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Properties of some integrals related to
partial differential equations of order higher than two

by JAN PopPIOLEK (Bialystok)

Abstract. We construct fundamental solutions of some partial differential equations
of order higher than two and examine properties of these solutions and of some related
integrals. The results will be used in our next paper concerning boundary-value problems
for these equations.

1. Introduction. Let x = x,(t), 0 <t < T, p = 1,2, be equations of
two non-intersecting curves on the (z,t) plane.
In the domain

(1) Sp=A{(z,t) : xa(t) <z < x2(t), 0<t<T}, T =const< oo,
we consider the partial differential equation
n+2 m
(2) Lu= Z Z aij(x,t)D.LD]u — DT D"y = 0,
i=0 j=0
where n,m € Ng = NU {0}, n+m > 0 (for n = m = 0 equation (2) is
a parabolic equation of second order, the theory of which is well known),
D! = 9/0z*, D] = &7 /ot
We make the following assumptions:
(A.1) There are constants ag and a; such that
0<ag<antam(z,t) <ay for (x,t) € Sr,

where Sp denotes the closure of St.

(A.2) The coefficients a;; (i = 0,1,...,n+2, j =0,1,...,m) are continu-
ous in St and satisfy the Holder condition with respect to x with exponent «
(0 < a < 1); moreover, ap42,, satisfies the Holder condition with respect
to t with exponent %a.
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(A.3) The functions x, (p = 1,2) have continuous derivatives up to
order n, = [(n+1)/2] ([k] denotes the largest integer not greater than k) in
the interval [0, 7] and the highest derivatives satisfy the Holder condition

a/2 if n+ 1 is even
Ay () (4] < J comst (At) itn )
A < { ot e e

where X8 = xp, Alxp(t)] = xp(t+AL) —xp (1), t,t+ AL € [0,T],0 < o < 1.

2. Fundamental solutions. Let n,m,r € Ny, r < n. Consider the
operators

t—1
i _ Po_1[G(z,s+7;&,7)]ds, meN
3 P?n G 7t7 , — SO 1 ) 1S ) )
@ Patesen)={§ o m=0,
_Szo_an—l,r[G(y_‘_éat; 577)] dy7 ’I’LGN, 7":0,
(4) Q. Gz, ;¢ 7)] = Sg_é Q.1,1[Gly+& 1€, 7)]dy, n,reN,
G(x,t;€,71), n=r=0,
where G is a sufficiently regular function such that the expressions on the
right-hand side of (3) and (4) make sense for all (z,t),(£,7) € Sp.
LEMMA 1. If G has continuous t-derivatives up to order n, = [(n+1)/2],
then
Pm_j [G(:Ev t; ga T)] Zf 0< ] < m,

J . — k
Dth[G($>t7£77)] - {DimG($’t; 577') Zf m < ] < m 4 N,

where j = 0,1,...,m+n, and (z,t),(£,7) € St.

LEMMA 2. If G has continuous x-derivatives up to order m, = 2m + 1,
then

) Qn—i,r—i[G($vt; 5,7—)], 0<i<r— 17
D;er[G(x,t;f,T)] = ani,O[G(xat; 677—)]7 r< i < n,
DGz, t; €, 7), n <i<n+my,

where i = 0,1,...,n+m, and (z,t),(£,7) € St.

The lemmas follow immediately from (3) and (4).

Define
(z = &)*

dantom(z,0)t—7)]

(5) W tET) = (t—7)Pexp | —

where (z,t), (§,7),(2,0) € S, and
(6) wy (7,46, 7) = (PmOQn,r)[w£VT($vt§£aT)]’ r=01,...,n.

By Lemmas 1 and 2, the functions w,(r = 0,1,...,n) are quasi-solutions
(see [4], p. 139) of equation (2). Applying Levi’s method (see e.g. [4], p.
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152) we can construct fundamental solutions of (2) in the form
(7) Ap (2,858, 7) = we (2,68, 7) + Wr (2,48, 7)

(r=0,1,...,n), where

t x2(0)
(8) Wy (x,t;€,7) = S S wy(z,t;2,0)P(2,0;&,7)dz do
0x1(o)
(r=0,1,...,n) and @, are solutions of the Volterra equation
t x2(0)
D (x,t;€,7) = Lw,(z,6,&,7) + S S Lw,(x,t;2,0)P,.(z,0;&,7)dz do.
7 x1(0)

