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Les ANNALES POLONICI MATHEMATICI counstituent une continua-
tion des ANNALES DE LA SOCIETE POLONAISE DE MATHEMATIQUE
(vol. I-:XXV) fondées en 1924 par Stanislaw Zaremba,

Les ANNALES POLONICI MATHEMATICI publient, en langues des
congrés internationaux, des travaux comsacrés A I'Analyse Mathématique, -
la Géométrie et la Théorie des Nombres.x‘ Chaque volume parait en quelques
(2-3) fascicules.
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A method of determining the existence domain for
solutions of partial differential equations of the first order

by A. Pri§ (Krakéw)

1. In the present paper we shall deal with the Cauchy problem for
the differential equation

0z

(1) e (‘rzf/l,u-:-‘/m%

oz oz )
Oz ’

The domain in which a solution of class C*') exists for equation (1)
with the initial condition

(2) z(a’yyl:'--;yn) zw(yly-"y?/n);

will be determined ‘‘along a given characteristic”.

For this purpose we shall introduce a system of supplementary cha-
racteristic equations for equation (1) (system (4))?). It is satistied by the
derivatives z,, (4,7 =1,2,...,n) of any solution z of equation (1)
along the characteristic (Theorem 1).

Theorem 2 together with its application to the estimation of the
existence domain for solutions of the equation

0z 7 0z 0z
e (‘ralz/la---’f‘/n:‘é;/’;:“wg—'%)
with initial condition (2) was stated in [3].

2. Let us denote by O%" (0 <k < m) the class of functions which
are of class C* and possess continuous derivatives to the m-th order with
respect to all variables with the possible exception of the wvariable z.

Assumption A(ay, a;). Suppose that the function f(z,P), where
P = (py,..., p2n+1) =(Y,2,Q) = W1y ---1Ynys 2 Q1) -+, Gn), defined in an

1) A function continuous together with its derivatives to the m-th order is
termed a function of class U™.

) Analogous systems have been used for the quasilinear partial differential
equation of the first order in papers [2], [4].


GUEST


oy

184 A. Plig

open set G is of class (' and the system of classical characterigtic
equations

yé:”‘fq;(mr Y,2,Q) (1=1,2,...,n),

(3) Z’ = f(‘?’) yvz: Q)'—ZQIJQ;,('T: Y:'9’7Q)7
k=1
!Zé=fy‘(w Y, % Q“‘qifzm Y,z 0) (i = 32y ey m)
has & solution Y = @(@) = (p(#), ..., (@), # = &(m), @ = I'(@) =

= (n(@), ..., yu(®)) defmed in the 1ntyerval o <®<a (g <a-<a)d)
We shall also use the following system of supplementary characte-

ristic equmtions-

(4) ,—2

quq.,. z,P) tki1111!+2 Tosn (2 P)+ope (2, P) i) trg +-

k=1 m_J
+ E(qum(my P)‘f’fqhz(wi ‘P)Qi)tlmz ’Jf‘fz(m’ 'P) tt:r'"“
k=1

+fz/;w(wy P)’Ffv‘s(wap)qj“l"fv,z(w: P)gd,‘l‘fu(m P)gm'(lf

where P = (& (w), { (), 1‘(m)).v
We shall denotu by Y(a, V)= (yl(m V) ooy Unlee, 7)), 82, V),
Q,V) = (a(z, V), ..., gul, V)), where V = (4}1,. .y ), the golution of

the system of ordina.ry differential equations (3) satisfying the initial
conditions '

B Y@,V)=V, s0,V)=0), §V)=a,)
(6 =1,2,...,n)
for V from a certain neighbourhood of the point H = @ (a), where

o(H) ={(a), oy,(H)=yi(a) (i =1,2,...,n). It is evident that
(3") Y(z, H) = &(x), sz, H) = {(x), Q@, H) = I'() for a; < & < a,.
Moreover we shall use the following notation:

Oy, (2,V)

’. ]
A o0,

. tor V=gH.

3. TamorEM 1. Let us make assumption A(ay, a;). Suppose that
o solution z(z,Y) of equation (1) with condition (2) 4s of class OF in
a ne'bghbowrhood of the are ¥ = d(x), a, < & < ast).

®) It follows that the points o = ¢, ¥ = & = = I bel
to @ for o < £ < a,. (6,2 =L(§),Q = I'(&) belong

. S‘) We glve the term meighbourhood of a set S to an open set containing the
8o

(:7“‘17‘41- -y”’):
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Then
(6) the fundtions ty = 2, (2, D(z)) (3, 7—-'1 2,
in the interval J:a; < z < ay,
(7) the functions wl(x) satisfy the inequality det (i (@) £ 0 for aed.
Proof of theorem 1. At first we shall prove relation (7). From
(3) and from the identities : :

(8) s(x, V) =z(w,Y(:z:,V)),

Loyn) fulfil bsystem (4)

¢z, V) = 2y (w: Y(, V))
(t=1,2,...,n)

it follows that the functions yy(z,V)({=1,2,...
ing differential equations:
9 yilz,7V)

