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On solutions of integral equations
with analytic kernels and rotations

by NGUYEN VAN MAU and NGUYEN MINH TUAN (Hanot)

Abstract. We deal with a class of integral equations on the unit circle in the complex
plane with a regular part and with rotations of the form

(%) (t) + a(t)(T)(t) = b(d),

where T' = My, g, ... My, k,, and M, . are of the form (3) below. We prove that under
some assumptions on analytic continuation of the given functions, (x) is a singular integral
equation for m odd and is a Fredholm equation for m even. Further, we prove that T is
an algebraic operator with characteristic polynomial Pp(t) = 3 —t. By means of the
Riemann boundary value problems, we give an algebraic method to obtain all solutions
of equation (*) in closed form.

1. Algebraic characterizations of integral operators with rota-
tions. Let I'={t: |[t| =1}, DT = {t: |[t| < 1} and let X = H*(I") (0 <
u < 1). Consider the following operators in X:

(1) (S2)(t) = ~ [ —a(s)ds,

™ s—t

1 n—l—ktk
2 (s) ds,

- v e— 1
™ sn —tn
r

sPIRERE M, (s,1)
Sn _ tn

(3) (M, g)(0) =~ [

r
where n,k € N, n > 1, 0 < k < n —1 and M,(s,t) satisfies the Holder
condition with respect to (s,t) € I'x I'. Let g, 1 = €>™/" ¢, ; = ey J=
1,...,n. Consider the rotation operators (W, x)(t) = z(e,1t). For j €

x(s) ds,
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{1,...,n}, write

(4 P=1

1
2([4_5)7 Q:E(]_ ”]_ZEn 1— ka+1

It is easy to check that X = XT @ X~ and X = @j=1Xn,ja where X+ =
PX, X" =QX and X, ; =P, ;X for je{1,...,n}.

LEMMA 1. Let P, Q and P, ; be defined by (4). Then

P, ;XtcXxt, P, X CcX
and
PX,; CX,;, QX,;CXn; (je{l,....,n}).
Proof. This follows immediately from the equalities
SWy =W,S, Sui1S =SSk, SniWn=W,S5k,

for all k € {0,...,n —1}.

LEMMA 2 ([2]-[3]). Snx = SPhi = P, S for all k € {0,...,n — 1},
where we set P, o = Py, .

LEMMA 3. Suppose that M, (s,t) is invariant with respect to the rota-
tion operator W, i.e. My(en18,t) = My (s,en1t) = My (s, t). Suppose,
moreover, that M,,(t,t) =1 for allt € I". Then

(5) Mn,k = Sn,k + NnPn,k:, anmk = anan for all k € {1, ... ,TL},
where
M (s,t) —1

(Na)(1) =~ [ Nols,Dals)ds,  No(s,1) = 220
r

Proof. The assumptions on Mn(s, t) imply the equalities

(M, kx)(t) = (Sppx)(t) + — f :

Iy sn —tr

— (Sr) +Ze” U( fo(s)ds)
J ;

= (Spx)(t) + E [ N, t)(Po i) (s) ds,

n—l—ktk

(M (s,t) — 1)x(s)ds

which gives the first equality of the formula (5). The second equality of (5)
immediately follows from the assumption that M, (s,t) is invariant with
respect to W,.

THEOREM 1. Let n > 1 and m € {0,...,n — 1}. Suppose that M, (s,t)
satisfy all assumptions of Lemma 3 and admit an analytic continuation in
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both variables into DT. Write

m
M= My,
k=0

where M, 1 is of the form (3). Then M is an algebraic operator and
M3 =M.

Proof. From the assumptions on M,(s,t), the function N,(s,t) =
(M, (s,t)—1)(s—t)~! is continuous in (s,t) € I' x I and admits an analytic
continuation in both variables into D*. Hence, the Cauchy integral theorem
gives
(6) N?=0, SN,=N,, N,S=-N,.

On the other hand, since S? = I, Sﬁ,k = P, and P, 1P, ; = 0Py we
find
Mgy = Pojg, Mgy =Mk, MMy =01M,;

and

m m
M3 :ZMELk :ZMn,k =M,
k=0 k=0

which gives the proof.

THEOREM 2. Let m € N*. Write
(7) T = Mnlykan27k2 cet Mn7rukm7
where My, 1, (7 € {1,...,m}) are of the form (3). Suppose that My, (t,t)
=1, and My, (s,t) (j € {1,...,m}) admit an analytic continuation in
both variables into DT and are invariant with respect to Wy, where N =
H;n:l nj. Then T is an algebraic operator and T3 =T.

Proof. Since every M, x,(s,t) is invariant with respect to Wy, by
Lemma 3, we conclude that

My, &, Mn, k, = My, k, Mn, , forall p,ve {1,...,m}.
Hence, the proof immediately follows from Theorem 1.

