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Integral representations for some weighted classes
of functions holomorphic in matrix domains

by M. M. Djrbashian and A. H. Karapetyan (Yerevan)

Abstract. In 1945 the first author introduced the classes Hp(α), 1 ≤ p <∞, α > −1,
of holomorphic functions in the unit disk D with finite integral

(1)
∫∫
D
|f(ζ)|p(1− |ζ|2)α dξ dη <∞ (ζ = ξ + iη)

and established the following integral formula for f ∈ Hp(α):

(2) f(z) =
α+ 1

π

∫∫
D

f(ζ)
(1− |ζ|2)α

(1− zζ)2+α
dξ dη , z ∈ D .

We have established that the analogues of the integral representation (2) hold for holo-
morphic functions in Ω from the classes Lp(Ω; [K(w)]α dm(w)), where:

1) Ω = {w = (w1, . . . , wn) ∈ Cn : Imw1 >
∑n

k=2
|wk|2}, K(w) = Imw1 −∑n

k=2
|wk|2;

2) Ω is the matrix domain consisting of those complex m × n matrices W for which

I(m) −W ·W ∗ is positive-definite, and K(W ) = det[I(m) −W ·W ∗];
3) Ω is the matrix domain consisting of those complex n × n matrices W for which

ImW = (2i)−1(W −W ∗) is positive-definite, and K(W ) = det[ImW ].

Here dm is Lebesgue measure in the corresponding domain, I(m) denotes the unit
m×m matrix and W ∗ is the Hermitian conjugate of the matrix W .

1. In his 1945 and 1948 papers [4, 5] one of the authors of the present
report introduced the classes Hp(α) (1 ≤ p < ∞, −1 < α < ∞) of func-
tions f(z), holomorphic in the unit disk D = {z : |z| < 1}, for which the
integral

(1)
∫∫

D
|f(ζ)|p(1− |ζ|2)α dξ dη (ζ = ξ + iη)
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is finite (1). The following theorem was also established.

Theorem A. Any function f ∈ Hp(α) (1 ≤ p < ∞, −1 < α < ∞)
admits the integral representation

(2) f(z) =
1 + α

π

∫∫
D

f(ζ)(1− |ζ|2)α

(1− zζ)2+α
dξ dη, z ∈ D .

This basic result gave rise to a series of papers devoted to integral and
factorization representations of large classes of meromorphic functions. It
also found essential application in the solution of several problems of com-
plex analysis. For detailed information we refer the reader to the surveys
[6] (1987), [7] (1988) of the first-named author and to the 1988 monograph
[3] of A. È. Djrbashyan and F. A. Shamoyan.

As the importance of the classes Hp(α) and their integral representa-
tions was revealed, investigations devoted to the establishment of analogues
of Theorem A for various one-dimensional or multidimensional complex do-
mains became more frequent.

First of all, the known 1958 monograph [14] by L. K. Hua should be
mentioned. There integral representations were obtained for holomorphic
functions which belong to L2-spaces (without weight) in classical matrix
domains (Cartan domains). To formulate one of Hua’s main results, it is
necessary to introduce first some notations.

For any integers m,n ≥ 1 we shall denote by Mm,n the set of all complex
m × n matrices. If ζ ∈ Mm,n, then ζ∗ ∈ Mn,m will be the Hermitian
conjugate of ζ. We shall denote by I(m) the square m×m unit matrix. We
introduce the Lebesgue measure in Mm,n as usual:

(3) dµm,n(ζ) =
∏

1≤i≤m
1≤j≤n

dm2(ζij) ,

here ζ = (ζij)1≤i≤m,1≤j≤n ∈ Mm,n and m2(ζij) is the Lebesgue measure
in the plane of the complex variable ζij . Note that M1,n coincides with
the ordinary complex coordinate space Cn and µ1,n is the 2n-dimensional
Lebesgue measure in Cn ∼= R2n.

The domain

(4) Rm,n = {ζ ∈Mm.n : I(m) − ζζ∗ is strictly positive-definite}
is called the generalized unit disk in Mm,n. It is easy to see that R1,n coin-
cides with the unit ball Bn = {ξ = (ζ1, . . . , ζn) ∈ Cn : |ζ|2 =

∑n
k=1 |ζk|2<1}

in Cn = M1,n.

(1) By reasons not quite clear to us the name “weighted Bergman spaces” established
itself for these classes in recent years. It does not, evidently, reflect the real essence of the
matter.
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The result of L. K. Hua is

Theorem B. Any holomorphic function f ∈ L2(Rm,n; dµm,n) admits
the integral representation

(5) f(Z) = cm,n
∫

Rm,n

f(ζ)
[det(I(m) − Zζ∗)]m+n

dµm,n(ζ) , Z ∈ Rm,n ,

where

(6) cm,n =
∏m+n
l=1 Γ (l)∏m

k=1 Γ (k)
∏n
j=1 Γ (j)

· 1
πmn

.

