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ol 1=0,+1,...3). Nous sommes arrivés au systéme d’équations analo-
gues, 4 un systéme que j’ai obtenu dans un autre travail (voir [3], p. 191)
en remplagant en ce dernier le systéme » par % et ¢ par ¢ /K dans les expres-
sions A (g,p) et C(p,p) qui s’y trouvent. Analogiquement, on peut, de
méme que dans le travail cité ci-dessus, remplacer le systéme d’équa-
tions (44) par le systéme suivant:

Ao,p/K) 2 2 1
D LA SN N — TV = () =|U — /2
(45) Co,p/E) (e,7) (0,7) 3 ¢ [ (e,r) =V (07"')] + 21z,
olL nous avons posé, pour abréger,
1—p 1-— T'K) o(1 — »*E)
= log |-~ ¢ ——pst ) == - S
Ule,7) Og(1+9 1+ FE V{e,7) logT‘K(l—gz)

De cette fagon nous avons démontré, selon (45) et (38), la premidre par-
tie du théoréme (I) pour la famille Fp

En appliguant la méthode tout & fait analogue a celle dans le tra-
vail cité (comparer [3], p. 192-199), on obtient ce qui suit: pour chaque so-
lution g¢,p des équations (45) pour chaque ! satisfaisant aux conditionsg
0<o<r, sin[U*(o,r) —V*(g,7)|* >0, il existe une fonction univalente
f'(2) dans |z|<1 de la famille Fy telle que f*(r5)=ge', ou bien

I{[1* ()] ™) = ¢ sin(g/K)a™ ¥~

Bn choisissant celle pour laquelle le prddujt o sin (¢/K) a7 YE est 1o plug
grand, nous démontrons la seconde partie de la thése I pour les fonctions
de la famille Fr. Bn passant de la famille Fy par gr & @y, ot T=M"K,

nous arrivons 4 la thése demandée. Enfin, on démontre le théoréme (IT),
comme dans le travail cité eci-dessus (voir [3], p. 199-200).
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}) On peut se borner évidemment aux valeurs 1=0,1,...,K—1.
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On the geometrical significance of curvatures of higher
orders for curves lying in n-dimensional spaces

by 8. GoeaB (Krakéw)

Burali-Forti is responsible for the following geometrical interpre-
tation connected with the first and the second curvature of curves lying
in the three-dimensional Eueclidean space.

Let %, and #, denote, respectively, the first and the second curva-
ture of a curve O at a regular point M. Fixing the point M, let us denote
by M a neighbouring variable point on the curve C, by M’ the projec-
tion of the point M on the tangent to ¢ at the point M,, and by M"
the projection of the point M on the plane exactly tangent at the
point M.

Then we have the following formulas:

(1) im QMM [M M)=x, 1),
MM,
(2) Lm (MM [(MyM - MoM’))=|z,].
MM,

These formulas may also serve to define eurvatures x; and x, at
point M,. In this way we obtain a fairly general definition of those no-
tions, which, for instance, does not imply at all the rectifiability of the
curve in the neighbourhood of point M,.

The object of this note is to generalize formulas (1) and (2). Before
formulating this generalization we shall introduce certain symbols.

We shall assume that a curve C lying in an n-dimensional Euclidean
space satisfies the assumptions under which Frenet’s equations are va-
lid. Denoting by o an are of curve ¢ we shall mark by commas the diffe-
rentiation with respect to the arc. Further, let us denote by #; (1=1,2,...,n)
the orthonormal system of vectors of Frenet’s n-hedron, and by #;
(j=1,2,...,n—1) the successive curvatures of curve C, it being assumed
that

Hp >0 (p=1,2,...,n—2).

1) AB denotes the distance of points 4 and B.
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Then Frenet’s equations assume the form

ti =uly, .
3) 4= — oy b+t (1=2,3,...,m—1),
b= — oty by 1.

Tet us establish a point 1, on C (corresponding to the value o=0)
and let M denote a neighbouring point (corresponding to the value o3£0).
Let us denote by B; (j=1,2,...,n—1) a j- -dimengional linear space oscu-
lating at point M, i.e. spmnned on the vectors of the sequence #,...,t.

Let us denote by M; the orthogonal projection of point M on le
space E;.