= —fo (@, X (@, V), 2(m, X2, V), 242, X (@, V), .. 2y, f2, T2, V)
in a certain neighbourhood of the segment a; < # < a,, V = H. Diffe-
rentiating the relations (9) on both sides with respect to »; (1'<<j < n)

we obtain the fo]lowing equations fulfilled indentically by the functions
wuy = 1 (x) ('i=1 2, .0,m):

10) - u »2[ fm —fuelZ

, 1) satisfy the follow-

n
(X)= D fougu(B) 20 X))t
m=1 B
t=1,2,..,n),
where X = (z,¥(z,H)) and Z = (X, 2(X), 2, (X), ..., #,(X)).
By virtue of (5) we have det(u}(a)) = 1; then inequality (7) fol-
lows from (10). .
Now we shall prove property (6). We begin with a particular case:
we suppose that the solution 2(z,y) is of class ¢°. Under this stronger
assumption we have the relation

n
11y 4 (z,,‘w (z, @(m)))/dw = s () B(2)) + Zq),ﬁ(w)z,,m,,,(m, D ().
= .
By virtue of the identity

Zp = fld, 1y .eny Uns @5 Zyyy v ony 'A‘/ﬂn)

we have
(12) 20581 Y) = [y (U) +y,2( U)zuy+fw1z([7)zi/¢+fzz( U)zmzb, -+
. + 2 (fam( U) gl U)z,,,) Ay T 1o (U) 2y, +
f=1
+ (fgk”l( U) 4+ U)zw) Pyt
=

]
T E Z Fasal U) 20w 2,00,+ 2 qu I
%

=1 m=1
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where U = (@, Y1) ..., Yny &) &y -y ,). From (11), (12), (8), (5') and
from identities gy(®) = —f,, (%, P(w), (2}, ['(2)) it follows that relation
(6) iy satisfied in of.

Now we shall consider the general case. Let [by, b,] be arbitrary
closed subinterval of the interval (a;, a,) containing the point 2 = 4
(g <by <a<b;<ay) We shall approximate the function f(, P)
and the function w(Y) = z(a,Y) defined in a neighbourhood N of the
point ¥ = H by functions of class C*. It is known that for any positive
number ¢ there exist functions f"(x, P), w"(¥) of class O° possossing the
following properties:

(18) f=fl<ry |fp—Tol<r, Upimg = Fpegt <00 (6,5 = 1,2, ..., 2n4-1)
in @, and

(14) |o—ao" <7, Jeoy, — @, | <7, |"-’1/‘z//"“(“;‘/u/1[<7‘ (t,7=1,2,...,m)
in N '

Let us denote by ¥'(x,V), s"(z,V), @ (x,V) the solution of sy-
stem (3") with initial condition (5*) where (3%), (5") are obtained from
(3), (B) by substituting § = f* and @ = «". The righthand members of
system (3) are of class C*' and the initial values () are of class *. Hence
the funcions ¥"(x,V) together with their derivatives of the first order
are uniformly convergent for r -0 in a neighbourhood of the segment
V=H, b <z <b,. The limit function ¥ (,V) fulfils inequality (7)
for b < # < b,. Then it is eagy to observe that for sufficiently small »
the fransformations ¥ = ¥(¢,V) possess inverse transformations
V =V"(®,Y) defined in a neighbourhood M of the arch, <z < by,
Y = &(). Each function ¢ (v,¥) = " (z, V" (s, Y)) is of class ¢° and
satisties equation (1%) with condition (2%), where (1%), (2¥) are obtained
from (1), (2) by substituting § = fy ® = o’". Hence the functions iy =
= %, (2, X" (2, H)) satisty system (4) obtained from (4) by substitu-
ting f = f". It is evident that the functions t; uniformly tend to the
functions #; = 2, (¢, ®(x)) in the interval by < @ < b,. Therefore,
the - funetions lig = 2y, (m, ¢(w)) satisfy system (4) in the interval
by < ® < by. Thus the proof of theorem 1 ig completed.

4. THEOREM 2. Let. us make assumption A(dy, dy). Suppose thal
a solution by = 1y4(®) (i,j =1,2,...,n) of system (4) i¢ defined in the

interval (dy, dy). Let a function o(Y) be of class C* in a neighbourhood
of H and satisfy the conditions

w(H) = ¢(a),
((“) (J)V‘(H) = (a)
@y, (H) = v44(a)
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Then there evists a function z(x, y) of class C* in a certain neighbour-
hood of the arcY = D (x), dy < & < dy, satisfying equation (1) with con-
dition (2).

Moreover, the following identitics are satisfied:

(15) g (w: Qj('u)) = Ty(m) (T, =1,2,...,m)
for dy < @ < dy, and for 1 <j < n the functions w, = ul(x) satisfy the

following system of ordinary differential equations:

(18) '”'Ié MZ ("" fdﬂln (W) _quﬂ(W) Vi (X)) — Efmqm(W)Tm}c(m)) U
Joem1 Mi==1

(i=1,2,...,m), where W =(w, ®(w), {(x), I'(x)), for dy < x<dy; be-
sides property (7) is fulfilled for dy <o <dy.

