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Concerning an expansion formula for a type
of integrals

by Leerze O. Hsu (Changchun)

The object of this paper is to investigaffe some conditions ensuring
the validity of an expansion formula for integrals of the form

10) = [ @(0)f(t)d,
0

where ¢ may be finite or infinite, ®(t) is a real piecewise continuous
function defined on [0, co), f(£) is a function having derivatives of all
orders, and A represents a positive parameter whose value is often very
large in practical problems. Finally, a certain approximation method for
evaluating I(A) will be sketched.

1. In what follows we always assume that the Laplace transform
(s) of the function P(t) has an abscizsa of convergence s, < 0. Evidently
this assumption is satisfied by many familiar functions of practical im-
portance, e.g. D(i)=e"t, O(t)=e¢", P(i) = cost &(t) = sint, D(1)
= (sint)ft (¢ > 0), B(t) = Jyt), B(t) =Jy(t) (the Bessel functions), ete.

First let us prove the following:

TamorEM 1. Let f(t) = D eat™ be an entire function such that both
o

DU FE) and oD (M) X |ealt” are integrable (in the semse of Riemann)
(]

over [0, oo), where s> 0 is arbitrary. Then
00 L 1 1 n1
D)t = Hm > = (—1"P(e)f"(0 (-) :
@ [ emfo-t n X0 g

In particular, if |P(At)| 2ot s integrable over [0, co), then '
[}

o0

2) f D(X) f(t)at = 5’%‘_ (—-1)”"?’("')(0”(")(0) (%)n-u.

0
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Proof. For each fixed 2> 0 and s > 0, it is easily verified that the
series chdi(lt)t"~e'“ converges uniformly for all values of ¢ in any
finite i;terval [0, R]. Moreover, the integrability condition imposed on
et f]cnﬂqj(lt)]-t" ensures that the general theorem for term-by-term
integration is applieable to the case of the following (with s = 0)

(3) f{j‘ en®(At)t"- e"“t} dat = jf(ﬁ,,,(l)(/lt)t"- e M.
0 6 0

]

By the analytic character of the Laplace integral ¥/(s) = - [ e M (i),
0

we know that ¥(s) is analytic for s > 0 > s, and we have (with s = 0)

(4) qf“l’() f B (31) (—M)'ea () .

Consequently we get, by making use of (3),

o
+1
1im, l'_( 1nf(n lp(n)( )( )n = lim § f(/"@ M g, 3/7
§->0 Lol 2 2 8004

—lim (I)M)f e"”‘(lt-—-ffl)(lt)f()dt‘
0

8-»044 &

Here the last equality is actnally obtained by the analogue for integrals

; o
of Abel’s theorem on power series. In fact, the integral J ®(at)f(t)e-sidt
g .

is uniformly convergent in 0 < s << § (6 > 0) under the assumption that
@ (At)f(t) is integrable over [0, co). Hence we have ghown that the left-
hand side of (1) can be deduced from the right-hand side.

Moreover, if ](D (28)]- 2,|anlt" is integrable, so is @()-¢" for overy

>0, and consequently the relations (3) and (4) are valid for s = 0.
Hence, using (3) and (4) with s = 0, we may again dedueo the left-hand
side of (2) from the right-hand side.

To see that the integrability conditions concerning e (l) M )| 2 | eu] "

and D(at)- ;f(t ) do not imply each other one needs only to comlder the
examples
B(2)= sin (),
O(3) = sin (i),

) =et;.
ft)y=1.
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The formula (2) was first derived formally by H. F. Willis [8] (cf.
C. J. Tranter [7], § 5.3) without investigating convergence conditions.
Various examples may also be found in [7] and [8]. As a simple example,
we may take @(Af) = e~ f(1) = cost so that (2) gives

]

B V= —1\EANE Y
f e (,o,sc(,lt_ﬂ k'(z&)(f =57t e

0
which is known to be also obtainable by use of Cauchy’s residue theorem.

