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A formula similar to Barnes’ lemma

by F. M. RaeAB (Princeton)

The formula to be established is
+ioo

1
o [ POIa—9)TE—s)Tp—a)I(a—p+s)I(f—p+s)(—1)ds

27t

_ T(a)I'(p)[(a—3p)(B—ip) I (ha+4p—ip) (3 +tat+ 36— ip) '(3P)
2P~ (}) I (a+B—4p) exp (—Fimp) ’

‘where

1) Ra>0, RE>0, Rp>0, R(a—p)>0, R(B—p)>0.
The path of integration is of Barnes’ type and is curved, if necessary,
to separate the increasing sequence of poles from the decreasing sequence.

(1) is an extension of Barnes’ lemma (see [1]) namely

1

+ic0
= f T'(a+s)T(B+8)T'(y—s)I(8—s)ds

{ oo

2

_ D(atn) e+ I (B+y) T (B+9)
I'(a+p+y+96) ’

To prove (1), write I for the expression on the left. Let O be the se-
micircle of radius ¢ on the right of the imaginary axis with its centre ab
the origin and suppose that ¢ -» co in such a way that the lower bound
of the distance of ¢ from the poles of I'(a—s)I"(—s)I'(p—s) is definitely
positive. Then the integrand is asymptotically equal to

0 [s***~?=3 exp (—3x|Ims|)],

ag |s| - oo on the imaginary axis or on €. Thus the original integral
converges and the integral round O tends to zero as g — oo when
R{a+p—3p—1) < 0. The integral iy therefore equal to minus 2w times
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the sum of the residues of the integrand at the poles on the right of the

contour. Thus
I =T (B—al(p—a)l(a)]'(2a—p)(a+f—p)e™ x

x 3Fy(a, 2a—p, a+f—p;1+a—p, 1+a—p; 1)+

+T(a—B)I(p—B)T(B) T (a+B—p)I'(2B—p) ™ x
x 3By (B, 28—, a+f—p; 1+f—a; 1+F—p; 1)+
+I'(a—p)I(B—p)T(p)I'(a)T(B)€™ x
X Fy(p, @, B3 1-+p—a, L+p—F;1),
‘where
. LAy - (a)n (82)n (@, 3)n
sFo (a1, @y, @33 b1y Be5 1) = n;‘:wb“) "y
and

(@) = T(a+n)[I(@), (a) =1, (a)o=ala+1)...

Now sum each ,F, in the last expression by means of Dixon’s the-
orem, namely

oFo(e, b, ¢; 1+a—b, 1+4+a—c; 1)

(a+n—1).

_ I'(14+4a)T(1+a—b)T(1+a—e)I(1+4a—b—o0)
I'l4a)I'1+ia—b)I'1+3a—e) (1 4+a—b—c)’
g0 getting
I'p—a) () (1+a—p) gire
I= 1 ﬁ X
To—a)Za—p)(atf—p)I(1+a—ip)[(14+a—p)I'(1 —a—fa’l%p
T(1420—p)I'(1—4p)I(1~B+4p)
T(a—fI(B)L(1+B—~a) .
+ IF(1—a) o
T —p L2 —p)(a+B—p) I (1+—4p) (1 +B~p) (1 —a—p+4p)

T+26~p T —4p) [(1—a+1p) *

L) I'(B)I'(p) g s
I(i+p)

XF(a~p)1“(:3 P)P(1+3p) ' (A+p —a) P (14-p—B) (1 + p—a—p)
Tl+4p—a) A +4p—p) (1 +p—a—p) ’
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where Dixon’s theorem is used with ¢ = 2¢—p, b=a, ¢ = a+f—p in
summing

aF'a(a; 2a—p, atf—p; 1+a—f, 1+a—p;1)
and with ¢ = 2f—p, b =8, ¢ = a+f—p in summing
oo (B, 26—p, a+f—p; 14+p—a, 14+p—p;1)
and finally with ¢ = p, b = o, ¢ = § in summing

sFa(py a, B514p—a, 14+p—F;51).

Thus
(A) I =@m)7 ' I(a) (B (a—3p)[(f—4p)[(a+B—p)I(1+3p—a—p) x
X I'(4p)sinm(a—$p)sinw (f—$p)sin npexp dinp x
x[, _sionf expin (a—3p)+
sinw(f—a)sinn(p —a)sinw(a—3p) ;

sinma

sinm (a—p)sin (p—p) sinw (f—1p) exp im (B —ip)+

+ siar(a+6—p) exp $iw ]
sin 7 (p —a)sinw (p —p) sin Inp b -

Now, to find the value of the expression between brackets [ ] in (A)
consider the integral

sinz (a+p—z)exp [in (2 —3p)]

1
B %lf sinm(z—a)sinw (z—p)sin (2 —p)sinw (2—4p) 4z

where the contour I" does not pass through any pole of the integrand.

Tf we choose I" to be a large rectangle with sides parallel to the real
and imaginary axes in the z-plane, then the contributions from the vertical
lines ecancel if we make the distance between them equal to an even in-
teger. On the horizontal lines, the integrals tend towards exp( —nn—37n)
where 7 is the imaginary part of z on the horizontal lines. If I' becomes
very large, so that 5 — oo, then the integrals along the horizontal lines
tend towards zero too. Thus the integral along the large rectangle I" va-
nighes, so that, from Cauchy theorem, the sum of residues at the poles
@, B,p, 3p is equal to zero. Thus the expression between brackets [ ]
in (A) is equal to minus the residue at z = }p of the integrand in (B).
By substituting the value of this residue in (4), (1) follows after some
reduction. The formula has been proved only when R(a+f—3p—1) <0,
but by the theory of analytical continuation it is true for all values of
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a, B, p for which none of the poles of I'(s)I'(a—p-+s)I(—p-s) coin-
cide with any of the poles of I'(a—s)I'(f—s)I'(p—s).
I am indebted to the referee for his valuable suggestions.
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Sur un probléme de stabilité

par Z. OpiAL (Krakéw)

Introduction. Dans le présent article jétudie la stabilité de la so-
lution identiquement nulle de Péquation différentielle linéaire du second
ordre

1) w'+p)u =0

ol p(t) est une fonction continue et périodique de période w. Sans restre-
indre la généralité on peut évidemment admettre que o = . L’équation
(1) étant lindaire et homogéne, pour démontrer que Vintégrale %(t) =0
est stable pour ¢ — +oo et § —» —oo, il suffit de montrer que toutes les
intégrales de cette équation sont bornées sur I’axe (—oo,+-00) tout entier,
ou, ce qui revient au méme, que les deux intégrales indépendantes jouis-
gent de cette propriété.

La premiére condition suffisante pour la stabilité de Vintégrale iden-
tiquement nulle de I’équation considérée a été donnée, il y a déjh plus de
cinquante ans, par A. Liapounoff dans son mémoire Probléme général
de 1o stabilité dw mouvement (v.[1]).

Voici Iénoncé du théordme de Liapounoff:

8i la fonction p(t) continue, non identiquement nulle et périodique
de période w satisfait auw conditions

% 4
0
T

p) >0 o [p)at<
0

toutes les intégrales de 1 équation (1) sont bornées.

Depuis ce temps, plusienrs auteurs se sont occupés de ce probléme
en généralisant et complétant de diverses maniéres les belles recherches
de Liapounoff. En particulier, G. Borg a établi, entre autres, le théoréme
suivant:

83 la fonction p(t) est de la forme p (1) = a?+-¢q(t), o a est un nombre
tel que 0 << a <1 et q(t) est ume fonction continue et périodique de période
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