It follows immediately from (5), (7) and (8) that

- 9 -
i pi . < Ot — 7\~ (n—i+2m—2j-1)/2 G
() IDiD{wn(z, 6,7 <Ct—7) xp| s |
i I —(n—i+2m—2j—14« [ (x_f)z ]
(10) |DD{w,(z,t;€,7)|<C(t—T) (nmi2m =271+ )/ expy _—m )
r 2
11 DiDjAr + < Ot — )~ (n—it2m—2j-1)/2 . (z—=¢)
( ) ‘ 't (.Z', 7677)’—0( T) exp_ 4a0(t—7')_’

where i,j € Ng, r <n, (2,t),(&,7) € Sp, 7<t,0<a <1, C = const > 0.
LEMMA 3. We have

(12)  Diw,(x(1),t;x(7),7)
_J0, A 0<i<r,
T\ () Ti/r D (e Zma ) [q(7)] (0D 2 (¢ — ) (nmie2me /2 < <,

..,n), where I' is the FEuler gamma function, a(t) =

(i,r = 0,1,.
,T) and x denotes x1 or xa.

an—&-ZM(X(T

Proof. First we consider the case 0 < i < r. Applying Lemma 2 and
(6) we have

D;wr(X(T)a t; X(T)7 T) = Pm(ani,rfi[wX(T)ﬂ-(X(T)7 t;x(7), T)]),
hence, by (4) we obtain
ani,rfi[wX(T)J(X(T)? t; X(T)7 T)]

x(T)=x(7)

- S Qn—i—1,r—i—1[WX(T)’T(X(T) +y,t;x(7), )] dy =0,
0

whence D;wr(X(T),tQ x(7),7) =0.
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For r» <i < n, we make use of the relation

(13)  Diw,(x(7),t; x(t),7)

_ { P [wX 7 (x(7), 8 x(7), 7)), i=n,
Pm(ani,O[wX(T)J(X(T)?t;X(T)7T)])7 i< n.

Let ¢ < n. Consider the function

Q;‘;fi,O(t?T) = ani,o[WX(T)’T(X(T)J; x(7),7)]-

Changing the order of integration we can write

Q1lter) = g - )12
)

(n—i—1)
(791171‘)2 )
X exp [ @i —7) dd,,_;.
Thus, substituting n = 1(9,,—;)?[a(7)(t — 7)] =" we have

(_1n 7

n—i—1)!

2( [4a(7-)]("—i)/2[v—1 (?) (t - T)(n—i—l)/Q.

QZ—l,O“) T) =
By (3) and (13) we finally obtain
Diaw, (x(7), £ (1), 7) = (1) i/ |a(r)]n=D/2

o -1 <n —i+4+2m+ 1>(t B T)(n—i+2m—1)/2.
2

By a similar argument we get (12) in the case i = n. Thus, the proof of
Lemma 3 is complete.

3. Properties of the operators Ry /3, Ry /5, 1. In the present section

we consider the operators
1 t
- _ &) 1/2
(14) Rupsle(t)) = =Dy [§ (t = )72 (s) ds|
and
1

N

where ¢ is defined and continuous for ¢ € [0,7] and @ is defined and con-
tinuous for (¢,7) € [0,T] x [0, 7.
The operators Ry /5 and Ry, were introduced by Baderko [1].
Moreover, we define

(16)  Riplp()] =RipRiLP@], keN, Ripl)] =)

(15) R, 1o [(t,7)] = DtH (t — )~ 12d(s, 7) ds],
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and

(17) Rip0(t,7)] = R o[RS @], kEN, RYp[@(H7)] = d(t,7).
LEMMA 4. Let N € Ny. If a function W has continuous derivatives Dg@,

7=0,1,...,N, and

(18) | DJw(t,7)| <const (t — )N I+e~l  0<7<t<T, 0<po<l,

and a function ¢ is continuous in [0,T], then

(19) R%% Hyp(t, T)o(T) dT} = SDtNLP(t, T)e(r)dr, 0<p<1/2,
0

0
¢
(20) R?J/\gﬂ “Lp(t, T)o(T) dT:|
0
¢
=\Ryp[DN Ot Dp(r)dr, 1/2<0<1.
0
LEMMA 5. Let N € No. If a function 1 is defined in [0,T] and has
continuous derivatives DI, 5 =0,1,... N, and

Djy(0) =0, j=0,1,...,N,
then
RG] = DNG(E), REGTS(0] = Ry p[DYG(E)], 0<t<T.
We omit the inductive proofs of Lemmas 4 and 5.
LEMMA 6. If @ satisfies the conditions
(21) |&(t,7)| < const (t — 7)1+/2=L 0< 7 <t<T,
(22)  |AD(t,7)| < const (A)IFI/2(t — )L 0< T <t<t+At<T,
where p = min{a /2,1 — «/2}, then
(23) |R1/2[@(t, 7)]| < const (t — 2T 0< T <t<T,
(24) | ARy 2[®(t, 7)]| < const (A2t — )L,
0<7T<t<t+At<T,
where 0 < < a < 1.