Finally let us introduce the notation

(4) &=MM;, (j=0,1,...,0—1).
With the above notation we asgsert that the following relations hold:
(3) Hm (8,/(88-0) =%/ +1)  (=1,2,...,n—2);
MM,

but if we define the distance oy, (of the point M from the osculating
hyperplane E,_,) algebraically, assuming that

(6) Oy = £ MM, ,,

the sign + being taken for those points for which the component of the
vector M, M in the direction of the vector i is positive?), then we shall
have

) Hm (87,_1/(80 8ns)) = #n_s/n-
M—M,

In order to prove relations (5) and (7) we shall first prove the follo-
wing

LeMMA. Denoting by
tions of the form

®) Fridd = 3 (o)

r(o) the radius-vector of curve 0, we have rela-

7-1
+ I %l (j=12,3,...,m—1),
m=1
where the coefficients o, are certain algebraical functions of the ouwrvatures

%y and their derivatives.

Indeed, for j=2 we have d'r/do®=dl,/do=x,l,, w taking of=0
we have an agreement with formula (8).

%) d.e. if MM =Ait)+v where the vector v is linearly independent of #{, then
A>0.
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Let us assume that formula (8) holds for j=p>=2 (p<n—2)
p-1 p-1
(9) &rjdo® = 3 o8 (0)tn + [] b,
M=1 Me=1
Let us differentiate both sides of the above relation. We shall obtain
p-1
(10) @' |de”t = 3 (A )do)y 4 (%t een 2p )ty +
M=1

+ Z amdtm/do'"}‘ H ”mdtp/do'

m=1

Applying Frenet’s formulas we have

Aty Ao = — sty _1tm_y + Hpbyyy

at,jdo = — x, b, , + by,

(#0=0),

which on being substituted into (10) gives

o1 B-1 p—-1
A Aot = 3 (df, [do)t, — DRV TN S N I M
m=1 m=1 m=1
Tty ) by — gy gy ity s g
—1
= 2_7 (dof /o)ty — Z b1 %m m—l—Zam it —
— ety gy aby g (2 .-xp_l)"tﬂ—)—]]lxmtz,_‘~1
m=
D
Z af,’;“tm + H ", D419
m=1
where

ot = daf do — of

P+l __ 7D D 3

a; —daildo'_ai+1”i+aiL1”i—l (1=2,8,...,p,—2),
D+l _ gD P 2

opT 1 =dap_1[A0 4 0 1%y 3 .. Ky g1,
P+l \ ’

Ay = ap—l"‘p—l + (”1 - ”17—1) ]

and thus the lemma is proved.
We shall now prove relation (5) and (7).

Let us fix the origin of the system at point M, and let us give to
the axes of the system the direction of the vectors &],...,£ respecti-
vely.

Let us denote by r; (j=1,2,...,n—1) the radius-vector of point M;.
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On the basis of simple formulas of the n-dimensional analytic geo-
metry we obtain

i
1= Y o,t, where w,=rf,°).
m=1
Hence we obtain & = |r—r;| = | Ry|.
It is obvious that the expansions for the quantities R; must be found.
Therefore let us briefly write u; £ (d'r/ds"),. It will be obgerved that

we have
(11) w, =1,
and on the basis of the lemma
i-1 )
(12) uj:= Zla;’n(o)tgm—f_ Q:It? (? = 2’37‘“ ’%)a
M=
where g;=1,(0):...-%;,_;(0) (j=2,3,...,n) we have
(13) r—Zu o*lil +e,
qe=1

where the vector e (dependent on ¢) contains terms of higher degree with
respect to ¢ than .

In order to caleulate »; we must find the expansions of the scalar
coefficients w;. Now

n
(14) wp=tr =1(> wd'fi! + e = Z(tkut) 15! + ety
i=1

On the basis of (11) and (12) we write out the table of the values

of the scalar coefficients ju;:
and thus we have the following

| w  wuy  ug u ... general formulas:

0

3 4 .
1 Loy g g 0 for k>1,
0 0 Y )
: 4 % A tu=lo for k=i (af1)
8 0 0 ' ag ... 4
0 o o o 6 ... a;(0) for k<.

