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On the joint spectral radius

by VLADIMIR MULLER (Praha)

Abstract. We prove the £p-spectral radius formula for n-tuples of commuting Banach
algebra elements. This generalizes results of some earlier papers.

Let A be a Banach algebra with the unit element denoted by 1. Let
a = (ay,...,a,) be an n-tuple of elements of A. Denote by o(a) the Harte
spectrum of a, i.e. X = (A1,...,A\,) & o(a) if and only if there exist
Ulyerny Uy, V1,...,0, €A such that

D (a; = Auy =Y vjla; —Aj) = 1.
j=1

Let 1 < p < 0o. The (geometric) spectral radius of a is defined by
rp(a) = max{|[All, : A € o(a)},
where
H)\” _ {max1<]<n |)‘ | (p = )
PSP (1< p < oo);
see [10], cf. also [4].

If o(a) is empty we put formally r,(a) = —oo.

Clearly, r,(a) depends on p. On the other hand, instead of the Harte
spectrum we can take any other reasonable spectrum (e.g. the left, right,
approximate point, defect, Taylor etc.) without changing the value of r,(a);
see [4], [9].

For a single Banach algebra element the just defined spectral radius
rp(a) does not depend on p and coincides with the ordinary spectral radius
r(a1) = max{|A1] : A\1 € o(a1)}. By the well-known spectral radius formula
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we have in this case

1/k kHl/k
1 .

r(ar) = lim [laf/* = inf |l

The spectral radius formula for n-tuples of Banach algebra elements was
studied by a number of authors, see e.g. [1], [2], [6], [7], [8]. In this paper we
generalize results of [6], [7] and [10].

Let a = (ay,...,ay) be an n-tuple of elements of a Banach algebra A.
Instead of powers of a single element it is natural to consider all possible
products of aq, ..., a,.

Denote by F(k,n) the set of all functions from {1,...,k} to {1,...,n}.
Let further

1/p
skp(a) = ( > llaray. --af(k)Hp> (1<p<oo)
feEF(k,n)
and

Sk.oo(a) = (x| lagay .- apmll

LEMMA 1. sp17p < sk p(a) - sip(a).
Proof. The statement is obvious for p = co. For p < oo we have

[skp(a) sip@P = D lapay-apml”- D llagay---agwll”

fEF(k,n) geF(l,n)

> lagq) - apaga) - - agull” = [serp(a)]P.
19

It is well known that the above lemma implies that limy . (sg,(a))'/*
exists and it is equal to infy(sk p(a))/*.
Thus we may define
@) = lim (> llagqy - agal”

1/(pk)
k— ) ’
fEF(k,n)

Similarly we define

_ 1/(ph)
(1) rz’)(a) = hmsup( Z rp(af(l) . af(k)))
B rer(hm)
(we write briefly rP(x) instead of (r(z))P).
In general, the limit in (1) does not exist. The limit exists if aq,...,a,

are mutually commuting. This can be proved analogously as in Lemma 1 by
using the submultiplicativity of the spectral radius.

THEOREM 2. Let a = (ay,...,a,) be an n-tuple of elements of a Banach
algebra A. Let 1 <p < oo. Then

rp(a) < rya) <rpla).
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Proof. The case p = oo was proved in [7], Theorem 1.

Let p < 0o. The second inequality is clear.

Let A = (A1,...,A\n) € o(a). Denote by A the closed subalgebra of A
generated by the unit 1 and the elements a4, ...,a,. By [5], Proposition 2,
there exists a multiplicative functional h : Ag — C such that h(a;) = \; for
7=1,...,n. Then

S Plapay-apw) = Y |hlapay - apm)l?

feF(k,n) fEF(k,n)
= Z Ay A 1P
feF(k,n)
= (AP + ..+ [Aaf?)F = [IAIRF

Thus
> rPlagay-apm) = rha)
fEF(k,n)
and r,,(a) > r,(a).
If a = (ai,...,ay,) is an n-tuple of mutually commuting elements then a

better result can be proved.

We use the standard multiindex notation. Denote by Z. the set of all
non-negative integers. For a = (av1,...,ap) € Z and m € Z4 define |a| =
a1t ... tay, addl=a!. Lay!, a® =al .. alm and ma = (mag, ..., may,).
If k is an integer, k > |a/|, then let

(o) = a0

(for n =1 this definition coincides with the classical binomial coefficients).
We shall use frequently the following formula (for commuting variables

x;):
(14 ... +x)F = Z (k)ma
A
In particular, for z1 = ... =z, = 1 we have Z|a|:k (2) = nk.
If a = (a1,...,a,) is a commuting n-tuple of elements of a Banach

algebra A, then the definitions of r;,(a) and 7,(a) assume a simpler form
(for 1 <p < o0):

r(a) = klggo[ ) <Z> rp(aa)} 1/(pk)’

|l =k

) . L 1/(ok)
) = im | 3 (E)tane]

|| =k
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THEOREM 3. Let a = (aq,...,a,) be an n-tuple of mutually commuting
elements of a Banach algebra A. Let 1 < p < co. Then

rp(a) =ry(a) =ry(a).
Proof. For p = co the first equality was proved in [10] and the second
in [7], Theorem 2.
We assume in the following p < oo.