The proof of Lemma 6 is similar to that of Lemma 3 in [1].

Now, let ¢ be a function defined for all ¢ € [0,7] and satisfying the
Holder condition with exponent oy, € (0, 1]. Consider the operator I,; given
by the formula

t
(25) L) =T (w) | (t—7)"(r)dr, k>0
0
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The operator I,; was introduced in [1] where it was proved that
L._1000(t)] ifk>1/2,
RialLwio)] = { 7o) |

»(t) if = 1/2.
One may prove the following
LEMMA 7. Let k € N and k € [k/2,00). Then
k L@ if k> k/2,
R[] = { 7 A

4. Properties of the functions Kf; . Consider the functions

(26) Kf;(tﬂ—) = BfArg (Xp(t)vt; Xo (7). 7)
0, oc#poro=p, 1<1<gq,
_{D;l wr{’(Xp(T)7t;Xp(T)v7—)7 o=Dp, QSZ él(b

where 0 < 7 < 7§ < ... <1 <n, 1] €No, p,o=1,2,1,¢=12,....1,
lo=[(n+3)/2],

rP—1
p l
(27) BY = Di' + > bh,()Dk
k=0

and b}, has continuous derivatives up to order M = [d,./2], d, = n —r] +
2m + 1.

THEOREM 1. For v =0,1,..., M, we have
(28) IDyKP7| < const (t — 7)( =2 Fe)21 0 <7<t < T

(At)*/2(t — r)r—1 if d, is even,
(At)@HD/2(¢ — )= if d, odd,
0<7T<t<t+At<T), where p = min{a/2,1 —a/2}, 0 < a < 1.

29 A, DMKP?| < const
t lg

Proof. We consider in detail the case o = p. The case 0 # p can be
investigated in a similar way. The vth derivative of Kj” is given by the
formula (see [3], p. 33)

(30)  DyKY
= Dzlij;l Wb (xp(t), 85 xp(7),7)
14
V!
2 > 2 il )]

=1 i14+2i2+...+rvi,=v i1+i2+...+1, =7
QNN PCRON
2! v!

ve—j o~V +j X/ (t) .
X Dt ]Dxl ]wrg (Xp(t)7 t7 XP(T)7 7—) |:11—|
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) -1

+ D;D;‘l m?f; (Xp(t)v t; XP(T)7 T) + Dzlfj [ bzl(t)DlrcArg (Xp(t)r t X;D(T)7 T)

k=0

(v=0,1,...,M).

We denote the summands on the right-hand side of (30) by K;(¢t,7),
Ky (t,7), K5(t,7) and Ky4(t, 7), respectively.

We only prove (29). The proof of (28) is similar, but easier.

Let d, be even. We consider two cases: (i) 0<rf < rh<n, (ii) 0<rP<
r) <n.

In case (i) by Lemmas 1 and 3 we get

Xp(£)—xp(T)

n—rP+1)/2 VT
K== | QualD" R (6 g (1), s (7), Td6
0
where QN,R = Qn—rf—l,rg—rf—h hence
AtKl(t,T)

Xp(t+At)*Xp(T) ( p+1)/2
= — | QeSO (6 4y (1)t At (), 7]y
Xp(t)*Xp(T)

Xp (£)—xp(T)

(n—rp+1)/2 T),T
+ S QN,R[l)tn K wXr (), (&1 +Xp(7')at§ Xp(T)yT)
0

—r7+1)/2 T),T
DTRG0 (6 4y (), 8 X (), 7] ds
= AtKll(t,T) + AtKIQ(th)‘

Applying the estimate (2.11) of [2] and (4), we can write

—r? 1)/2 T), T
1Qu DT T (6] 43 (7). + At X (7), )|

§p_,p_
&1 T gt
< const (t—i—At—T)(’”lp_’”g_l)/2 S S d&or ypy ... dE1,
0 0

and hence we obtain

Xp (t+AL)—xp () »
|A K1 (8, 7)| < const (t + At — 1) (7 =75 =1)/2 | ¢

Xp (1) —Xxp(T)

—rP

-1
T dEy.

