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Regularity of solutions of parabolic equations
with coefficients depending on ¢t and parameters

by T. WINIARSKA (Krakéw)

Abstract. The main object of this paper is to study the regularity with respect to
the parameter h of solutions of the problem du/dt + Ap(t)u(t) = fr(t), u(0) = u?L. The
continuity of u with respect to both h and t has been considered in [6].

1. Introduction. In this paper, we consider the family of parabolic
problems

M) Wty + An(u(t) = fult) for 1€ (0,7),
2) un(0) = g,

with h € 2, where (2 is an open subset of R™. It is well known that, under
certain assumptions, the solution of the problem (1), (2) is given by the
formula

(3) wn(t) = Un(t, 00+ [ Un(t,5)fn(s) ds

where U}, is the fundamental solution of equation (1), for a fixed h € (2.
The problem of continuity of the mapping
(4) 2x1[0,T]> (h,t) = up(t) € X,
with uy, given by (3), was considered in [6].

The main object of this paper is to study the differentiability of (4) with
respect to h.

Similar problems are considered in [7], [8] but for differential equations
with Ay independent of t.

2. Preliminaries. Let X, Y be Banach spaces and let {2 be an open
subset of R™. To simplify notation we shall assume that (2 is an open interval
in R.
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We denote by B(X,Y) the space of bounded linear operators from X
to Y. The space B(X, X) is denoted by B(X). The space of closed linear
operators from X to X will be denoted by C(X). For A € C(X) the resolvent
set of A will be denoted by P(A).

Let D be a normed vector space such that there exist a Banach space
Z and a bijective bounded operator 7 : Z — D. Similarly to [8], we shall
consider the space
(5) SB(D,Y):={A:D —Y | Aislinear and AT € B(Z,Y)}.

The definition of SB(D,Y) is independent of the choice of (Z,7). The
space

Mz :={A:]0,T] - SB(D,Y) | the mapping

[0,T] >t — A(t)T € B(Z,Y) is continuous}
is a Banach space with the norm
[All7 :=sup{|A®)T|| | t € [0,T]}.

If (Z',7") is another pair as needed in (5) then M7 = M/ with equivalent
norms. Thus, instead of M7 we may write M or M(D,Y).

Accordingly, a mapping {2 3 h — A, € M is differentiable (continuous)
at hg € 21if 2 5 h — A, € M7 is differentiable (continuous) at hy. We
have

0® = (A 07)

The operator Aj, is independent of (Z, 7). Higher order differentiability
and the C*-classes are now defined in the standard way.

The Banach space of all continuous mappings from [0,7’] into Y, with
the topology of uniform convergence, is denoted by C([0,T];Y).

We shall consider a family (A (t))(n,+)e0xo,7] of closed linear operators
from X to X defined, for each (h,t) € £2x[0,T], on a dense linear subspace
D(Ap(t)) =D of X.

ASSUMPTION Z;. There exist a Banach space Z and a bijective mapping
T :Z — D such that T € B(Z,X) and the mapping

2 x1[0,T]> (h,t) — Ap(t)T € B(Z,X)

)Tl for t € 0,7T].
h=hg

s continuous.

If Assumption Z; is fulfilled then A, € Ms for all h € (2 and the
mapping {2 3 h — A, € M is continuous, and vice versa.

ASSUMPTION Zs. There exist a Banach space Z, a continuous linear
bijective mapping T : Z — D and o € (0,1] such that the mapping

0,T] >t — Ap(t)T € B(Z,X)
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is Holder continuous with exponent «, i.e. there exists L > 0 such that
1AR(DT — Ap(s)T| < LIt — 5|
forhe 2, 0<s<T and0<t<T.
ASSUMPTION Zs3. Ay (t) € G(Cy) for (h,t) € 2 x[0,T], where
G(Co) ={A € C(X) | D(4) = X, [0,00) C P(=A), [(A+&)7"| < Co&™"
for€ >0, k=1,2,... and ||[Aexp(—tA)|| < Cot™* fort > 0}.