f[ence it follows that for the
values of w; we have the formula

oy = g, 0" k! +, > d(0)d il ety  (k=1,2,...,n —1).
=k+1

3) uwv denotes the scalar product of the vectors wu,wv.
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Now let us calculate
Zw,tf——tl{a—l—aicz/zh%«ala/3'+a104/4'+a05/5'+ J+
+ 8021 +odo* B!+ ajot /4l + i B+ ..} +
+3{e* 031 +afo* (41 + a3 o® (B! + ...} +
+t2{g40 414 afa® (51 ...} +

e ST +
+8leo it + TG+ D+ +
+E,

where E is a certain vector containing in the expansion higher powers
than o™
Obviously we can write

-_th—}—{a%t?—}—gzto} o' (2! —}—{aito—}-agt"—}—gsto} 3.+
n J
+{2amti’n+eat?}0’/9'+ 2 [ Demtn)d'fit + B

= Zuma’"/m' -+ Z (Zamtfn) il 4+ E.

m=1 i=f+1 M=

Hence on the basis of (13) we have

Ry=r—r= l[m 2 t]d'fil +e —E
i=gt

= (w0 — 2

where E; contains terms of higher degree than ¢*!. But on the basis of
(12) we can Write

Ujpr — 2 +1to
Thus we finally have
By = 0i1tja 0 [( + D! + B

Let us assume that j<{n—2. Then we have

HE o TG + 1) + B,

i
140 0 1

Z}“ﬁ b+ Giati — 2 i = 01841

m=

81/(80 85-1) = | R (MM | Ry_y|) = | Ryl (7] - | R;_4])
_ |a|”1{u1x2-...‘x1+e,-}j!
(G 4+1) |G|1{"17‘2' ooty g+ 51_1} lo]- [1 + &]

HyHy' eus My Ef )
G+ A+ &) (e on g2+ €50)
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where ¢, €_;, ¢ are infinitely small with respect to o. The last for-
mula directly implies formula (5).

Let us now take j=n—1 and suppose that %, ;34 0. In any case we
have

lim d,_1/(8y Op_z) = |#tn_al/m-
MMM,

This it only remains to show that Sn_y and 2, ; ave of the same sign. From

n N
the expansion =} u;c"/i!-+e and from formulas (12) for w; it follows
=1

=
that the component of vector ¥ in the direction of #) is of the same sign
as on. But g, =1%"... %,_y, and since x>0 'for 4=1,2,...,n—2,
therefore g, is of the same sign as x, ;.
Thus formula (7) is proved.
It will be observed that formulas (1) and (2) are particular cases
of formulas (5) and (7).

icm

On the concept of the centre of the second curvature

and on a generalization of a certain geometrical meaning
of v. Lilienthal

by S. GoraB (Krakéw)

The concept of the first curvature of a skew curve has — as we know —
many geometrical meanings. Among them there are two such that by
means of certain geometrical constructions we directly obtain the centre
of the first curvature as & certain point §; and only in the second place
the curvature s, itself. In other interpretations (which may also serve
as definitions) we first obtain the curvature x, and only then, after a sui-
table definition of the principal normal, the centre of the curvature 8.

The above-mentioned two interpretations which directly lead to
the obtaining of point §; are the following. In the first we consider the
circle drawn through three neighbouring points of the curve ¢ — the
centre of the limiting position of the variable circle is the centre of the
firgt curvature 8,. In the second interpretation we consider the polar
straight line as the limiting position of the intersection of two neigh-
bouring planes normal to the curve, and then the intersection point of
the polar with the principal normal gives us point §;.

Both interpretations may be generalized to the case of curves lying
in an n-dimensional Euclidean space. The first needs no essential change.
For the second we must first define the polar figure connected with a va-
riable point M of curve (. We define that figure as the limiting position
of the intersection of two hyperplanes normal to curve C at neighbou-
ring points. The polar figure (belonging to point M) will be a certain
(n—2)-dimensional linear space B, _,. Projeeting§ point M wupon B, ,
(the concept of projecting being well-defined), we obtain the centre of
the first curvature 8.

The second curvature x», of skew curves in the three-dimensional
space does not possess o many geometrical interpretations as the first
curvature »,, and in the second place, as far as I know, there exists only
one interpretation which gives a certain uniquely determined point S,
(connected with point M of the curve) called the centre of the second cur-
vature. Other geometrical interpretations directly lead to », and, moreo-
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