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W lodzimierz Mlak was born on June 9, 1931 in Sosnowiec where his
father was a teacher. After finishing A. Witkowski Lyceum in Cracow in
1949 he entered the Jagiellonian University as a student of mathematics. He
graduated from the University in 1954. In 1958 he received his doctor de-
gree at the Jagiellonian University under the supervision of Professor Jacek
Szarski. From 1954 till 1961 he worked at the Jagiellonian University and
at the same time he held a part time position at the Institute of Mathe-
matics of the Polish Academy of Sciences; in 1961 he chose to work in the
Academy for the rest of his outstanding scientific career. On April 10, 1994
W lodzimierz Mlak passed away.

The research interest of W lodzimierz Mlak at the early stage of his ac-
tivity was highly influenced by the Seminar of Tadeusz Ważewski and Jacek
Szarski. The main topic of the seminar at that time was the qualitative the-
ory of differential equations and in particular differential inequalities and
their applications. Mlak soon became an active member of this seminar.
His papers [1]–[27] reflect this influence. He was responsible for starting the
theory of differential inequalities in infinite-dimensional spaces and thus ex-
tended considerably the area of applicability of this theory developed by
Ważewski and his students.

Tadeusz Ważewski observed that it is enough to assume the differential
inequality g′(t) ≤ f(t, g(t)) to hold if x(t) < g(t) < x(t) + ε, where x′(t) =
f(t, x(t)), x(0) = g(0) and ε > 0, in order to conclude that g(t) is bounded
from above by the solution x(t). He called this the epiderming effect of
differential inequalities. Mlak extended this result of Ważewski to systems
of n ordinary differential inequalities [2] as well as to partial differential
inequalities of first order [3]. He used the epidermic theorems in [10] to study
the differential equation x′ = A(t)x + f(t, x), where A(t) is a closed linear
operator defined on a linear subset of a Banach space and to obtain new
existence and uniqueness theorems. Also paper [17] concerns this equation
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in a Banach space where the method of differential inequalities is applied to
evaluate approximate solutions.

Stability questions are the ones where differential inequalities supply a
natural and powerful method of research. Paper [4] concerns the stability
problem for parabolic equations. It presents an application of a theorem on
differential inequalities obtained in [5].

Mlak also extended the classical Chaplygin method to abstract differen-
tial inequalities (see [15] and also [13]).

Every system of two or more differential inequalities

g′i(t) ≤ fi(t, g1(t), . . . , gn(t)), i = 1, . . . , n,

implies certain inequalities between the coordinates of g(t) and the solution
x(t) of the corresponding system of differential equations provided f has
certain monotonicity properties. Paper [26] gives an analog of this for infinite
systems of differential inequalities.

Paper [19] written in Polish deserves a mention since it is the first at-
tempt to apply the famous retract method of Ważewski to boundary value
problems.

Most of these interesting and important results of Mlak are summa-
rized in a well-ordered exposition included as a chapter in Jacek Szarski’s
monograph Differential Inequalities published in 1965, the first book on the
subject in the world literature (see [33]). W lodzimierz Mlak also contributed
to other parts of this book thus making it more complete and valuable.

Having become professor he started the Seminar on Hilbert Space Opera-
tors introducing successfully this new field in Cracow. The Seminar attracted
a group of young mathematicians who still work in operator theory.

Mlak spent the academic year 1961/62 at the University of Maryland as
a visiting professor, teaching differential equations and inequalities. During
that stay he turned his interests to the theory of Hilbert space operators.
At that time one of the most intensively developing fields of this theory was
focused on the concept of dilation of operators in Hilbert spaces. Mlak’s
first paper [28] in this area gave an interesting and useful characterization
of completely non-unitary contractions in a Hilbert space.

This result can be briefly described as follows. Let T be a completely
non-unitary contraction in a Hilbert space H. Suppose that E is the spectral
measure of a minimal unitary dilation V of T . Then the scalar measure µf
defined by µf (∆) = (E(∆)f, f), 0 6= f ∈ H, ∆ ⊂ Γ , is absolutely continuous
with respect to the Lebesgue measure m on the unit circle Γ , and

log
dµf
dm
∈ L1(m).