SoroLLARY. Let the Laplace transform of |®(t)| have a non-positive
abscissa of convergence. Then the formula (1) is valid for any entire funetion
J() of findle order g -< 1 sueh that @(M)f(t) is integrable over [0, oo).

e
Proof. Since the entire function f(t) = Z eut" is of finite order o,

50 I8 the function g(t) = Z|en| t" (see, e.g. Titchmarsh (6], § 8.3). Conse-

quently we have g( ) = () (exp te+8)) (t->o0) for every positive value of e.
Take ¢ so small that ¢+e< 1. Then O (exp( —st) exp (#*7%)) = O(e~)
with 0 < o < 5. Hence it follows that e~*|®(4t)|g(t) = O(e~)-|@(A)] is
fntegrable over [0, oo). The corollary is therefore implied by Theorem 1.

We have not yet known whether the condition ¢ < 1 of the corollary
¢an bo improved to o =< 1. The following result seems sharper, though it
does not give a oomplete answer to the question just mentioned.

Theorem 2. Let both the Laplace transforms of @(t) and [D()] have
non-positive ab.sczs'm(’ of convergence. Then the formula (1) is valid for any

entire function f(1) = Zo  such thet @ ()f(t) is integrable over [0, oo)
and that ¢y = 0((% Va —") with y, nereasing to +oo as n—>oo.

In the statement of Theorem 2 the number y, may tend to +-co very
slowly with %, e.g. yu = logn, v = loglogn.

Proof. It suffices to show that, for each fixed s > 0, we have

g Bl 1\n+1,
(5) f d)().t)f(t)e““dt - Z ,n]l( )n,l//(n)< ) f(")(o ( ) :
0 i
By Abel’s method or the second mean-value theorem we evidently have
- N
(6) [ wunyesit = [ G@f@)eit+e bx,

0 0
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where N > 0 and
T o
inf D(AYF(t)dt < < M)f(t)d
St J o<y < s [ oumfoa,
8o that &y = o(1) (N —o0).
Notice that ®(it)f(t) = 3 ent"®(At) is uniformly convergent in any
0
finite interval [0, N]. Thus we have

N o N
) J oy ™a =D [ outmd(aye i
1] 00

0 o 00
=D en [ B+ Y oa- b,
0 0

0

where the convergence of | e'“t"(b(lt)dt is ensured by the analyticity
1]
of the Laplace transform (cf. (4)), and 6, is defined by

o0
b=— [ PO (n=0,1,2,..).
N

We now proceed to prove 3 oy 65 = 0(1) (N —>c0). By use of Buniakowski’s
- s .. Ky 0
inequality and Stirling’s formula we may estimate |64] as follows

|anl < fw e*“tﬁ“di)m( F e*st[(b(lt)]?dt)llg
N

N
AN

<

! = (27")"(47:%»/« (1 + %) 0(1)  (N-co)

‘where the ‘last inequality holds for all sufficiently large n, and the
factor o(1) (independent of n) ig implied by the assumption that [@(t)]? has
a Laplace transform with a non-positive convergence-abscissa. Conge-

quently we obtain
< Xlel- (22" e o)
0
o0

’Son-c?n
=o(): D (2N wh=o(1) (o>

in view of the fact that 3 (2/ser)m.nit < 4 oo,
1]
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Fipally, comparing (6) with (7), we obtain (3) by letting N —co.
Since (3) is equivalent to (5) our proof is complete.

2. For the case I(1) being a definite integral (ie. 0 < ¢ <+ o0), the
formula (2) is valid under much weaker hypotheses. In fact we have
THEOREM 3. Let ¥(s) be the Laplace transform of ®(t), where P (t) = 0

for t = K> 0. Then for any function f(2) which is analytic in a region
containing |z| <o we have

®) [owima= XL eareeomo ™,
0 0

provided that ic > K.