Recall that the number of all partitions of the set {1,...,k} into n parts
is equal to ("1 < (k+n-1)""L

We have
k k k+n—1 k
alp < alp < o||p.
o (M) o) b [ i P W [
Note that
N 1/k
lim <k+” 1) — 1.
k—oo n — 1
Thus
9 ]{ 1/(kp) k‘ 1/(kp)
g 1 a||lp — 1 al|lp
() = lim [g ()ra=re] i | (M) o]
Similarly,

0= g s ()]

k—oo |a|=k
We now prove the inequality 7, (a) < 7,(a):
Choose k and o € Z7, |a| = k. Let p e o(a®) satlsfy || = 7r(a®). By the
spectral mapping property there exists A = (A1,...,\,) € o(a) such that
= A" .. A%, Then

<2>T£(a°‘) N <Z> Il = <§>IA1IQ1P...|An|anp

< Z ( >|)\1’/31p P\nlﬁ"p

8=k
= (AP + o+ PP = (IR < 78 (a).

%@:mmmKﬁmwrwgm@

k—oo |a|=k (6%

Thus

The remaining inequality 7, (a) < 7,(a) will be proved by induction on n.
For n = 1, Theorem 3 reduces to the well-known spectral radius formula
for a single element.
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Let n > 2 and suppose that the inequality 7, < 7, is true for all com-
muting (n — 1)-tuples.
For each k there is o € Z%, |a| = k, such that

k k
(5 )11 = ma (5) 1”1

Using the compactness of [0, 1]™ we can choose a sequence

{a(®)}Z = {(a1(9), ..., an(i) }i2; C 2%
such that lim; . |a(i)| =
@ <|Z8’> a1 = BI=la) <\a§‘)\> ol (G=1,2,..)

and the sequences {a;(7)/|a(i)|}$2, are convergent for j = 1,...,n. Define
k(i) = |a(i)| and

a; (i)

t; = lim €01 (j=1,....n).

e R )
By (2) we have

: 1/(k(i)p)

) = Jim | (M) paeope]

We distinguish two cases:

(a) t; = 0 for some j, 1 < j < n. Without loss of generality we may
assume that ¢, = 0. Define a’ = (a1,...,an-1), &' (i) = (a1(2),...,an-1(7))
€ 7" and k' (i) = |o/(i)] = k(i) — o, (i). Clearly lim; oo k'(3)/k(i) =
We have [|a®@ || < ||’ | - ||an||**@. Then

KON o U
P (a’) > lim sup ) la’™ (’)||p > Ly Lo- Ls,
p al(l)

where
k'/ 1/"“(1)
L=tmsw| (o) /()]
1/K (4)
o = i | (50 ) lao1e]
71— 00 (Z)
and

Ly = lm ||ay |~ @r/F @),

Since lim; o v, (2) /K (i) = 0, we have Lz = 1.
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Further,
_ k(i , 1/k(i)7 k(i) /K (i)
N s e e
Finally,
K (0)! - a, (i)
an (1) (on (1) /k(3))- (k(2) /K (3))
— 1. n
e
since lim; . k(2)/k' (i) = 1 and
AN\ an (i) /k(1) T
lim ozn(z') = lim (2) = lim 2° = lim " = 1.
71— 00 3]{:(2) z—04 r—04

Thus 7, (a') > ) (a).
By the induction assumption 7 (a’) = r,(a’) = r,(a’) and by the defini-
tion r,,(a’) < rp(a) = 1,(a). Hence r;(a) < r,(a).

) an(1)/3 an (1) 1/k' (@)

1—00

L; = lim sup[

17— 00

=1

(b) There remains the case t; > 0 (j = 1,...,n), with t; =
lim; o0 @;(7)/k(i). Choose € >0, € < minj<;<, tj/n. For i sufficiently large
we have

g S e
4T k@) — 4
We approximate ti,...,t, by rational numbers. Fix positive integers
Cl,...,Cy,d such that
tj—gé%ﬁtj—i (G=1,....n)
Let v = (c1,...,¢4) € Z% and u = a” = ai*...a5. For each i write

k(i) = m(i)d + z(i), where 0 < z(i) < d — 1. So, for i sufficiently large, we
have

¢ o oyll) o)) ¢ _ 3¢
ASHRG R d=4
and
st ~miies = (i)~ D o i | 0 - |+

Thus o (i) —m(i)c; >0 (1 < j <n)and
KG) = m() ] = Y (0500) = m(i)es) < b(i) - = +

