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The strongest vector space topology is locally convex
on separable linear subspaces

by W. ZELAZKO (Warszawa)

Wtodzimierz Mlak in memoriam

Abstract. Let X be a real or complex vector space equipped with the strongest
vector space topology Tmax. Besides the result announced in the title we prove that X is
uncountable-dimensional if and only if it is not locally pseudoconvex.

Let X be a real or complex vector space. An F-seminorm on X is a
function = — ||z|| satisfying the following conditions:

(i) 0l = 0 and ||z|| > 0 for all z in X.
(ii) ||tz| = ||=|| for all z in X and all scalars ¢ with [t| = 1.
(ifl) [l + yl < llzf| + lly[| for all z,y € X.
(iv) lim,, t,z = 0 for all z in X and all seqences (t,) of scalars tending
to zero.
(v) lim,, tx,, = 0 for all scalars ¢ and all sequences (x,,) of elements of X
satisfying lim,, ,, = 0.

An F-seminorm | - || is said to be p-homogeneous, 0 < p < 1, if the
conditions (iv) and (v) are replaced by

(vi) |[tz|| = |t|?||x|| for all z in X and all scalars t.

In case when p = 1 it is the familiar homogeneity condition. In this case
we call it just a seminorm.

It is well known that any vector space topology 7 on X is given by
means of a family F(7) of F-seminorms (see [3], Theorem 2.9.2). This means
that a net (x,,) of elements of X tends to zero in the topology 7 if and only
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if lim, ||zo| = 0 for all || - || in F(r). If all F-seminorms in F(7) are
p-homogeneous (with p depending upon || - ||) the space (X, 7) is said to
be locally pseudoconvezr. For F(7) we can always take the family of all F-
seminorms which are continuous in the topology 7. Note that an F-seminorm
| - || is continuous in the topology given by means of some family F(7) if

and only if there are a finite number of seminorms || - ||1,...,| - ||» in F(7)
with the property that for each positive € there is a positive ¢ such that
whenever max{||z||1,..., ||z||,} < 0 then ||z|| < e for all z in X.

Each vector space X has the strongest (maximal) vector space topology
given by means of all F-seminorms. We shall denote it by 7ax. We can also
consider the maximal p-convex topology 7P (with p satisfying 0 < p < 1)
given by means of all p-homogeneous seminorms, and the topology 74F
(0 < g < 1) given by means of all p-homogeneous seminorms for all p
satisfying ¢ < p < 1. Note that all g-homogeneous seminorms, p < ¢ < 1,
are continuous in the topology 7P .. . This follows from the fact that for any
g-homogeneous seminorm || - || the seminorm 2 — ||z||?/? is p-homogeneous
whenever 0 < p <gq.

Let 7 and 7 be two vector space topologies on X. Writing 7y < 79 if
Ty is stronger than 7y (every 7p-continuous F-seminorm is Te-continuous, or
every Ti-open set is open in the topology 75) we see that Tnngx < 7pt <

TP < Tmax for 0 <p < land 72, <74k for 0 < g <p < 1. We also see
that 7L¢_and 701 are respectively the strongest locally convex and locally

pseudoconvex topologies on X.
Since for every z # 0 in X there is a linear functional f with f(z) #0
so that the map = — |f(z)| is a seminorm satisfying |z| # 0, we see that the

topology 7LC and the stronger topologies 72, , 79t | Tiax are Hausdorff.

max
It is known that the topology 7L<, is complete (every Cauchy net is con-
vergent, see [8], Example on p. 56; cf. also [3], Proposition 6.6.7). Also the
topologies 72 and 74t are complete for 0 < p < 1and 0 < g < 1 (see [5]).
In [5] it is shown that if the dimension (the cardinality of a Hamel basis)
of X is uncountable then all topologies 7P, , 74t are different while they
coincide whenever the dimension is at most countable. As a consequence,
in [5] a complete non-locally convex topological vector space was obtained
such that every separable subspace is locally convex. Here we shall offer
simplified proofs of these results by showing that the topology Timax is also
complete and coincides with 75 on countable-dimensional spaces. These
results, however, are known and follow from Propositions 4.4.3 and 6.6.9 of
[3] (see also [11], p. 213). The author is greatly indebted to Hans Jarchow for
calling his attention to this fact. The proofs presented here are different and
more elementary. We shall also show that all topologies under discussion are
different if the dimension of X is uncountable. For basic facts concerning

topological vector spaces the reader is referred to [1]-[4] and [6]-[11].
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We now construct a certain family F; of F-seminorms which give the
topology Tmax. Consider the family S of all continuous non-decreasing func-
tions on the real closed half-line R, of all non-negative real numbers such
that

(1) f(0)=0 and f(t; +t2) < f(t1) + f(t2) forall t1,t5 > 0.

