(w,— 6%, my+ 0%) ~ B .
In this part of our proof we have supposed that m(a,s,) ~H >0. If
m(a, we) ~ B =0 we apply the method used above to the function
g(®) = (—1)"*f(—=) defined over (—b, —a). Thus the point =z, can
be chosen arbitrarily in (a, b). Applying lemma 2, we conclude that the
function f is continuous on (a, b). This completes the proof.

Analogously we can prove

THEOREM 2. If the J-convew fumction f of ihe m-th order over (a,b)
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is bounded on a set B C («, b) of the second category which satisfies the Baire
condition, then it is confinuous on (@, b).

T. Popoviciu has proved theorem 1 in the special case when I =
== (@, b) (see [4]). Theorems 1 and 2 for a J-convex function of order
1 over (a,b) have been proved in [3] and [2], respectively.

Now let ue give certain immediate conclusions of those theorems:

1) If the function f is measurable and J-convex of the n-th order
on (a, b), then it is continuous in that interval (see [4], and for n =1
[61).

2) Let a J-convex function f of the n-th order over (a, b) satisfy
the Baire condition in (a, b). Then it iy continuous over (e, b) (for the
case of n =1 see [2]).

3) Every J-convex function f of the n-th order over (a, b) is either
continuous or discontinuous at each point of (a, b).

4) Let f be bounded on a set B of positive measure (of the second
category satisfying the Baire condition) contained in (a, ). Leb

A3f()

with h — 0 for every closed interval (a,#>C (a,b) (the symbol &
denotes uniform convergence over {a,p)), where g(w) > M, for
wela, By. Then g = ™. Moreover, g is continuous over (@, b).

In the case of B = (a, b) this result was earlier proved by Marchaud
(see [1]). If f is measurable, compare [7] and (67, ». 52.

Proof of 4). It is sufficient to prove that f is continuous; then by
the Marchaud theorem we obtain our result. We remark that

An s
[f(a:b):roaﬂ _ f(w) +on! 5, 9(@)+onl.

Since for ¢ > — Ms/n! we have [g(»)--cn!] > 0, there exists 6 > 0 such
that 0 <h < & implies A%[f(#)+ca"] >0 over {a, B). According to
theorem 1 (2) we obtain the continuity of the function # over
(@, b).
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