Since in this case 7 < 7P and r],7? € N, we have the estimate

| A K1 (t,7)] < const (A2 (t — )P, p<1—a/2.
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The estimation of A; K75 is based on the inequality
n—rP4+1)/2 )T
4D O (6 4y, (7), 6 X (7), )

2
< comst (A)*/2(t — 7)) 2 expy { - m] '
As a consequence we get
| A K12(t,7)| < const (A2 (t —1)F Y, p<1—a/2.
Combining the results obtained above we have (in case (i))
(31) |ALK L (t,7)| < const (A)Y2(t — 7)Y, p<1—a/2
In case (ii), by Lemmas 1 and 2, we can write

Kl (ta T)
Xp(t)—xp(T)

n—rP4+1)/2 o
=— | Quir oD TP (6 g (), 8 X (), 7)) 6
0

and hence, proceeding analogously to case (i), we also get the estimate (31).
Now, we estimate the expression A; K5 appearing in (30). It suffices to
consider A; K5, where

(32) Ky(t,m) = x()Kx(t, 7)
with

1! 2! V!
Rs(t,7) = Dy D5 e (8, 1 X (1), 7)-

o [SOT 0T P

Clearly,
(33) ALK (8, 7) = Ko (t+ At 1) Ax(t) + x(8) Ao (E, 7).
It follows from inequality (9) and assumption (A.3) that
Ko (t + At, 7)Apx(t)] < const (A2t — 1)L, p<a/2.

The second expression appearing in (33) can be estimated in a similar
manner by applying assumption (A.3). As a consequence we arive at an
estimate analogous to (31).

Estimating K3(¢,7) and K4(t,7) in (30) does not cause any additional
difficulties. It is based on the inequalities (10) and (11), and also leads to
inequalities analogous to (31).

We have proved (29) in the case when d, is even. For d, odd it can be
proved in a similar way. Thus, the proof of Theorem 1 is complete.
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Next, we consider the functions
(34) K;?an (t,7)= Bfo ATg (Xp ()t X0 (7),7),

where p,o = 1,2, ¢ =1,...,lp, lo = [(n+3)/2], 0 < 7 <t <T and the
operators Bfo are given by the formula

(35) BY =Dy 4+ wf, (t)DE
k=0

where bz,lo has continuous derivatives up to order m.
THEOREM 9. For v =0,1,...,m, we have
(36)  [DYKP7(t,7)| < comst (t — )M F/2mL 0 <r <t < T,
(37)  |ADKY (t,7)] < const (At)P/2(t — 7)1,
0<rT<t<t+At<T,
where p = min{a /2,1 —a/2}, 0 < < a < 1.

The proof of Theorem 2 is similar to that of Theorem 1.

5. Properties of the functions z}. Let f(y, 7) be defined and continu-
ous for (y,7) € Sp. We consider the functions

(38) 2{(t) = {\ B} A0 (x, (), 11, 7) f (y, 7) dy
S
where p=1,2,1=1,...,l, lp = [(n + 3)/2], B} is given by (27) and
St ={(y,7):xa(1) <y < x2(7), 0 <7 <t}

LEMMA 8. For v =0,1,... M =1[d,/2], d, =n— 1 +2m + 1, we have
Mp (At)*/? if d, is even,
(39) ’AtDt Z (t)‘ < const {(At)(a+1)/2 Zf d, is Odd,
0<t<t+At<T,0<a<l),
(40) DYzP(0) =0, »=0,1,..., M.

Proof. We consider two cases: (i) d, is even, (ii) d, is odd.
In case (i) we use the decomposition

(41)  Dyzl(t) = | DYDY Aoy (). tyy.7) f(y. 7) dy dr
S,
rlpfl
+ 5501 [ 32 o DAy (1), iy, )| £y 7) dy dr
S k=0
=7 (t) + Zz(t).
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By (11) and (A.3) we have
2
Myt , < -1 @) —y)
| D7 Dy Ao (xp(t), t;y, 7)| < const (t —7)" " exp [ Tlaot—1) |’
and hence,
| Ayz1 (t)] < const (A)*/2,  0<t<t+At<T.

By a similar argument we get the same estimate for zo(t).
The proof of (39) in case (ii) is analogous. Furthermore, (40) follows
immediately from (41) and (11). Thus, the lemma is proved.

Finally, we consider the functions

(42) 2 (t) = \\ BY Ao(xp(t), 9, 7) f(y, 7) dy dr,
S¢
where p = 1,2, lp = [(n + 3)/2] and Bj is defined by (35).
LEMMA 9. For v =0,1,...,m, we have
(43)  |ADZE (t)| < const (A1)*/2,  0<t<t+At<T, 0<a<l,
(44) Dyzj (0)=0, v=0,1,...,m.

The proof is similar to that of Lemma 8.
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