Since Rm,n coincides with the unit disk D ⊂ C for m = n = 1, Theorem
B is a multidimensional analogue of Theorem A but, of course, only for
the particular values p = 2, α = 0 of the parameters. Moreover, note that
when m = 1, n ≥ 1, Theorem B establishes the integral representation of
holomorphic functions which belong to the space L2 (without weight again)
in the unit ball Bn ⊂ Cn.

Thus, Theorem B did not answer the question whether there existed
multidimensional analogues of the representation (2) for holomorphic func-
tions from weighted Lp-spaces, for p ∈ [1,∞). However, later investigations
gave the solution of this problem for certain domains. More precisely, the
following theorem turned out to be true.

Theorem C. Let 1 ≤ p <∞, −1 < α <∞ and let the complex number
β satisfy

(7)
Reβ >

1 + α

p
− 1 if 1 < p < +∞ ,

Reβ ≥ α if p = 1 .

Then any holomorphic function f in Bn for which

(8)
∫

Bn

|f(ζ)|p(1− |ζ|2)α dµ1,n(ζ) <∞

admits the integral representation

(9) f(z) =
Γ (1 + n+ β)
Γ (1 + β)πn

∫
Bn

f(ζ)(1− |ζ|2)β

(1− zζ∗)1+n+β
dµ1,n(ζ) , z ∈ Bn .

For n = 1, i.e. in the case of the unit disk D ⊂ C, this easily follows
from Theorem A, which, as has already been mentioned, was established in
the 1940s by one of the present authors in [4, 5]. For n > 1, but α = 0,
Theorem C was first established by F. Forelli and W. Rudin in their 1974
paper [12], where, however, the case p = 1,Reβ = 0 failed to be considered.
In the 1988 survey [7] it is shown that even in the general case, i.e. for
n > 1 and −1 < α < ∞, Theorem C can be established by the methods
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already developed in the forties, when Theorem A was proved (2). Note,
by the way, that the statement of Theorem C essentially generalizes that
of theorem B only for m = 1, n ≥ 1. It should also be mentioned that in
M. Stool’s 1977 paper [15] the analogue of the integral representation (9) was
established for arbitrary bounded symmetric domains including the domains
Rm,n (m,n ≥ 1). But all that was done for spaces without weight , just as
in the paper of F. Forelli and W. Rudin [12]. Finally in 1978 Š. A. Dautov
and G. M. Henkin [2] obtained the analogues of (9) for smooth functions in
strictly pseudoconvex domains which are much more general than the unit
ball Bn.

The result we established in 1989 (see [10]) is a further generalization of
Theorems A, B, C and may be formulated as follows.

Theorem 1. Let 1 ≤ p < ∞, −1 < α < ∞ and let the complex number
β satisfy

Reβ >
1 + α

p
− 1 if 1 < p < +∞ ,

Reβ ≥ α if p = 1 .
Then any holomorphic function f in Rm,n (m,n ≥ 1) for which

(10)
∫

Rm,n

|f(ζ)|p[det(I(m) − ζζ∗)]α dµm,n(ζ) <∞

admits the integral representation

(11) f(Z) = cm,n(β)
∫

Rm,n

f(ζ)[det(I(m) − ζζ∗)]β

[det(I(m) − Zζ∗)]m+n+β
dµm,n(ζ) ,

Z ∈ Rm,n ,
where

(12) cm,n(β) =
∏m+n
l=1 Γ (l + β)∏m

k=1 Γ (k + β)
∏n
j=1 Γ (j + β)

· 1
πmn

.

We see that Theorem 1 is an extension of Theorem C and precisely
coincides with it for m = 1, n ≥ 1. On the other hand, Theorem 1 is an
essential generalization of Theorem B and coincides with it for special values
of parameters: p = 2 and α = β = 0. We think that the methods developed
in Hua’s monograph [14] for the proof of Theorem B cannot be applied in
the more general case of Theorem 1.

2. So far we have considered analogues or generalizations of the integral
representation (2) for (multidimensional) bounded domains. But there also

(2) The parameter β of (7) was supposed to be real in the survey [7], but the proof
presented there obviously remains valid also for complex values of β.
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exist investigations where analogues of (2) are obtained for certain classes
of holomorphic functions in unbounded domains. In this connection we
mention the 1964 paper of S. G. Gindikin [13] devoted to analysis in Siegel
domains. These domains are defined as follows:

