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A saturation theorem for combinations
of Bernstein—Durrmeyer polynomials

by P. N. AGRAWAL and V1IJAY GUPTAT (Roorkee)

Abstract. We prove a local saturation theorem in ordinary approximation for com-
binations of Durrmeyer’s integral modification of Bernstein polynomials.

Introduction. The Bernstein—-Durrmeyer polynomial of order n is de-
fined by

My(fow) = [ W(n,z,t)f(t)dt, € Li[0,1],
0

where
n

W(n,z,t) = (n+1) > P (2)pnu(t),
v=0
Pnv(x) being (7)x¥(1—2)" ", x € [0, 1]. These operators were introduced by
Durrmeyer [5] by replacing f(v/n) in B, (f,x), the Bernstein polynomials,
by (n+1) fol Pnw(t) f(t) dt. Several authors (see [1]-[4], [6], [8], [9]) have stud-
ied the operators M,, and obtained direct and inverse results both in sup-
norm and L,-norm. In this paper we study the saturation behaviour of the
linear combination M, (f, k,z) [7]. It turns out that even though Bernstein—
Durrmeyer polynomials are not exponential type operators [7] yet their sat-
uration behaviour is similar to that of the operators of exponential type.
The linear combination M, (f,k,x) of My(f,z), j =0,1,... k, is de-
fined by
k
Mn(f, k, ':L‘) = Z C(]a k)Mdjn(fa :E) )

J=0
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where
k d.
C(j, k) = J for k#£0, C(0,0)=1
<j,)i1_£dj_di ork#£0, C(0,0)=1,
i#£]
and dg,dq,...,d; are k 4+ 1 arbitrary but fixed distinct positive integers.

Remark. The definition of C(j, k) can also be related to the formula

k k
2k =3 06k [[(x—di),
j=0 i=0
i#]

which is a simple rephrasing of the interpolation formula
k
=30k (a),
§=0

where lg, l1,...,[; are the Lagrange fundamental polynomials corresponding
to the knots dg,ds,...,dr. Therefore, by simple computation, we get the
relation

k
ZC(j,k):l.

Throughout this paper, let Cy denote the set of continuous functions
on [0,1] having a compact support and C} the subset of Cy of k times
continuously differentiable functions. The spaces A.C.[a,b] and Lg[0,1] are
defined as the class of absolutely continuous functions on [a, b] for every a, b
satisfying 0 < a < b < 1 and the class of bounded and integrable functions
on [0, 1] respectively. (a,b) C [0,1] stands for an open interval containing
the closed interval [a, b].

2. Preliminary results. In the following result we obtain an estimate
of the degree of approximation by M, (-, k, z) for smooth functions.

THEOREM 2.1. Let 0 < p < 2k+2, f € Lg[0,1], and suppose f®) exists
and is continuous on (a,b) C [0,1]. Then for all n sufficiently large,

IMo(f ) = FO)lofan < max{Crn?/2w(f®), 0 1/2), Cyn= (4D}

where C, = C1(k,p), Cy = Co(k,p, f) and w(f®),§) denotes the modulus of
continuity of f® on (a,b).

Proof. For z € [a,b], writing

P )y A
Fia) = 10— 3 20— oy,
5=0
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we have

]F(t,x)| < ‘t7'x|10 (1+ |t 1/2|> (f(P) n—1/2)
p:

for t € (a,b). Thus if x(¢) denotes the characteristic function of (a,b), by
[3, Prop. I1.3] and the Schwarz inequality,

M, (|F(t,2)|x(t),z) < Csn P 2w(fP) n=1/2),

where C5 = C3(p). Similarly, for some constant Cy and all n sufficiently
large, we have

M, (|F(t,2)|(1 — x(t), ) < CalMyp((t — )22 2)]1/2 < Cyn= B+
Hence,
|M,(|F(t,2)|,2)| < Csn P Pw(fP) n=2) 4 Con~F+1)
But by [6, Prop.]

<Zf(]) (t — )] k,x>=0(n_(k+l))

uniformly in = € [a, b]. Hence for all n sufficiently large
||Mn(f7 ka ) - f(')HC[a,b] < Cﬁn_p/gw(f(p)an_l/Q) + C7n_(k+1) )
where Cg does not depend on f, from which the required result is immediate.

