On the greatest prime factors of certain products

by S. KNAPOWSKI (Wroclaw)

P. L. Chebyshev has proved a theorem about the greatest prime
xz

tactors of the products [](1+ %) (see [2], p. 559). This theorem has been
n=1

generalized by Ivanov ([2], p. 562). The consequence of Chebyshev’s theo-
rem is Stormer’s theorem about the numbers ¢(¢—1)(¢—2)...(¢—=z) ([2],
p. 561).

The purpose of this paper is to prove some theorems about the grea-
test prime divisors of certain produets. Theorem 1 is a generalization
of the theorem of Ivanov, theorem 2 is a generalization of that of Stor-
mer. .
Note that another generalization of Ivanov’s theorem is given by
P. Erdos [1].

THEOREM 1 (Ivanov’s case: a,=u, Chebyshev’s case: a,=mn,
A=1). Let {a,} be a sequence of integers 0<a,<ay<<...<ap<... and A
a positive integer. Let P, be the greatest prime factor of

(1) ﬁ(A—I—ai) (w-integer and >1),

log(a,a,...q, 1
m 2(a,a, M>

P,
then lim —= =oo,

is% 4, loga, 2’ oo Oy

vlog(alaz...a,,) 1

(3) if L —>—, then lim —%=co
n—o00 Ay, IOg’ﬂ 2 a0 &L
!
(m particular, for a,=n lim logn! =1)
nsco T 10g7

Proof of (2). The numbers k<44, (k,44)=1 can be divided into
two classes U, V with equal numbers of elements, such that if p=l, (mod44)
for some 7,eU, then the congruence y*=—4 (modp™) is solvable (p de-
notes a prime, m positive integer), if p=l, (mod44) for some LeV,
then the congruence is unsolvable. In the first case the congruence ha
exactly two roots modp™ (see e.g. [3], p. 121-127 )
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If pl4 4, then the number of roots of the congruence yt=—A (modp™)
is <0,, where C, does not depend on m (see e.g. [21, p- 263).

If, for instance 4=1, then the congruence y'= —1(modp) is sol-
vable for p=1(mod4) and unsolvable for p=3(mod4) (see e.g. [5],
p. 82). In the case p=2 this congruence has one root for m=1 and no
roots’ for m>1 (see e.g. [5], p.84). Denoting by D,,, the number of
those factors (A+a?) (i=1,2,...,2) which are divisible by p™, We easily
find that

igo,, (-gf—n +1) for plad,
Dz : <2 (_a% + 1) for p=l(mod4d), LeU,
‘ D

=0 for p=l(modid), ILeV.

Suppose that the theorem is false. Thus there exists such ¢>0 and
such a sequence x—o~c that
P,
(4) —=«y.
a‘I
For these « we have
z
[MTA+&)< [T [ ™
n=1 plad

PEYO, LU
p=1(mod44)

where
u=|(aa/p+1)+(@:/p*+1)+...}-

The sums in the exponents have

_ [%%ﬁ@]

terms, because if p™|A+ai then p™<4-+ ai<A+ai. We try to esti-
mate the logarithm of (1)

ny

Elog(A+ai)< 26’1, logp{z(% -s—l)lI +

n=1 pled m=1
Mg az \
' " 2logp! )7(—,;4—1)
T PS!IUZ:JEU ‘1?7:1 P 17
p=I{mod 44)
. mg oo
S o 0e0) 3 (% +1)‘=0l V( Yi:z)“+c)<1ogaz)=0(az>,
a4 L= I lﬁ;‘fd =™
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my a (=)
Z 2 Iogp{ Z(—; +1)} < 2a, 2‘ 1ogp{2i} +
piﬁﬁgﬁi]&) m=1 \P PLYO, LU M=1 pm
p=l(mod 44)
loga,
+o( logp- J"J)
pgz logp /”

But =(ga.)=0 s
(90,) (loga)’ hence 0( ZIOg"’m)=0(10g%'7v(g%))=0(ax),

- <0y

We know also that

Y logp _ 1
? p(44)

ya loga,+0(1)
p<gay
v=l{mod 44)