Let (hi);cs be a Hamel basis for X, so that every element € X can be
uniquely written in the form x = ). ; gi(x)h;, where only finitely many
scalar coefficients g;(z) are different from zero. Clearly the maps z — g;(x)
are linear functionals on X. Consider amap i — f; € S, 7 € J. To each such
map there corresponds an F-seminorm on X given by the formula

(2) 2l = Y Fillg: @)

icJ
this is a well defined function on X and an easy proof that it is an F-
seminorm is left to the reader. Denote by F7 the family of all F-seminorms
of the form (2).

We now show that each F-seminorm on X is continuous with respect to
some F-seminorm of the form (2), so that F; gives the topology Tmax. In
fact, let || - || be an arbitrary seminorm on X. Put |[z||; = maxo<;<1 ||tz
Using the properties (i)—(iv) we easily see that || - ||; is an F-seminorm on
X; moreover, the map || — ||tz]|; is non-decreasing and ||z|| < ||z||; for all
z in X (actually both F-seminorms are equivalent, see [8], Theorem 1.2.2).
Now by (iii) we obtain

3) lall < llzlh = | - g (@)
ieJ

< > lgi(@)hilly = |=].
i€J

Thus | - | is of the form (2) with f;(t) = ||th;||1 (one easily sees that these
functions f; are in §). The formula (3) implies that || - || is continuous with
respect to | - |. Since || - || was chosen arbitrarily and |- | € F, the family F;
gives the topology Tax.

Let (h;)ics be a fixed Hamel basis in X. Define the support of z € X by

(4) supp(z) = {i € J : gi(z) # 0}
it is a finite or void subset of J. It is clear that any F-seminorm in F; has
the following property:

5) Nz +yll =zl + [yl  forall 2,y € X with supp(x) Nsupp(y) = 0.

PROPOSITION 1 ([3]). Let X be a real or complex vector space provided
with the topology Tmax- Then X is a complete (Hausdorff) topological vector
space.

Proof. Let (z4)aca be a Cauchy net in X; we have to show that it
is convergent to some element xy. We can assume that the topology of
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X is given by the above defined family F;. Clearly for every continuous
linear functional f on X the net (f(xa))aca is also Cauchy. Since all linear
functionals on X are continuous the (finite) limits a; = lim,, g;(x,) exist for
all 4in J.

We claim that only finitely many numbers a; can be different from zero.
If not, we have a;, # 0 for a sequence (i,)52; of (different) indices in J.
Setting

(6) o = ) 2nlg;, (2)1/]as,|
n=1

we obtain a well defined (continuous) seminorm on X. Since for every (con-
tinuous) F-seminorm |-| the net (|z,]|) is also Cauchy, the (finite) limit M =
lim,, |24, exists. For a fixed natural m there is an index g € a such that
|gi,, (za)| > lai,, |/2 for all & = ag. Thus |z4|q > 2m|g;,, (xa)|/|ai,, | > m for
all o > «ap. This implies M > m, and since m was arbitrarily chosen, this
gives a contradiction proving our claim.

Thus zo=) ;. ; a;h; is a well defined element of X. Setting yo =z — o
we obtain a Cauchy net in X with lim, ¢;(y,) = 0 for all ¢ in J. Our
conclusion will follow if we show that lim, y, = 0, because then lim, x, =
Zo-

Suppose that (y,) does not tend to zero. By the assumption there is an
F-seminorm |- |g in F; with My = lim,, |ya]o > 0. We can now find an index
a1 € a such that

(7) Yo — Yoy lo < Mp/2  for all a = .
Put Jy = supp(ya, ) and define on X a (continuous) projection
Pz =" gi(x)hi.
i€Jo
Clearly supp(Px) Nsupp((I — P)z) = ) and supp(( — P)z) N Jy = 0 for all

x € X, where [ is the identity operator on X. Applying to |- |p the formula
(5) we obtain

Yo = Yar o = [PYa = Yo, + (I = P)yalo
= |PYa = Yaslo + (I = P)yalo = |(I = P)yalo,
which, by (7), implies
(8) |(I — P)yalo < My/2  for all a = ay.

Since lim,, g;(yo) = 0 for all ¢ and the set Jj is finite, we see by the definition
of the class F; that lim |Py,|o = 0. Thus (5) and (8) imply

My = lién |Yalo = lién |Pyalo + lién (I = P)yalo =lm|[(I — P)yalo < My/2.

This contradiction completes the proof.
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The following result was obtained by means of inductive limits; here we
present an elementary proof.

PrOPOSITION 2 ([3], [11]). Let X be a real or complex vector space.
Then the topologies TS and Twax coincide on X whenever it is countable-
dimensional.