In the following lemma, the inner product (h(-),g(:)) is defined as
1
fo h(z)g(x) dx.
LEMMA 2.2. Let 0 < a < b < 1. If f € C[0,1] and g € C§° with
suppg C (a,b), then

’nk+1<M2'ﬂ(f7k7 ) - Mn(f: k) )79(»‘ < KHfHC[O,l} )

where K is a constant independent of f and n.

Proof. We write
+

MQn(fakvx) f,k.ﬁU Z 7 )7

where e; € {do,dl,...,dk,2d0,2d1,...,2dk}. By [7, Lemma 3.5] it follows
that

2k+2
(2.1) > alk)e;™ =0, m=01,...,k.

Jj=1
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Next, by using [3, Prop. I1.3], we have

nk+1<Mgn(f, k, ) — Mn(f7 k? ')7 g()>
1 1 2k42

= [ { Za(j,k)W(ejn,x,t)f(t)g(a:)}dtdw
00 j=1

=ntt [ f{...}dtdx

suppg 0

b
=" [ [ { . Ydtdz+o(D)] fllepay

suppg a

15
=" [ [ {.. }dtdz+o(1)|flcp. -
0 a

Now, using Fubini’s theorem and expanding g(z) by Taylor’s theorem, we
get

(22) nk+1<M2n fak") _Mn(kaa )’g(»
k

+ oDl flleo,
2%-+2 b1 2k+2

= > oty a(z;k)W(ejn,x,t)f(t)g(i)(t)(x—t)idxdt
i=0 a 0 j=1 ’

+ pktl ff Z a(j, k)W (ejn, z,t) f(t)e(x, t)(x — )22 dt do
0 a j=1

+ o) fllero.
=J1+Ja+o()|fllcio,y, say,

where ¢(z,t)(z — t)?**2 is the remainder term corresponding to the partial

Taylor expansion of g.
Since, for ¢ lying between ¢t and x,

(2k+2) (¢ _ (2k+2)
g ) — g ()] 2

(2k+2)
(2k + 2)! = (2k+2)!l|g cla,p) < 00,

le(x, )] =



Bernstein—Durrmeyer polynomials 161

using [3, Prop. IL.3], it follows that J> = O(1)| f|lco,1-
To estimate J;, we proceed as follows: J; may be rewritten as
2h42 | 242 b

nk+1 Z Z f ( fW e, z,t)(z — 1) dm)f() @ (¢) dt .

Now, we note that W(n,z,t) = W(n,t,x), therefore using [3, Prop. 11.3],
after interchanging the variables ¢ and x, together with equation (2.1) it fol-
lows that J; = O(1)|| f|l¢[o,1)- Combining the estimates for Jy, .J and (2.2),
we obtain the required result.

THEOREM 2.3 [2]. Let f € C[0,1], 0 < a1 < az < az <bg <by <by <1
and 0 < o < 2. Then, in the following, the implications (i)=(ii)<(iii)=(iv)
hold:

(1) | Mn(f, k) = FO)llcfay,p = O(n=ok+D/2),
(ii) f € Liz(a, k + 1, a2, bs).

(iii) (a) Form < a(k+1) <m+1,m=0,1...,2k+1, f(™ exists and is
is in Lip(a(k 4 1) —m, ag, b).

(b) For a(k+1)=m+1, m=0,1,...,2k, f0 exists and is in
Lip*(l,ag,bg).

(iv) [ My (f, k) — f(')”c[a&bg] = O(n_a(k‘*‘l)/?)'

Here Liz(a, k, a,b) denotes the class of functions for which wak(f, h, a,b)
< Mh*: when k = 1, Liz(a, 1) reduces to the Zygmund class Lip* a.

3. The saturation result

THEOREM 3.1. Let f € C[0,1] and 0 < a1 < az < ag < bg < by < by < 1.
Then, in the following statements, the implications (i)=(ii)=-(iii) and
(iv)=(v)=(vi) hold true:

(i) " THIM (f k) = FO)lcfan by = O(L);

(ii) f*) € AClag,bs] and  fPR+D € Lo as, bo;

(111) nk+1”M (f7 ) ) (')HC[as,bﬂ = 0(1)7
(iv) " THM (f, K, ) = FC)llfar,bn = 0(1);

2k+2
() f € C%*2[ay.by]  and i QU . 7)
245 U2 j'

Jj=1
where Q(j,k,x) are the polynomials occurring in [6, Th. 2];

(Vl) nk+1”Mn(fv ka ) - f(')HC’[ag,bg} = 0(1)7

where all O(1) and o(1) terms are with respect to n, as n — 0.

