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En vertu de (2.5) on a

(4.2) gi(e) <pglw)  (1=1,2,...
(4.3) 7:(8) < pi(8) =

Les fonetions f; (t,gl(t), ety gn(t)) étant continues pour teD, on a
(4.4) i) = file, (@), .., gn(@)  (E=1,2,...,0; weD).

Les fonctions f;(®,y1,..., ¥s) €tant croissant par rapport & y, ...y,
(cf. Phypothése H) on déduit de (4.4) et (4.2) le systéme d’inégalités diffé-
rentielles

(4.5) i) < i@, pr(a); ., Pu(@))
auquel on peunt appliquer le théoréme B cité au § 3. On obtiendra ainsi,

en vertu de (4.3), (4.5) et (2.4), les inégalités (3.3) qui, rapprochées des
inégalités (4.2), conduisent aux inégalités (2.6), c. q.f. d.

(i =1,2,...,n).

(t=1,2,...,n; reD),

§5. Remarque 1. Le théoréme I est en particulier vrai pour # = 1,
Dans ce cas chacun des systémes (2.1), (2.5) et (2.6) pris séparément se
réduit & une relation. Pogons en particulier

hiz, ) = NM b{@)|y, & =0, ale) = |G ).

L’inégalité (1.1) intervenant dans le lemme de M. Bellman prend la forme

m =M,

a(@) <mt [ hilt, g0)ds.
&

L’intégrale supérieure y; = &y (v) de Péquation y; = f(z, 1) = NM |hix)|y,
k4

pour laquelle gy (&) = 7, = M est de la forme ky (x) = M exp (NM [|h (1) dt).
0

En vertu du théoréme I on obtient 'inégalité g, (#) < ky () pour 0 <o < @
et cefte indgalité coincide évidemment avec l'inégalité (1.2).
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Wave propagation in a stratified medium
by E. J. Scorr (Urbana, Illinois)

In a recent article!) the problem of propagationn of heat in a bar
consisting of many parts having different thermal properties was ana-
lyzed. Equally as important in the applications is the consideration
of wave propagation in a medium composed of jmaterial having diffe-
rent physical characteristics. Examples of such media are: (1) a trans-
mission line consisting of segments each of which is made of a different
metal, (2) a taut string having parts of various densities, and (3) conti-
guous slabs of different materials. )

To be specific, let us suppose that a dissipationless transmission
line consists of n parts o, <@z < (k=1,2,...,n, 5, =0) having
the corresponding line constants a,. We shall consider the following
boundary value problem: '

a) a;t;E:ai%, Ty <X <&y, =0, t>0 (k=1,2,...,m);
(2) Vi(0,1) = G(t), Valr,, t)=H(), 1>0;

(3) Vi@, 1) = Viga(@g, 1)  (k=1,2,...,n—1);

(4) W’“;z’“t): W’“';;m"’t) (h=1,2,..,n—1);

(5) Vilz, 0) = Fy(®), Goa<o<ap, =0 (b=1,2,...,m);
(6) B“I@‘;;nito—):‘fk(m)a P < T <@y To=0 (k=1,2,...,n).

Conditions (2) are the boundary conditions, (3) and (4) are the con-
tinuity conditions, and (5) as well as (6), the initial conditions.

We shall employ the Laplace transform to etfect a solution. To
that end, let Lt{V,c(m, t)} = vx(,p) (k=1,2,...,n). Then, taking the
Laplace transform of (1), we obtain
(M Poy(@, p)— pVi(®, 0)— Vi@, 0)/3t = 0idvs(x, p)/da’,
(k=1,2,...,n).

Iy <& <@y Bo=0

1) V. Voditka, Conduction de la chal dans ume barre formée de plusiers
parties en materiaux différents, Prace Mat. Fiz. 48 (1952), p. 45-52.
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If the system is initially in equilibrium, Vi(x,0) = 8Vy(@, 0)/it = 0

and (7) reduces to .

(8) Py, p)fda’— (p*[af) vi(w, p) = 0

whose solution is

(9) Ve(2, p) = Ay cosh(p/a)w+Bysinh(p/o)e (b = 1,2,...,m).
The transforms of (2), (3) and (4) with respect to ¢ are:

(10) u(0, p) = ¢(p),

(11) Ve (T, P) = Vq1 (Tx,y D),

Vu(Tny p) = h{p),
vy (T, p)/dm = Qpy1 (Vs P) e
(k=1,2,..,0-1),
where L{G (1)} = g(p) and L{H ()} = h(p).
From conditions (9), (10) and (11), we obtain