(13) D = {η = (z, u) ∈ Cn+m , z = x+ iy ∈ Cn , u ∈ Cm :
y − F (u, u) ∈ V } ,

where V ⊂ Rn (n ≥ 1) is a sharp open convex cone and the mapping
F : Cm × Cm → Cn (m ≥ 0) has some natural properties, usually referred
to by means of the term“V -Hermitian form”. By the way, note that D is a
tube domain in Cn over the cone V ⊂ Rn if m = 0, i.e. if there is not any
form F . In particular, S. G. Gindikin constructed the reproducing kernels (in
the form of Laplace integrals) for holomorphic functions in unweighted L2-
spaces in Siegel domains. Moreover, he wrote down the explicit form of these
kernels for the so-called affine-homogeneous Siegel domains. Later (1980),
R. Coifman and R. Rochberg [1] indicated that Gindikin’s methods allow
one to obtain the explicit form of the reproducing kernels for some weighted
L2-spaces of holomorphic functions in symmetric affine-homogeneous Siegel
domains.

In any case, there remained open the question of existence of integral rep-
resentations for holomorphic functions in weighted Lp-spaces in unbounded
domains, for 1 ≤ p <∞. In other words, the problem of obtaining the most
complete analogues of Theorem A for some (even the simplest) unbounded
domains remained unsolved.

In 1985 M. M. Djrbashian and A. È. Djrbashyan [8] proved the following
theorem by applying the integral representation (2) and a special passage
to the limit.

Theorem D. Let 1 ≤ p <∞ and −1 < α <∞. Then any holomorphic
function f in the upper half-plane Π+ = {ω ∈ C : Imω > 0} with

(14)
∫∫
Π+

|f(ω)|p(Imω)α du dv <∞ (ω = u+ iv)

admits the integral representation

(15) f(w) =
2α(α+ 1)

π

∫∫
Π+

f(ω)(Imω)α

[i(ω − w)]2+α
du dv , w ∈ Π+ .

In the same paper the corresponding projection theorem was also ob-
tained.

Making use of a similar limit passage and basing on the integral repre-
sentation in the unit ball Bn ⊂ Cn (see Theorem C) we have established an
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analogue of Theorem D for a Siegel type domain

(16) Ωn =
{
ω = (ω1, . . . , ωn) ∈ Cn : Imω1 >

n∑
k=2

|ωk|2
}
.

This domain is biholomorphically equivalent to the unit ball Bn and coin-
cides with the upper half-plane Π+ ⊂ C for n = 1. More precisely, the
following 1987 theorem [9] turns out to be valid.

Theorem 2. Let 1 ≤ p < ∞,−1 < α < ∞ and let the complex number
β satisfy

Reβ >
1 + α

p
− 1 if 1 < p <∞ ,

Reβ ≥ α if p = 1 .
Then any holomorphic function f in Ωn with

(17) ‖f‖pp,α ≡
∫
Ωn

|f(ω)|p
[
Imω1 −

n∑
k=2

|ωk|2
]α
dµ1,n(ω) <∞

admits the integral representation

(18) f(w) = 2n−1+βc1,n(β)
∫
Ωn

f(ω)[Imω1 −
∑n
k=2 |ωk|2]β dµ1,n(ω)

[i(ω1 − w1)− 2
∑n
k=2 wkωk]1+n+β

,

w ∈ Ωn .
Moreover, under the condition Reβ > (1 + α)/p − 1 (1 ≤ p < ∞) the

integral operator generated in a natural way by the representation (18) is
a bounded projection from the function space {f : ‖f‖p,α < ∞} onto the
subspace of holomorphic functions.

Later on (1989) we found out [11] that if we make use of the same idea
of special limit passage and base upon the integral representation (11) of
Theorem 1, then the statement of Theorem D can be extended to the case of
another multidimensional analogue of the upper half-plane, quite different
from Ωn. We mean the so-called generalized upper half-planes πn (n ≥ 1),
defined as

(19) πn = {ω ∈Mn,n : Imω = (ω − ω∗)/2i is strictly positive-definite} .
The domain πn is biholomorphically equivalent to the generalized unit disk
Rn,n.

So we have proved

Theorem 3. Let n ≥ 1, 1 ≤ p < ∞ and let α > max{−1 ; p(n − 1) −
(3n− 1)}. Then any holomorphic function f in πn with

(20) ‖f‖pp,α ≡
∫
πn

|f(ω)|p[det(Imω)]α dµn,n(ω) <∞
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admits the integral representation

(21) f(w) = 2nβ · cn,n(β) ·
∫
πn

f(ω)[det(Imω)]β

[det(i(ω∗ − w))]2n+β
dµn,n(ω) ,

w ∈ πn ,
where

Reβ >
1 + α

p
− 1 if 1 < p <∞ ,

Reβ ≥ α if p = 1 .

Moreover, the integral operator generated by the right hand side of
(21) is a bounded projection from {f : ‖f‖p,α < ∞} onto its subspace
of holomorphic functions, provided 1 ≤ p < ∞, α > p(n − 1) − n and
Reβ > (α+ n)/p− 1.
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