([2], p. 450). Hence

5 st $(% 1) o fr0)._2
2., 7o) B (5 1)l (FC. L toga, o)+ ota

PL0azleU

p=I{mod 44) m=1
=y logax+ O(am)
and finally
(%) é; log (4 +a3)=a, loga,+ O(ay).

x T
Besides 21 log(4+a3)>2 Y loga,. But
n= n=1

lim log(a,a,...a,) 1

s O, loga, BTN

Let; this limit be 1/2+¢ (0>>0) (if it is oo,

th . .
Hence, for any e0, wo have en the reagoning is analogous).

z

2 loga,
el >i n
a;loga, =~ 2 e—e

(for o sufficiently large). For ¢=p/4, we have

"é‘llog(A—!—ai) ,g}Og(AJr“i) ZZ'logan

W == _1 1T e

'z @y 2a. 1 T0— — .
2 Mo, 40y 108 Gy 2 4
2 loga,
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But (5) gives
x
N log(A+az)
=l K140,
a, loga, loga,
and for z sufficiently large

; log (4 +aj)

<14-

a, loga,

Hence 1+2p—p/2<1+g[2, 20<g-. The theorem is thus proved.
Proof of (3). Up to (4) we can repeat the reasoning without changes.
In (4) a, is to be replaced by @. In all the next formulas we have the sums
and produets for p<{gw.
The modification of (5): log(4+ ap) < a, logz+ O(ay)- The proof

is to be finished analogously '1‘301 (2).

Exawpre. Every sequence a,=[tn] (1<7<2) satisfies the condi-
tions of (3). {a,] is a monotomous sequence a, <m<t(n+1)—1<ay -
Besides

log(z"n!)
= (wn—1) logn

logn! log([z-1][z-2]... [-:'n])A

[zn] logn

mlogn
logn!

_ nlogt
(xn—1) logn

" (wn—1)logn

log(aya,... 1
Hence Hm log(tta:--00) ) =—
n—oo a, logn T

3
For instance a,,:[3 'n] 1,3,4,6,7,9,10,12,...) satisfies theorem

1
>§, q.e. d.

1 (3).
TEHEOREM 2 (Stormer’s case: a,=n). Lei a sequence of integers
l8a) 0<a;<a,<<...<8,<<... salisfy the condition

1 1

o i 8@ 1
s Oy l0ga, 2

or

. log(aya,...a,)

20 lim

a,=0(n).
noee . Oy lOgm

1
—  and
= 2

Then, among the numbers Po— ay) (B— ). .. (51— &) (@-integer amd =>1),
ot most finitely many are .eal or pure imaginary.
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Proof. For a « let the number i(¢—a,)(i— a,)...(i— a,) be real or
pure imaginary.

Then —¢(—t—a;)(—i—ay)...(—t—a,)and also (i+m)(i+ay)...(i+a,)
are real or pure imaginary numbers. We have

(i @) (G4 ag). - (i4 @) == (a1 — i) (ag— 4) . . (g — 7).
(6) Qnz= (1 + @) (@ + @) . . (a4 ay,)
= (ay— 1) (ay— ). (@, — 1) (mod a, +4)
= (a+9) (a4 19).. . (4, F 1) (mod a, + )

= 0(moda, -+ ) (I<n<a).

It p>2 is a real prime and p|(1+ a})(1-+a)...(1+a2), then there
exists a positive integer n (1< n<{x), so that p|14+ai= (an+7) (@ —1).
We represent p as a product of a complex prime and its conjugate (see
e.g. [4], p. 393)

P="pp.

We can order these p and p in such a way that pla,+ <. (6) gives
p[Qﬂm: (al"‘a’n) (a2+an)'--(az+ a’n)- Hence plQﬂ.ﬂH

M P< byt 0,< 20,

If a, satisfies the condition 1°, then for sufficiently large we have
Ppla,>2. But (7) gives P,/a,<2.

If a, satisfies the condition 2°, then for z sufficiently large we have
P jz>2C. But (7) gives P,<2a, (@, <<On).