(12) 9(p) = 4,,
(13) . Ay cosh(p/ak)mk—i—Bk sinh (p [ay,) 2%
= Ay, cO8h(p g y.1) W+ By yy sinh(p/a,¢'4_1)w,a (b=1,2,...,n-1),
(14) (ary2 /ax) [Ay sinh (p [ay) w4 By, cosh (p fay)a]
= Ay y SIDN(P fary 1) @+ By cosh(p /o), (b =1,2,..,n—1),
(15) Ay, 08D (p [an) 2y 4By inh. (p fay) 1, = h(p).
Solving the system of equations (13) and (14) yields the result
(16) Apyy = Ay 6+ By 4y, (k=1,2,..,n—-1),
17 Bipy = —dy 4—Bi 8, (k=1,2,...,n—1),
where
) 5 — cosh (p [ay,) 2y, Sinh (p g ,) oy
(0g41/ox) sinh (pjag)ay,  cosh(p/ay,,)m,|
(19) 4= sinh (p ay) @, Sinh (p fagq.1)
(aks2/ax) 00Sh (p fag) o, 0O8h (p/ag )|

g,; nl:t‘the geterminant obt.ained_from 0, by replacing the hyperbolic sine

deterxop y the h.yperbohc cosine function and wvice versa, and 4, is the

d 1Jlxla.mamt; obtmed .from 4y by replacing the hyperholic sine function
y the hyperholic cosine function and vice versa,

icm°
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Thus, since A, is known, (16) and (17) enable us to express 4, and
B, in terms of B, only. These values when substituted in (15) gives a li-
near equation which can be solved for B,. By retracing one’s steps the
values A,_1, Buo1y An_ss Bu_zy---, A3, By, A, and B, are obtained. Hence,
by the complex inversion integral,
| o . } _
(200 Vilo,t) =2 [ LAz cosh(p/a)o+By sinhip/a) o] dp

¢—1o0

(b =1,2,...,m).

The procedure is perfectly general. When % is large, however, the
amount of algebra involved is considerable. We shall consider in detail
a problem for which %k =1, 2.

Let us suppose that initially a finite transmission line is dead and
that the ends #, = 0 and x, are maintained at zero potential and H,,

respectively, 1. e.
(21) Vi(0,8) =0, Va(ay, 1) = B, 1>0.

It follows readily that g(p) =0, h(p) = Ey/p, 4, =0,

A »-\ ’ EoAl e
* 7 p[ 4 cosh (paafap) — O Sinh(pwyfea)]
B = =L
1T T p[ 4, cosh (pay jag) — & Sinh (ps/cs)]
and
— 8. B,
Bz — k0

[ 4y cosh (paya;) — & Sinh (prafaa)] |
Therefore, from (9) we have the following equations:

(22)  wu(e, p)=
_ B, sinh(pja)s -
= S (p Jen) 2, 00sh(p oa) 7y 1) +-(aafa) cOSh (p fas) @y Sinh (p o) (2z—a)}

0 <o <@y,

(23) - va(w,;p) =

_ By{sinh (poy) 2 cosh (p fas) (@—11) + (aaay) cOSh(p fa) 2 Sinh (p fo,) (2—1))
" p{Sinh (p Jaz); cosh (p faz) (@—y) + (/1) CoSh (p/aa) @y sinh (p fag) (23 —21)} ’

@ < & <Xy
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By the inversion theorem, we thus have

e+ ico
1 of
(24) Vi(z, 1) = omi . vy (2, p) e dp,
C— too
1 Cino
(25) Vi@, ) =5— [ e, p)edp.
27”0—1'0@

The integrands of (24) and (2B) are single-valued funetions with
poles at p = 0 and those values of p for which

(26) ay tanh (p [ay) @y 4y tanh (p foy) (@y—ay) = 0.

It can be shown readily that equation (26) has the roots p = 0 and
P = £ip,, where f§, are the real positive roots of

(27) a ta@(ﬁ%/“l)’l‘% ta'n[ﬂ ("L"z—ml)/az} = 0.

One observes that p = 0 is a simple and not a double pole.

icm

For the integrand of equation (24), we find from. the theory of re-

gidues that
Res(0) = Box/fm,,
_ By sin (4 f,w/0;)

RBB( :Elﬂn) - iM ’

‘where
M = B{(@s)or) CO8 (B or) €OS [ By (05— 1) [y ] —

—[(y —z1) [tz +2, 0y /a%] SN (B @y fay) 8iN [ By (05 "“501)/0!1]’ .
Therefore,

(28) V(2,7 =on/m2+m02 008 (An?) j;,l(ﬂ”w/“‘) 0 <o<m).

=1

For the integrand of equation (25), we find similarly that Res(0) =
© = Bywla,

Res(ﬂ:iﬂn) _ Eoeiiﬂ”tSill(ﬂ:ﬂn?x/;) €08 [Bn (% —ay) ug | 4
+ By 6+ gy [ay) CO8 (B iy [oy )8 [ By, (& —y) [y ]
N H

where
N = £ fu{(2:/c1) co8 (B, [ay) €08 [y (73 —y) g ] —

@ —a1)fay +a, ¢4 /o] sin (Bnity o) sin [ﬂn(‘lwﬁ""'lll)/(’z]}
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and consequently
(29)  V(z,1) = Byzfay+

T [ 0O (But) 8it (i o) c08 [By (€ — ) jay] |
+2E‘,§( . +

. o8 (Bat)(az/ay) COS(Bnoy [0y) Sin{ﬂn(ﬂ——wx)/az])
S b
where
8= ﬂn{(a'z/al) COS (11 [e1) COS[By (0 —y) Jatg ] —
— (s~} Jos + oy 21 [} ] 8D (B 01 [ay) sin fﬂn(ifz—ml)/az]} (i <a<<ay).
Remark. Tt might be mentioned that the preceding analysis applies
direcfly to a spherically stratified medium for which there is spherical
symmetry. For, the differential equation is 8*(rU)/a#* = K*0*(rU)jor’
and this is exactly of the same form as (1).
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