Jj=1 J

z(i)cj

d

< enk(7)

n
=1

for ¢ large enough. We have
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la @ < [lag" % . am@en|| - [lay |or@=mDe g, [|on@=m@Den
< [ KO,

1/(m
where K = max{L, ]} lan||}. Then, since (7)) "7 <

ﬁﬂ@thwpK UWU wﬂmﬂummm>

i—oo L\ ()
m(i

1/(m(@) 1))
= lim sup < ()|’Y|> . r(u)p/lvl

1/(m(i)lvI)
= limsupK (())”Y‘>” m(z)Hp] >Ly-Ly- Ls,

)
have

where
; ; 1/ (m()|v])
L zliminf[( m'”')/( Q)] ,
i—00 m( ) (Z)
1/(m(d)[v))
Ly = liminf [( (1)> la CV(l)Hp}
2 ag)
and
L3 = liminf K—nﬁpk(z)/(m(l)l’vl)
Since

k(i) 1
- <
m(i)ly| = 1—ne
for i sufficiently large, we have Lg > K —nep/(1=ne)

Since
) k(i) , 1/k (i)
1 a(i)||p —
iirilo[<a(i)>”“ I } ! (@),

we have Lo > min{rgp(a), (rgp(a))l/(lfns)}‘
To estimate L1, we use the well-known Stirling formula

Le='V2rl(1 + o(l)).

We have

(N @ (D) (m (@) '
(1—¢) (a] (Z)> < (aj(i)!)l/(m(z)lvl)

(&
a; (1) /(m(9)|v])
§u+@(%“»

e

for j = 1,...,n and for ¢ sufficiently large. Similar estimates can be used for
(m(i)c;)!, ( (9)|y])! and |a(7)|!. Thus, for ¢ sufficiently large, we have (to
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simplify the expressions we write m, k and « instead of m(7), k(7) and «(7))
my\ /(E\TY T mhlaa!. et 7YY
[(m’y)/(a)] - [k!(mcl)!...(mcn)!

1—e\"H
>
“\1l+¢

m|fy‘ . a?l/(mlv‘) . a%n/(ml'ﬂ) . ek/(m"ﬂ) . ecl/l'ﬂ . ecn/l’ﬂ
e-ext/(mv)  eon/(mivD) . gk/(mIV]) . (mep)er/N L (mey,)en/ 1]
1—e\""/ ap /M a,, \ /1
:<1+5> <mcl) ”'<mcn>
% aleammeD/miah) - (an—me,)/tmbh

kk/(mv))

N 1_» n+1. a (cn=mer)/(mly]) an (an—mcn)/(MIvl)'m
“\l+e¢ k SNk ko

Then

1—¢ n+1
L1 Z <1 T ) (1 — ns)(tl .. .tn)s/(lfns).
£

Hence

1+e

x K</ mme)min (P (a), (rpP (a) '/ 0719},

1—e\"
rf(a) > ( ) (1 —ne)(ty...t,)s/ 7o)

Since ¢ was an arbitrary positive number, we conclude that r)(a) > r;(a).
Theorem 3 is proved.

We now apply the previous result to the case of n-tuples of operators.
Let T = (Ty,...,T,) be an n-tuple of bounded operators in a Banach
space X. Define

n 1/p
T||, = su < T:x p) .
7l = sup (3o 175e

=1 =1

Equivalently, ||T'||, is the norm of the operator T:X — X, where X! is the
direct sum of n copies of X endowed with the £,-norm, ||z1 & ... ® z,| =
(Z?Zl |2;||P)'/P, and Tz = Tva @ ... ® Ty (for p = oo the definitions
are changed in the obvious way). Let T' = (T1,...,T},) € B(X)" and S=
(S1,...,8m) € B(X)™. Denote by T'S the mn-tuple

TS = (T1S1,...,TiSm. ToS1, .., ToSm, - - ., TS1, . ., TuSm).
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Further, let 72 = TT and T**! = T - T*. With this notation we can state
the spectral radius formula in the familiar way:

THEOREM 4. Let T = (T1,...,T,) be an n-tuple of mutually commuting
operators in a Banach space X, and let 1 < p < oco. Then

rp(T) = lim | T[3/%
Proof. We have

i k _ 1/p
74, = sup | 3 () ires

z||=1 la| =k

L (k) L 1/ (kp)
() = Jim | 5 (Y] = i ma ()]

k—oo |a|=k
la|=k

k 11/(kp)
= lim max sup [( >\|T°‘x||p
o'

Foofal=k |z =1

) 11/0kp)
= lim sup max[( )HT"pr
a

k—00|z||=1 l|=k

k 11/ (kp)
= lim sup Tz||P = lim ||T%||}/*.
o k—oo p

k—o0 lz]|=1 lal=k

Remark. For p = 2 and Hilbert space operators the previous result
was proved in [6]; cf. also [3].
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