Remark 1. If k,j € {0,...,n} and k # j then M, M, ; = 0 for
P, 1P, ; = 0. Hence, if there are 7,5 € {1,...,m} and ¢ # j such that
n; = n; and k; # kj, then T' = 0. Therefore, in the sequel, we only deal with
the cases n; # n; for ¢ # j.

LEMMA 4. Letl e Nt. Suppose that M., (s,t) (j € {1,...,m}) satisfy
all assumptions of Theorem 2. Then
m 21

(8) [[S+No) =1+ (-1)FN,,  form=2I

k=1 k=1
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and
m 20—1

(9) [16S+No) =5+ (1IN, form=2l-1.
k=1 k=1

Proof. Since SN,, = N,,, N,,S = —N,,, and N,,; N,,, = 0 (see the
proof of Theorem 2), for [ = 1 we have
(S+ Np,)(S+Np,) =1+ SN,, + N,, S+ N, N, =1+ N,,, — N,

Hence, it is easy to check the formula (8) by induction on .
Similarly, (9) is trivial for the case | = 1. Suppose that (9) is true for
[ =s. Then for | = s + 1, we find

1

2s+1 2s5—1
TT(S+Na) = (54 30 (DN, J(S 4+ Now )(S + Vs )
k=1 k=1
2s—1
- (S+ Z (_1)k+1Nnk>(I+ Nn2s+1 - N"?s)
k=1
2s—1

=S+ Y (-D¥'N,, = SNy, + SN, .,
k=1

2s+1
=S+ > (-DFFIN,,,
k=1

which proves the formula (9).

2. Integral equations with rotations. In the sequel, for every fixed
a € X, we write (K,x)(t) = a(t)z(t).

LEMMA 5. Let k,j € {1,...,n} be fized. Then for every a € X there
exists an element b € X such that K, X; C Xy, and

P, vK.P,; =KyP,; onX.
(Such a function b(t) will be denoted by ank;(t).)

Proof. Note that P, ; defined by (4) is a polynomial in W,, with con-
stant coefficients. On the other hand, we also have

PpjPok=0kPog, W,=) e Pop foralll €N
k=1
Hence

n

n

_ n—1-—1 1+1 o n—1-—I 1+1

PndKaPn’j = E €n,k Wn Kapn,j = E gn,k a(€n7l+1t>W Pn,j
=1 =1
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n
— 252,_/{1 a(enit1t) ZEZ_HP vP

—Ze a(en i+ 1t)el T Py = i (t) P,

where

(10) an;w Zé‘n 1=l H_l En l+1t)

It is easy to check that Pnﬂ,Kan’j =0 for all v # k and for b(t) = ank;(t),
which gives K3, X; C Xj,. The proof is complete.

COROLLARY 1. Let j € {1,...,n}. Then for every a € X there is a func-
tion b € X that is invariant with respect to the rotation operator W,, and

Pn,jKaPn,j = Kbpn,j = Pn,ij on X.
Proof. By Lemma 5, we have the equality
P jKaPnj = angj(t) P,

where
n

(11) anjj(t) =Y alen ki)

k=1
We see from (11) that a,;;(t) is a function invariant with respect to the
rotation operator W,,. Hence K, P, ; = P,, ; K} for b(t) = a,,;;(t), which was
to be proved.

Consider now the equation with the operator T' of the form (7):

(12) 2(t) + a(t)(T)(t) = b(t),
where a,b € X are given.

THEOREM 3. Let m € Nt and nq,...,n,, be given distinct positive in-
tegers. Suppose that My, (t,t) = 1, and ./\/lnj(s t) (j € {1,...,m}) admit
an analytic continuation in both vamables into DV and are invariant with
respect to Wy, where N = H] 1 1. Then the equation (12) has solutions
if and only if the equation

(13) y(t) + a"™ (#)((S + Nuy) -+ (S + No Jy) (1) = b (1),

where o™ (t) are constructed by Lemma 4 as follows:

(14 a@) =a@), a®(0) =00, 0, s a0 =00 0
and

bm) () = (Pny ks - - - Prp ke 0) (0)
has solutions in the space X () = P®X, where P® = Py, gy -.. Pn, k..
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Proof. Suppose that (12) has a solution z((t), i.e

(15) zo(t) + a(t)(Tzo)(t) = b(t).
Applying the operator P® to both sides of (15), we obtain yo(t) = (P®x)(t)
belonging to X(,,) and satisfying (13).

Conversely, if yo(t) is a solution in X(,,) of (13), then it is easy to check
that z(t) = b(t) — a(t)((S + Np,) ... (S + Np,, )yo)(t) is a solution of (12),
which gives the proof.