Since then dilation theory became a favourite topic of Mlak’s interests
and resulted in a series of papers [29]–[31], [34]–[36], [37], [39], [44], [53]–
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[56], [63], [64]. These papers were quoted on different occasions by many
authors, in particular in the classical monograph of Sz.-Nagy and C. Foiaş
[N-F]. Mlak’s contribution to dilation theory was not only in proving new
theorems but also in polishing and synthesizing results of others in this area.
Mlak was the first who brought together scattered results in dilation theory
and published the original monographic work [32], before the book [N-F]
of Sz.-Nagy and C. Foiaş has appeared. Much later, another monographic
work [60] in the same area was completed. It was at that time that dilation
theory came of age. These two monographs arose as a result of Mlak’s rich
experience and deep thoughts on the subject. He always wished to share his
knowledge with others; this was the dominating feature of his personality.

Mlak often used as a tool semi-spectral integrals, i.e. integrals with
respect to semi-spectral measures. His penetrating study of the generalized
von Neumann inequality gave him a new idea of semi-spectral integrals of
operator-valued functions commuting with such measures. This tool allowed
him to find far reaching generalizations of the von Neumann inequality [48],
[51], now known as the Arveson–Mlak–Parrott inequality (cf. [FN]).

The dilation-theoretic aspect of his thinking was also successfully carried
over to the analysis of stochastic processes. As an example of this approach,
paper [62] dedicated to the memory of J. Szarski should be mentioned. In this
paper Mlak developed the theory of conditionally positive definite (c.p.d.)
functions on linear metric spaces. Let E be a complex linear space and let
X be an abstract set. Suppose we are given a family b = {bx,y(f, g)}x,y∈X
of bilinear forms in f, g∈ E . Recall that b is conditionally positive definite if∑n
j,k=1 bxj ,xk

(fj , fk) ≥ 0 for every n = 1, 2, . . . and all x1, . . . , xn ∈ X and
f1, . . . , fn ∈ E such that

∑n
j=1 fj = 0. Mlak mostly studied c.p.d. functions

of the form bx−y{f, g} in the case of X being a real separable Hilbert space.
He found the unique representation of the so-called structural d of b in terms
of Lévy–Khinchin’s formula for b (due to Varadhan). This result was known
before as the Yaglom formula only in the case X = Rn.

After publication of Parrott’s counterexample Mlak realised that dilation
methods are not universal and he turned to function algebra techniques. This
point of view is clearly represented in a number of papers (see [45], [46], [49],
[52], [61]). In order to describe results contained in these works, first recall
that for a compact Hausdorff space X by a function algebra A ⊂ C(X) we
mean a Banach algebra which contains constants and separates the points
of X. Let T : A → L(H) be a contractive unital homomorphism of A into
the algebra of all bounded linear operators in a complex Hilbert space H.

A typical example of Mlak’s dilation-free approach to the study of the
representation T of A is given in [45]. In this paper he applied the ab-
stract version of the M. and F. Riesz theorem to prove some decomposition
theorems of an arbitrary algebra A ⊂ C(X) with respect to the totality
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of Gleason parts of A. These decompositions are especially useful in the
theory of commuting contractions (see the book by Paulsen–Douglas [DP]),
because they are proved in an abstract setting; an extension of this approach
to non-contractive representations was proposed in [Sz].

In [52] Mlak found, also in a completely dilation-free way, a general result
about partitions of spectral sets. Because this result has been used by several
authors let us describe it more precisely. For a given compact set X ⊂ C
define the function algebra R(X) as the closure in C(X) of the algebra
of rational functions having poles off X. If T : R(X) → L(H) is a unital
contractive representation, then we say X is a spectral set for V = T (u1),
where u1(z) ≡ z.

Let Gi (i = 1, 2, . . .) be the sequence of all non-peak point parts for
R(X). The main result of [52] shows that V =

⊕∞
i=1 Vi ⊕ V0, where Vi has

Gi as a spectral set for i > 0, the representation of R(Gi) generated by Vi
(i > 0) has elementary measures absolutely continuous with respect to the
set Mz of all representing measures for z ∈ Gi, and V0 is a normal operator
with spectrum carried by ∂X (cf. [C], Section 21, “The Lautzenheiser–Mlak
theorem”).