Proof. Since &(t) = 0 for ¢ > K we see that the convergence-abscissa
o
for W(s) is s, = —oo. Moreover, the series %j(")(())t"!b(lt) is uniformly
5 n!

convergent for all values of ¢ in 0 <¢<¢. Hence by the term-by-term
integration we have

f B(%) f(t)dt:Z-%f‘m(O) f B(H)tnds
0 0 0

which is precigely equivalent to (8) in view of the fact that (cf. (4))

(—1)* ofc ;b(lt)t”dt:(%)”ﬂ ofw @(u)(——u)“du=(%)n+l-‘f’(“)(0).

3. It is known that some approximation methods for evaluating
integrals of rapidly oscillating functions of the form @ (4¢)f(f) have already
been investigated by Filon [2], Erugin-Sobolev [1], Krylov [4], Longman
[8] and the author himself [3], ete., respectively. Here, basing upon the
formula (2) or (8), we may propose another approximation method for
evaluating the integral I(4) (1 being a large parameter).

Suppose that we want to construct an approximation formula without
using the derivatives f™(0). Naturally we have to replace f™(0) by their
approximate values on using certain numerical ditferentiation formulas.
Denoting Af(w) = f(w-+h)—Ff(@), 4" = A4", we know that there is
a ugeful formula due to Markoff, viz.

m
W) = ) e Bl 4(@) - o,
k=n
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where &, = O(F™"") in case f™(x) exists and is continuous, and B® are
Bernoulli’s numbers of order % given by the generating function

[ _St" B®
=1~ Ll D

)
Thus, if the parameter 4 Iy large, then we may tuke, for instance, h = 1/2,
and construet an approximation formula as follows

¢ m 1

’ 1 . Nars
(9) j PO~ P = (=1 VP (0) 4,

0 n=0

where the numbers 4, and ¥™(0) are given by (Ao == £(0))

n{:;r . '
(10) A,,,:Z @_’f},lj)‘fkﬂg.’i,,‘-/1’7(0) (n=1,2,..,m),
k=1
e '
(11) ¥O0) = [ dE)(—tdt (1 =0,1,..,m)
0

respectively, the number r being a non-negative integer chosen to he
fixed.
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O DYHKLMAX 7, (n), 15(n), 5ys)

B. A. Toavies (Kysmnnoso) u 0. M. dovurko (Kpacuoaap)

§1. Lacesorpam caegyomue o6o6meHRS  uMCIOBEIX (yEEmEE  Ofixepa
u Mé6uyca. .

Tyers QYHKILE (1) BHPAKAST UACLO0 TAD HATYPAILHEX THCEL @, Gg,y G YCI0-
BUSIME QO = 2, (@1, 0) =1, (@, @a) = 1, @y < n. Jergo TOKA3aTh, 9T @af7)
NYTBTHIIREATABIAL (YEEIME @ 9T0 UPH 7 RETETHOM:

(n) 1-2
(1) , ol :.:,;‘][(_*_),
pln p

rie p o> 2 upocroe wuero. Bexw n wdrTHOE, To

1 2
) Qo) = "3“'1 I(T - —), » >2  mpocroe.

- m;l I)

BueaéM (QYHEIHIO we(it), OUpEeITeMyD DABEHCTBAMM:
(- 1)Et1. 2% ecqu N o= 20109 P, P >2,

(3) polh) == 4 (= 2),  ecam  n o= pPa..Pr, P>2,
H(n) I8 OCTANBHEIX HATYDAILHEIX 70 .

D10 ompejeNeHne MOKHO IOXyYMTh, paccMarpmpag (yEEnER THma (s). Ilyers:
I 1 2\t

" o= (-3 (-2
33 n>2 P

Oe § == ¢ -- 40, UPOMBBEAEHHES PACIPOCTPAHAETCN Ha BCe IpPOCTHeE P > 2.
Bammmen () B BEAe psas Napuxie, xud wero BBefsM emd ¢yErmED 4 (n):

i . 0, oecan a=1,
(5) 1(n) { @b Bt b4, ecmn  no=2"pipd..pk, pi>2.
Torga ©
y e 2,2\ e
oy = (1 g+ ) [ b g ) = 25
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