LEMMA 6. Suppose that My, (s,t) (j € {1,...,m}) satisfy all assump-
tions of Theorem 3. Then equation (13) has solutzons in Xy if and only
if it has solutions in X. Moreover, if y(t) € X is a solutwn of (13), then
Yim) () = (PPy)(t) is a solution of (13) in X(n).

Proof. By Corollary 1, a™(t) is invariant with respect to all rotation
operators W, and by (5), we see that every operator S + N,, commutes
with any rotation operator W,,,. Then P® commutes with every S + Ny,
Hence, if y € X is a solution of (13), then applying the operator P® to both
sides of (13), we see that again y,,)(t) = (P®y)(t) is also a solution of (13).
The proof is complete.

Remark 2. Lemma 6 shows that it is enough to solve the equation (13)
in a given space X = H¥(I").

LEMMA 7. Let m be an odd positive integer. Suppose that My, (s,t) (j €
{1,...,m}) satisfy all assumptions of Theorem 3 and the function

(m)
a k+1
(16) Rn(s:1) = 1 +a(m) ;;—1 N (8,1),
where
n ) -1
Nuwlort) = Hrel2) =2,

admits an analytic continuation in both variables in DT . Then every solution
y(t) € X of the equation (13) is given by the formula

y(t) =y () +y= (1), y () =v"1), y () =vT) — (Ruy7)(),
where

(17) (Rnz)(t) = i R (s, t)x(s)ds

™

and (T (), (t)) is a solution of the following Riemann boundary value
problem:

alm) (1) — ”
ESRACE 1 j(agg)(t)'

(18) Pr(t) = (@) +1
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Proof. By Lemma 4, the equation (13) is equivalent to the equation
(19 g +a™@O((S+ DD N Jy) (©) = bomy (1):
k=1

Write y*(t) = (Py)(t) and y~ (t) = (Qy)(t). Using the notations (16)—(17),
we can rewrite (19) in the form

1—a™(t) bemy (2)
20 )+ ————Zy (¢ R,oy)(t) = —————.

@) O+ gy 0+ R0 = 2

The assumption on R,,(s,t) implies (R,y*)(t) = 0 and (R,y~)(t) € X T
for all y € X. Hence (20) is a Riemann boundary value problem of the
form (18), where ¥ (t) = y™(t) + (Rny~)(t) and ¥~ (t) = y~ (¢). The proof
is complete.

Note that all solutions of the Riemann boundary value problem can be
found in closed form (see [1], [2], [4]). Consequently, from Lemma 7, we can
formulate the following result.

COROLLARY 2. All solutions of equation (13) can be given in closed form
by means of the Riemann boundary value problem (18).

LEMMA 8. Let m be an even positive integer. Suppose that M., (s,t) (j €
{1,...,m}) satisfy all assumptions of Lemma 7. Then every solution y(t)
€ X of the equation (13) is given by the formula

(21) y () =¢"@1), y t)=¢T ()~ (Ruy 7)),
where

(22) b= L [ bmls)  ds

mi 1+a™(s)s—=z

Proof. By Lemma 4, (13) is equivalent to the equation
(23) y(®) +a () ((T+ D (=1) Na )y) (1) = by (8.
k=1
Using notations (16)—(17), we can rewrite (23) in the form

@1 O+ (Ro)(0) = 520

The assumption on R, (s,t) implies (R,y*)(t) = 0 and (R,y~)(t) € XT.
Hence, (24) is of the form

W) =7 (1) = by ({1 + 0™ (1)}
which gives the formula (21)—(22) for any solution of (13).
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Now we can formulate the main results of Theorem 3 and of Lemmas
6-7 about solutions of the equation (12) in the following form.

THEOREM 4. Let m be an odd positive integer and let T' be of the form (7).
Suppose that My, (s,t) (j € {1,...,m}) satisfy all assumptions of Theo-
rem 3. Moreover, suppose that the function R, (s,t) of the form (16) admits
an analytic continuation in both variables into DY. Then equation (12) has
solutions if and only if the corresponding Riemann boundary value problem
(18) has solutions. If that is the case, every solution of (12) is given by the
formula

(25) z(t) = b(t) — a(t)((S + Nn,) - (S + Nu,, )y) (1),

where y(t) = () — (R )(t) + ¢~ (t) and = (t) is a solution of the
Riemann boundary value problem (18).

Similarly, Theorem 3 and Lemma 8 together imply the following.

THEOREM 5. Let m be an even positive integer and let T be of the
form (7). Suppose that My, (s,t) (j € {1,...,m}) satisfy all assumptions
of Theorem 4. Then equation (12) has solutions of the form (25), where
y(t) =Yt (t) — (R ™) (t) + ¥~ (t) and ¥(z) is of the form (22).

Remark 3. Note that the equation (12) in the case of m even is not a
singular integral equation. In that case, (12) is a Fredholm integral equation
(see Lemma 4).
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