SR 0 (2) =0, @ € [az, by,
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Proof. First assume (i); then in view of (i)=-(iii) of Theorem 2.3, it
follows that f(2%*+1) exists and is continuous on (ai,b;). Moreover, the
statement

(3.1) 1M (f K, ) = FC)llefar s = O(n=ED)
is equivalent to
(3.2) 1Mon (f,, ) = Mo (fs ks )l 0far by = O(n”FFD).

Indeed, trivially (3.1)=(3.2). Also, assuming (3.2), since lim, o M, (f, k, x)
= f(x), we can write

f(.%') = Mn(f7 ]{7,.%') + [MQTL(.ﬂkvx) - Mn(f,k',l')]
=+ [M4n(f, k,x) — Mgn(f, k,x)] + ...
+ [Mgrn(f, k‘, .T) — MQrfln(f, k,x)] +...

Hence,

1f() = Mu(f, K, )l ctar b
< ||M2n(f7 k? ) - Mn(f7 ka ')HC[al,bl]

+ ‘|M4n(f7k7 ) - M2n(f7 k’ ')”C[al,bﬂ
o A ([Marn (f Ky ) — Mo (f k5 ) clar,ba] + - - -

1 1 1
=Ky (nk-',-l T okrigEer T (2r—1)k+1pktl T )

K 1K
- nk+tl 1 — 92— (k+1) - nk+1’

where Ky = K1 /(1 — 2~ *+1) showing that (3.1) holds.

Thus, we may assume that {n*+1(My, (f, k,-) — M, (f,k,-))} is bounded
as a sequence in Cla, b1] and hence in Ly[a1,b1]. Since Loo[aq,b:] is the
dual space of Li[ay,b;], it follows by Alaoglu’s theorem that there exists
h € Ls[a1,b1] such that for some subsequence {n;}$2; of natural numbers
and for every g € C§° with suppg C (a1, b1)

(33) lim anrl <M2nz (f) ka ) - an‘ (fa k? ')a g()) = <h()a g()> .

Nn; —00
Now, since C2**+2[ay, b1]NC|0, 1] is dense in C[0, 1] there exists a sequence
{fo}o2, in C*F2[ay,b1] N C[0,1] converging to f in || - [|cp,1j-norm. Then,

for any g € C§° with suppg C (a1, b1) and each function f,, by [6, Th. 2]
we have
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(34) lim n§+1<M2m (ftfa k’ ) - Mni (ftfa k’ ')7 g()>

2k+2 .
= (Ca-aroen Y QR g0
j=1

= (P y2(D) fo (1), 9()) = (fo (), Pory2(D)g(-)) ,

where P3; ,(D) denotes the operator adjoint to Ppy2(D) (in this case, it
is simply a result of integration by parts). By Lemma 2.2, we conclude
that

(3'5) n}gnoonf+1|<M2m(f - fmk: ) - an(f - f0'7 k7 )79(»‘
< K|f = follep. -

Hence, by (3.5), (3.4) and (3.3) (in that order)

(F(), Payy2(D)g () = lim (fo (), Pojey2(D)g(-))
= lim { lim n§+1<M2ni(f - fmka ) - an(f - fm k? )79()>

+ (fo (), Popr2(D)g(-)}
= lim nf+1<M2m(fa k, ) - Mm(fa k, ')7 g()> = <h()>g()> )

n;— 00

for all g € C§° with suppg C (a1,b1). Thus
(3.6) Popy2(D) f(x) = h(z)

as generalized functions.

Note that Q(2k+2, k,x) # 0 by [6, Prop.]. Therefore, regarding (3.6) as
a first order linear differential equation for f(2**1) we deduce that f(2k+1) ¢
A.C.[ag, by] and hence f(2¢2) € L [ag,by]. This completes the proof of the
implication (i)=-(ii).

Now assuming (ii), it follows that f**1) € Lip,,(1,az,by) with M =
|| £ 5+, _(as.6,)- Hence (iii) follows by Theorem 2.1.

To prove (iv)=-(v), assuming (iv) and proceeding in the manner of the
proof of (i)=-(ii), we get Pary2(D)f(xz) = 0, from which in view of the
non-vanishing of Q(2k + 2, k, x), (v) is clear.

The proof of (v)=(vi) follows from [6, Th. 2]. This completes the proof
of the theorem.
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