Proof. Property (7) is satisfied in a neighbourhood of the point
z=a. Let (61,0) (dy < <a<<e,<d,) be the largest subinterval
of the interval (d,, d,) containing the point £ = & at which (7) is satisfied.
It may easily be verified that the transformation ¥ = ¥(#, V) hag an
inverse transformation V = V(x,Y) defined in a neighbourhood K of
the areY = @(ax) consisting of the sets

8, c,—i—-}- <L x < Oy— ':, |Y—@(2) <6 (v=N,N+1,..),
where N is a certain natural number and e, are sufficiently small positive
numbers. The function z(z,¥) = sz, V(z, X)) is of class ¢* in K and
satisfies equation (1) with condition (2). In virtue of theorem 1 applied
to interval J = (o1, ¢,) the fumctions s, (e, P@) (1,j=1,2,...,n)
satisfy system (4) in the interval (o, c;). Hence from the uniqueness
of solutions of system (4) it follows that identities (15) are fulfilled
in (e, 6;). Relation (16) results from (10), (8), (58') and (15) for (e, e,).

Now we shall prove that the intervals (dy, dy), {61, ¢;) are identical.
Suppose the contrary. Then ¢, > d; or ¢ < d;. We shall consider only
the case of ¢, < dy, because the other cage is analogous. System (16)
ig fulfilled in the interval (a, ¢;) and its coefficients are bounded in (a, 6,).
Hence (see [1], 1. 235, Satz 4)

int (det(uz(m))) > 0.
ARl
Then for a cerfain positive number ! property (7) is satisfied in the
interval (e, ¢,+1). Hence the interval (¢, ¢;) is not the largest subin-
terval of (d,, d,) in which property (7) is fulfilled. Thus our supposi-
tion has led to a contradiction. This completes the proof.
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5. Theorems 1 and 2 imply the following one.

CoROLLARY. Let us make assumplion A(ay, ay). The existence of a sy-
stem of functions ty(m) (©,§ =1,2,...,n) defined in the inierval (ay, o)
and satisfying the system (4) is necessary and sufficient for the existence
of a function z(z, ¥) of class O* defined in & neighbowrhood of the are
Y =0@),a <z <a, and satisfying equation (1) with condition (2),
where w(Y) is-a given fundtion of class C* in a neighbourhood of ¥ = H
and fulfils the relations (C). .

Remark 1. A proof of relation (16) independent of theorem 1 iy
included in [5].

Remark 2. Theorem 1 is formulated with the assumptions fe Y
#€ (", It holds true, however, for fe (%, ze (™.

. Theorem 2 holds true for fe(™ (2 < m < o0, 0 <1 < m), we(™,
z2e "™ where & = min (41, m). It is also true for analytic f, w, 2.

Remark 3. Theorem similar to theorem 2 ix also  true for
the equation Flay, ...y tn, 2, 2y, <oy ®,) =0, ‘where the function
F(wyy .oy @y 2,y g1y ...,y Gs) i of class O and satisfies the inequality

D (F,) >0,

=l

and for the initial condition given on a certain hypersurface of class ¢

which is not tangent to the characteristics. The precise formulation of -

this theorem is not difficult. The same applies to theorem 1.
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Sur certaines propriétés des intégrales de I'équation
y = f(x,7), dont le second membre est doublement
périodique
par (. Orson (Krakéw)

Le but de la présente note est de démontrer quelques propriétés
des intégrales de Déquation différentielle : .

1) Y=g,
ol g(x,y) est une fonction définie et continue sur le plan tout en'ti.er
et doublement périodique, c¢’est-d-dire il existe deux nombres positifs
%, w tels que Didentité
g(@,y) = g(@+pu, y+qw)
ait liew pour tout couple de nombres entiers p, ¢. Dans la suite je suppo-
serai que % == w = 1. .
H. Poincaré [1] a démontré le thdéoréme suivant:
TaRorBME P. 8% par chague point du plan il ne passe qu'une seule
intégrale o(x) de Uéquation (1), les limites :
lim [p(2)/z], lm [p(2)/s]
Lp 00 Z—p—00

ewistent, sont finies et égales.
En relation avec ce théoréme M. T. Wazewski a considéré ﬂ_so?l
séminaire la fonction f(x), définie et continue pour e (—oo0, +oo), joui-

ssant de la .
Propridté A. Pour tout couple de nombres entiers p, ¢ la fonotzqoz

foal@) € f@+p)+q

satisfait, pour tout w, & Pune des relations swivanies

foa(@) > (@) ou  fpa(@) <f(®)
ou bien fpq(w) = f(w). ‘

M. T. Wagewski a aussi formulé le )
TutiordMr W. §i la fondtion f(x), définie et continue pour ze(—oo,
+o00), a la propriété A, les limites
lim [f (w) /2],

Qe 00
caistent, sont finies et bgales.

»

lim [f(=)/#]
2400
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