Proof. By assumption X has a countable Hamel basis (h;)$2,. Let |-|o €
F1. We shall be done if we show that |-|o is continuous with respect to some
(homogeneous) seminorm ||-|| on X. Thus we have to construct a seminorm
|- || with the property that for each positive € there is a positive ¢ such that
lz|| < 6 implies |z]p < € for all x in X. Let (f;) be the sequence of functions
of class S giving |- |o by means of (2). Since lim;_,o f;(t) =0for:=1,2,...,
there is a sequence (a;) of positive numbers such that

9) Zfi(ai) <L

Take a positive € and choose a natural ngy so that

oo
(10) > filai) <e/2.
’L':TLQ-‘y-l
Since the f; are non-decreasing and tend to zero at O there is a positive
6 <1 such that

(11) Zo:fi(éai) <e/2.
Define )
(12) =] = Z |9i(2)]/a;.

It is a (continuous) seminorm on X. Let |z|| < 6. By (12) we have |g;(z)| <
da; < a; for all i and so by (10) and (11) we obtain

o0 no o0
l2lo =D fillgi(@)) <D filba) + Y filas) <e.
i=1 i=1 i=ng+1
The conclusion follows.
As a corollary we have a result of [5] obtained here in a much simpler
way.
COROLLARY 3. Let X be as above. Then all the topologies TP, and 7&t |
0<p<1,0<gq<1, coincide with T=C

max*

Proof. This follows immediately from the previous theorem and the

relations 72$, < 7P < Tipax and 7RG <79 <7
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As another corollary we obtain our main result:

THEOREM 4. Let X be a real or complex vector space provided with the
topology Tmax. Then each separable subspace of X is locally convex.

Proof. Let X be a separable subspace of X with a dense subset (z;)$2;.
Since all linear subspaces of X are closed, we have Xy = span{x;}, so that
X is at most countable-dimensional. To obtain the conclusion it is sufficient
to show that the relative topology of Xy is again the topology Tax, or that
every F-seminorm of class F; on X extends to one on X. Without loss of
generality we can assume that X is countable-dimensional and take in it a
Hamel basis (h;):2,. Take any F-seminorm of class F; on Xo:

zlo = )igm)m

Since (h;) extends to a Hamel basis on X, all g; can be viewed as functionals
on X, and the same formula gives an F-seminorm of class F; on X; we have
thus obtained the desired extension. The conclusion follows.

L= 2 fllai(a)):

It is known that for an uncountable-dimensional vector space X the
topologies 7LC and 7. are different (see [11], p. 213). As was shown in

[5], also all the topologies 72 and 7%}, are mutually different in this case.

We now show that they are also different from Ty ax.

PROPOSITION 5. Let X be an uncountable-dimensional real or complex
vector space. Then the topology Tmax on X is strictly stronger than each of
the topologies TP ., T3+  0<p<1,0<¢g< 1.

Proof. Since 72F is the strongest of the topologies 7P, , 79T it is
sufficient to show that T,.y is strictly stronger than 70F . To this end we
shall construct an F-seminorm | - ||p which is discontinuous in the topol-
ogy 70F | ie. it is continuous with respect to no p-homogeneous semi-
norm on X (any finite number || - ||1,...,]|| - |ln of p;-homogeneous semi-
norms are each continuous with respect to the p-homogeneous seminorm
]| = maxc{||l|?/”", ..., ][5/}, where p = min{ps,.. ., pa}).

Define

1/|logt|'/? if0<t<e?
t) = 7
alt) {1 ift > el

and put f(t) = t?® for t > 0 and f(0) = 0. Tt is easy to verify that f is in
the class S and

(13) }ir% f(t)/t? =00  for each p > 0.
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Fix a Hamel basis (h;);cs for X and put

lzllo = f(lg:(x)]);

ieJ
it is an F-seminorm on X. Assume that || - || is continuous with respect to
some p-homogeneous seminorm | - |. We have
ol = [ gst)hs| < S las@)Pri = )
iedJ ieJ

where ; = |h;| and the p-homogeneous seminorm |- ||,- is defined by the right-
hand equality. Clearly ||-|| must also be continuous with respect to ||-||,-. Since
J is uncountable, there is a natural &k such that the set J, = {i € J : r; < k}
is infinite. By the assumption there is a positive ¢ such that [|z|p < 1
whenever ||z|| < J. Choose a natural n so that

(14) no > 2.

By (13) there is a positive t¢ such that

(15) f(to) > nkth

and

(16) kt? < 5/4.

Let s be the largest integer for which skth < 6. By (16) we have
(17) §/2 < skth < 6.

Choose arbitrarily 4, ...,%s in J; and put xo:Z;zl tohi,. By (17) we have
S
lwollr = thri; < sthk <6,
i=1

so that we should have ||z¢]lo < 1. But by (14), (15) and (17) we obtain
llzollo = sf(to) > snkth >nd/2 > 1,
which gives a contradiction. The conclusion follows.

COROLLARY 6. The topology Tmax s not locally pseudoconvex on a vector
space X if and only if the dimension of X is uncountable.
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