We can apply theorem 1 also in another way. Namely we take such
a sequence {a,} that P,/a,oco. Then we know that

log (aya,...a,)
“’fb Iog an

Lim

n—>00

1
< 5"
For instance

‘ TL:IEOREM 3. Let {m,} be a sequence of integers Ot <@y < < By <
satisfying the following conditions:

1% There ewists o sequence |q,} of integers 0<g <Gy on <Gy
such that

x+A =0(modg,) (A denotes a positive integer),

I
= i o < T << -
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Then
. »10%1372' - )
x, logax,

1
<=

700

2
Proof. The greatest prime factor of [](4-+2;) we denote by P,.

=t
We have
Atz A+ad A4+l
Pn<maix[ L, an 3oy ﬁ’!h:q”--w%; y
A ['£3 n
At xl Adq
Tl AT g (k=1,2,...,m).
/13 /1]
Hence
' 2
P,<A+q,, 'Eﬁg At‘qnz ’£T2<2A_21 —2 00,

2

log (z,25...2,) 1

Theorem 1 gives lim < 5 q.e.d.

) x, logm,

(e.g. |®,}:8,7,8,13,18,21,31,... |{qg,}:5,10,13,17,25,26,37,...).

TEEOREM 4. Leét {7} be a sequence of integers 0<t,<ty<<...<Tp<...,
T,=0(n). Let a>1 be an integer. Denoting the greatest prime factor of

x
[](a™+1) by P, (z-inieger and >1), we have
n=1
. P
lim — =00 for every a<1.
rsno &

Proof. Let p be a prime and («,p)=1. Let §,, be the least positive
exponent such that a®*=1(modp™). Denoting the number of those num-
bers among a',a’,...,a* which are congruent to —1(modp™) by Dy~ ,
we have D= < 7,/6,,+1. In fact, if v is the least positive exponent such
that ¢*=—1(modp™), we have

—T
Dyn, <h+1, where h= [Tx ]
Hence Dy», <7,/8,-+1. Thus, if 7,/5,>1,
T:Z'
(8) Dy, <25
Om

It 7,./6,<1, (8) follows from the remark that if for some 7z, we
have o= —1(mod p™), then ¢*” =1 (mod p™), whence 6,,< 27 and 27,/6,>1.
Thus, in both cases we have Dym < 27,/0y.
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Suppose that the theorem is false. Thus there exists such g>0 and
such a sequence z->oo that P,<ga®. By (8) we have for these %

z@t) o z 2.k,
a * <[] (@+1)< [] ™0
n=1 fo=1 p<LHre
®,0)=1
my g [rx loga,zl )
= omg=|———=—; in fact
where K, _z,‘l 5 ™7 | TTogp |
- b o loga'"l] _
m Tn T Tz PR — m,
™1+ a™, <14 a*<a Mm% logp 0
Hence
1 .
w—(iv—t—)logaé > 27, K,,logp.
2 p<gue
(p,a)=1

There exists such a positive integer & that 14 a-41/k<C2. There exists
b
such a positive integer b that ﬁ <2. Let

limgl 1 b ] m 1
K= ) 5 k}j ot 2
m=1 m=[1/ﬁ]+1 m m:[l/;@—‘l].pl "
__ o
It m;lf/m:,' (1<<r<k), then 6, >V mib. Supposing conversely that
<< If/?n_'g/b, we have
Vi Vet Vg o Vi
PP 8 , p"la=—1, p <pm< o l<atn<a <2 <p e,

which is a contradiction. Hence

1
K. <1/‘mo 1+]/m0 k.—-b‘l‘]/mo % bt ... 4my k/-————— b<kb]/mov

My l/ mg Vi
!

e < Bb ]/ oga VTx’
Y/ Togp

1 S N —
m(w;— ) loga< Y 2kbuyt® I]ﬂ/logaz ’]c/logk‘]L P

p<gao

=2kbei Y loga® 3 Vlog ' p
DL gaa
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But, in view of z(gz®)= 0 (92" [logga*)= 0 (2" logz),

p<ﬂ£=ﬂ

3 Viog" " p <m(ga)} Tog" " gar ~ O(k —)
Viegs

Hence, by virtue of z,=0(x)

ﬂ(m_t_)loga 0( 1tatlik )
Vloga
Therefore
al@+1) ga=0 (w1+a+1,k k_l__)’ #(@+1) loga <Oat+e+k-2 _ 1
2 Viogx 24" ]/loga:

As 14 a+1/k—2<0, we have loga/2<0 — which is a confradiction.
The proof is thus finished.
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