The language of operator-valued representations turned out to be fruit-
ful in Mlak’s study of commutants of subnormal operators. Recall that a
bounded operator S in H is subnormal if there exists a larger Hilbert space
K and a normal operator N in K such that Sh = Nh, h ∈ H. One of the
basic questions asked in the analysis of subnormal S is: when does an opera-
tor X commuting with S extend to a bounded operator X̃ in K commuting
with N? In [49] Mlak found an elegant sufficient condition (for a function
algebra A), which guarantees an affirmative answer to that question. His
condition says that the finite sums

∑
k |uk|2, uk ∈ A, must be dense in

the uniform norm in the cone of positive continuous functions on the Shilov
boundary ∂A of A. This approach has been further developed in [J] in the
context of several commuting subnormal operators.

An interesting result on Szegő measures relative to R(X)|∂X is contained
in [61]. Here X is a compact set in the complex plane. Let G be a non-peak
point Gleason part of the spectrum of R(X). Mlak proved that a Szegő
measure µ (supported on ∂X) which is absolutely continuous with respect
to a representing measure m for some ϕ ∈ G must be a Szegő measure
relative to R(G)|∂Ḡ. The results of that paper have found an application in
the theory of subnormal operators with infinitely connected spectrum (taken
up in [R]).

There is a group of papers which cannot be included in any of the above
classes. One of them is a joint paper with C. Foiaş [35], where they intro-
duced and proved an interesting extension of the spectral mapping theorem
for the algebra H∞ of functions holomorphic and bounded in the unit disc D.
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As a corollary of this result, for a completely non-unitary contraction T and
u ∈ H∞ which has continuous radial limits at every point in the intersection
of the spectrum σ(T ) and the unit circle Γ , one has the spectral mapping
theorem: σ(u(T )) = u(σ(T )). Their result was applied by Brown, Chevreau
and Pearcy in the theory of invariant subspaces [BCP].

A particular position in Mlak’s achievements is occupied by paper [59].
In this short article he proved that any operator S in H with spectrum
contained in D, for which the functions Uf,g(z) = ((I − zS)−1f, g) are in
the Hardy space H1 over D, must have spectral radius strictly less than
one. Although this theorem may be regarded as a particular case of a more
general approach developed at the same time by N. K. Nikol’skĭı, Mlak’s
method of proof is completely different.

In turn, in a beautiful paper [69] dedicated to the memory of F. Leja
he presented an original approach to composition (Koopman) operators
Ca : f 7→ f ◦a acting in L2(R, p), where dp = 1√

2π
e−x

2/2dx. This partly ex-
pository paper contains results of various character: some relations between
several models and interpretation of composition operators, analysis of their
finite and infinite tensor products and applications to certain integral equa-
tions. The paper inspired in an essential way Mlak’s student Jan Stochel [S]
who continued the study of composition operators in L2(Rn, dµ).

In the last period of his scientific activity Mlak became interested in
mathematical problems related to phase operators investigated in theoretical
physics. As a result of his interests he began a detailed study of so-called
circular operators (see [68], [73], [75]–[79]).

We say that a bounded operator T is an (A,α)-operator (or a circular
operator) if

(1) e−itATeitA = eiαtT

for all real t, where A is a selfadjoint operator and α 6= 0 is a real number.
Mlak proved in [68] (see also [76]) that (1) is equivalent to

(2) Te−tA = eαte−tAT, t ≥ 0,

provided A is bounded from below. In [75] he analysed spectral properties
of semi-normal solutions T of (1) and found several decompositions related
to the interplay between A and T .

The subsequent paper [76] brings the form of a general solution of (1).
In the special case when A is an orthogonal sum

⊕∞
n=0 nPn, where Pn are

projections and dimPn = d (n = 0, 1, 2, . . .), Mlak proved that T must be a
unilateral operator weighted shift of multiplicity d.

In another paper [73] of this series, dedicated to the memory of Z. Opial,
Mlak found an interesting extension of the theorem (due to Ifantis) concern-
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ing the triviality of a selfadjoint solution N of the equation

(3) (NF − FN)f = if, f ∈M,

where F is a bounded selfadjoint operator and M is a linear dense subspace
in H such that FM ⊂ M ⊂ D(F ). Mlak considered the more general case
when F is replaced by a general operator and N by a normal operator with
zero-dimensional spectrum.

His experience as a teacher resulted in the monographic book [47]. The
book became popular and useful; several editions and translations into En-
glish [74] prove this. It gives the reader a very accessible introduction to the
theory of linear operators in Hilbert spaces, containing in particular a clear
presentation of integrals with respect to semi-spectral measures.
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