Let A={(t,s) |0<s<t<T}.

DEFINITION 1. A mapping
(6) Upn:A>(t,s) = Un(t,s) € B(X)
is said to be a fundamental solution of (1) if

1) for every = € X the mapping A > (t,s) — Up(t, s)x € X is continuous,

2) Up(t,r)Un(r,s) = Up(t,s) for 0 < s <r <t <T,

3) Un(s,s) =1 for s € [0,T],

4) for every x € X the mapping (6) is differentiable with respect to ¢
and

gtUh(t, s)x = Ap(t)Un(t, s)z,

5) for every x € D the mapping (6) is differentiable with respect to s
and

%Uh(t, s)x = —Up(t,8)Ap(s)z.

Under Assumptions Z;—Z3 we may define (for details see e.g. [5], Chap. 5,
and [6])

R (t,5) := —(An(t) — An(s)) exp(—(t — 5)An(s)),
R (t,5) := f RIt,T)RM | (r,8)dr  form=2,3,...,
RM(t,s) == i R (t,5),
Wh(t,s) = [ exp(—(t—7)An(r))R"(r,5)dr,
(7) Upn(t,s) == exp(—(t — s)An(s)) + W"(t,s),

where exp(—tAp(s)) is the strongly continuous semigroup with the infinites-
imal generator A (s) for h € 2, s € [0,T'].

Since sufficient conditions for Uy, given by (7) to be a fundamental solu-
tion of (1) are known (see e.g. [5]), we do not discuss them here.
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ASSUMPTION Zy. Uy, given by (7) is a fundamental solution of (1) for
h € £2.

We shall use the following two theorems:
THEOREM 1. Suppose Assumptions Z1-Z, are fulfilled.

(i) ([5], Th. 5.2.2) If, for any h € {2, there exists a solution uy of the
problem (1), (2) and the mapping [0,T] >t — fi(t) € X is continuous, then
up, is given by (3).

(ii) ([6], Th. 1) If the mappings
(8) 25h—u) € X,

Q 25 [0.7] 3 (1) = fult)
are continuous, then the mapping (4), with up, given by (3), is continuous.

THEOREM 2 ([4], Th. 4 and Th. 5, p. 301). Let k be a nonnegative integer.
If, for any h € 12,

(a) the mapping 2 > h — A, € M, is k times differentiable and its k-th
deriwative is Holder continuous,

(b) the mapping [0,T] >t — fu(t) € X is k times differentiable and its
k-th derivative is Hélder continuous,

(c) {IN€C|ReA >0} C P(—Ax(t)) and 3C > 0 such that
I(An() + M) < C

1
A +17
then

1) there exists a solution uyp, of the problem (1), (2),
2) uy, is given by (3),
3) uy, is of class Ct in [0,T] and C**1 in (0,T).

3. Differentiability with respect to h. For he (2, let uj be a solution
of (1), (2) and let hg € £2. The function wy, defined by

up(t) — un, (1)

wh(t) = h— hg for h ?é ho
is, for h # hg, a solution of the problem
d
(10) %(t) L Ap(Bwn(t) = Fu(t)  fort e (0,T],
(11) wp, (0) = w)

where

Fft) = fh(t}z - iz (t) Ah(tfz - Zloho (t)uho © for hot ho,

i (1) = A5 (Euny (1) for h = ho,
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up — up tor h £ h
wh =< h—hy 7 ho,
ud! for h = hy,

0

and “” denotes differentiation with respect to h.

PROPOSITION 1. Under the assumptions of Theorem 1, if the mappings
(12) 2>h— f,€C(0,T;;X), R2>h—A,eM, Q2>3h—u)cX
are differentiable at hg and the mapping
(13) [0, T] 3t — Ap,(t)up, (t) € X
is continuous, then the mapping
(14) 235h—u,eC(0,T]; X)

is differentiable at ho and its derivative at hg is given by

(15) Uy () = Uno (8, 0)wh + [ Uny(t,5) Fio(s) ds
0

Proof. Since
Ap(t) — An, () _ An(t) — A, (1)
— 7 un(t) = ————
h — hg h — hg
and the convergence in M is uniform with respect to ¢, the mapping 2 x
[0,T] > (h,t) — Fy(t) is continuous. By Theorem 1 the mapping

T (Ao ()T) ™" Apg (£)uny (2)

t
Q2% [0,T) — @y (t) = Up(t, 00w, + [ Un(t, s)Fu(s)ds
0
is continuous and wy, = wy, for h # hg. Thus, (4) is differentiable with
respect to h at hog, and its derivative at hg is given by (15).

If up, is a solution of (1), (2) for h = hg, and f is continuous, then (13) is
continuous iff uy, is of class C! in [0, T']. For some theorems on regularity of
up, with respect to t we refer the reader to [4] and [3]. Combining Theorem 2
with Proposition 1 we have

THEOREM 3. If the assumptions of Theorem 1 are fulfilled, ul) € D
for h € 2, the mappings (12) are differentiable, {A € C | ReX > 0} C
P(—Ap(t)), 3C > 0 such that

1
Al +1°
and there exist K >0 and ¢ € (0, 1] such that

() = fu(D)] < K|t —7°,

I(An(t) +AD) Y < C

then



316 T. Winiarska

1) there exists a solution uy, of the problem (1), (2),
2) the solution uy, is given by (3),
3) the mapping (14) is differentiable and its derivative is given by
¢
ujy(t) = Un(t,0)up’ + [ Un(t,s)fi(s)ds,
0
where

(16) fa(s) = fi(s) — Ah(s)un(s)  forhe £2.

4. Higher order regularity. In this section we assume that the
assumptions of Theorem 1 are fulfilled, the mappings (12) are differentiable
in {2, there exists a solution uy, of the problem (1), (2) and that, for every
h € 2, it is of class C! in [0, T].

Let f} be defined by (16).

LEMMA 1. If vy, is a solution of the problem

W6+ Ane(t) = FA0) forte (0.7,
v (0) = ul’,

then

(17) va(t) = Un(t,00u) + [ Un(t,s)fa(s)ds

and therefore vy, = uj, for h € £2. Moreover, if the mapping
(18) 2 x[0,T] > (h,t) — fi(t) € X
is continuous, then the mapping (14) is of class C*.
Proof. Since, for a given h € {2, f] is continuous (because the conver-
gence in C([0,T']; X) is uniform) and
Ay (Oun(t) = [AL(O)T] o [(An(t)T) ™ o [An(t)un(?)]
gives also the continuity of the mapping ¢t — A} (t)un(t), fi is continuous

in [0,7"]. Therefore, by Theorem 1(i), we have (17). By Theorem 1(ii) and
since the mapping (18) is continuous, the mapping (14) is of class C?.

LEMMA 2. If, for h € £2, up, is a solution of the problem (1), (2) of class
Cl in [0,T] and C? in (0,T], fn and Ay}, are differentiable with respect to t,
and the mappings
25 h— fu(0) — Ay(O)ul € X,

- dfgt(t) - dA;t(t) an(®

2 x[0,T] > (h,t) eX
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are continuous, then the mapping
duh

25h— — T);X

18 continuous.
Proof. Since uy is of class C in [0,T] and C? in (0,7], dup/dt is a
solution of the problem
dwh dfh(t) dAh(t>
h A - _
o () + An(ten(t) = = o
wh(()) == fh(O) - Ah(O)u?L .

Now Theorem 1 completes the proof.

up(t) forte (0,77,

THEOREM 4. If the assumptions of Lemmas 1 and 2 are fulfilled then the
mapping (4) is of class C*.

Proof. This is an immediate consequence of Lemmas 1 and 2.

The method presented here is the key to the inductive construction of
theorems on the higher order regularity of the solution of the problem (1),
(2) with respect to the parameter h.
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