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On some properties of analytic functions
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Introduction. We consider an analytic function f(w,, w,, ..., ws)
of n 41 complex variables which is defined in the domain defined by

(1) 0 <|wi|<by, i=0,1,..,m,
b; being positive constants. We put

(2) H (8), 81, Say vvy Sp) = max [ (g, Wy, ...y )]
|wol =80, 1] =81,es, /05 ] =5

The object of this paper is the demonstration of the following:
THEOREM. If S, 84, ..., Sn are contained in a cube

(3) 0 <o < by

(b; being the same as in (1)) then the right-hand partial derivatives

(@(so,suv...,sn

1=0,1,2,..,0
3si )+1 y Ly &y ) ?

exist and for the arbitrarily chosen sy, 8y, ..., sn belonging to cube (3) there
ewist points Wy, Wy, ..., Wy, (1= 0,1,...,n) such that

W =8, @] =8, |8 =8, .., @} =8n, ©=0,1,..,m,
H(Snysla827--~:371)=|f(mgyw;:---37'_”;)]; 7;:0,1,...,%,
OH (8, Sy evy 8 i i o .
(——Lo’—a-zf’_—ii))+= oo, Wy oy W), §=0,1,..,n.
- 1

This theorem is wuseful for the evaluation of the solution wi(2)
(i=1,2,..,n) of the system

(Z’llli

W:fi(z,w],wz, W), 1=1,2,..,n,

with the initial condition:

wi(0) =0, i=1,2,..,n.
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The functions fde, Wy, Wy, .., wn) (E=1,2,.., n) in the right-hand
members are analytic in an (n+1)-circular domain (ef. [2]). Our theo-
vem is also useful for the evalution of the radius of existence of the solution.

§ 1. LEMMA. Assume that the complex function f(wy, 1wy, ..., wn) of
the complex variables Wy, Wiy ..., Wn 18 analytic in an (n--1)-circular

domain (1). We put

H(Sg, 81y Say ooy Sn) = max |f(wq, 1, Way ...y Wwa)].
{100l =30, (W1l =81,e0s|tn] =80

Then H(sy, 81, -, $n) 98 o real function of real variables, it s continuous
and does not decrease wn cube (2).

There are no difficulties in the proof.

LEMMA 2. Let ¢(21, %2, .-, 2a) be an analytic function in neighbourhood
of (ay, gy -, @s). If we have two sequences of points {23}, {&}, 4 = 1,2, ..., 0,
v=1,2, .., such that 2} % & and for every i we have

lim #; = lim & = q; ,

=00 y—00
then
v v v v v v Y i v v
) G252, ooy Biny BE, Braty ey @) — GLBL, <oy Biay iy Bie1y -ony )
i v

;
2—&

> ooy, @y ey o), P=1,2,..,n.
P00

Proof. Since ¢(#, %, ..., 2s) is analytic, we have

v ke hd v v v y v v d
G2, Boy ceey Bimay 25y Zidry ooy ) — G (R, oy Zimry &y Rit1y -n s )

v
%

» ki v R
= f ng,(zl, ey Rty Ty Big1y eeey 2) A7)
g

where the path of integration is the segment [, #i]. This equality yields
our thesis in a simple manner.

LEMMA 8. If (2,2, ..,21) 45 analytic in a neighbourhood of
(B Zay .oy Za), then for every sequence of positive numbers {ki} which conver-
ges to 0 (i=1,2,..,n) there exists a sequence of points {zi} such that

- v ,
|2 <Kiy t=1,2,..,m,
and

i!](zu ey Bim1y zz: Bid1y ooy E“)l"‘[g(gly oy oeey Zn)
fei— 7|

o |95(E By ey Pl -
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Proof. We put
3) Pi(2:) = 9(z, 2, wey Biody By Bigay ey Zn) =1, 2,.m,
(3): U(z) = ou(Z) +9ilz) - (i —2), i=1,2,..,n.

Since g(zl,.zg, .-y Zn) Is analytic in a neighbourhood of (Z1y Zay ooy Zn),
therefore gy(2;) is analytic in a neighbowrhood of Z;. Then by means of the
Taylor expansion we have
(6) piles) = Lz +ei(e) - (2—2), $=1,2,..,m,

w_here =), 1=1,2, ..., n are continuous at 2, =% and &(%) = 0. In

view of a theorem of T. Wazewski (cf. [1], p. 222, § 3, lemma 1) for every

ki > 0 there exists a point 2} (4 = 1,2, .., %) such that .
|G-z =%, i=1,2,.., n,

Ti(z)] = [1Z)| = [1(Z)| - (2 — 7)) = [glz)]|- Fi—zl, i=1,2,..,n.
Now we show that 2} is the desired sequence. By (6) we have
Pi(ef) = 1i(25) + &,(2%) (¢i—%;) y t=1,2,...,n ’

and thus
lalen) | — lowlZ) | = |L&h) + eal#h) (25— B) | — [Lu(Z,) |
= (L&) — |l | — eleh) |1 — 2] ,
|9i(i) | = loa(Z) | |tale) [ — ()|
=

|4~ |#— 2|

—lalh, i=1,2,..,n,
and in the limit we obtain

liminf (28 | — lpu(Zs)]

, =), =1,2,.,n.
Z,;—.a,'[

We find
l@a(2)| — | pi(Z)|

lim sup "
|2 —Z|

For every sequence {2} (§=1,2,..,%), 2 # Z, %i—%, t=1,2,..,n,
we have the inequality

il | — [p(Z2) | < |pi(et) — pul(Z)]

(7~ 2 [#i— 2|

. =g, i=1,2,..,n.
Hence

[pi(22) | — loalZ:) |

lim sup Emy
i 2

<ledd)|, +=1,2,..,n,
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and consequently ) :a . .
el leB iz, i=1,2, 0,0
=z

Tn view of the definition of @i(2;) we obtain

) %))

|g(211 22’ tey zi—h z;{’ EHU (i) 571)' —lg(§17 52)

|¢i— |

s 3 -
,,jmigzt(zlyzzr~'-,zﬂ){7
t=1,2,..,n.

§ 2. Proof of the theorem. We denote by C(Sg, 81y ey 8n) B sCG
of points (wy, 1wy, ..., ws) defined by the inequalities:

| o] == 8, [y | = sy, Jwy| =8, .oy |0n] = 8n .

We denote by A (8o, 81, .-, %n) & seb of points (wg, w0y, ..., wa) con-
tained in C(8y, 81, ..., $x) and satisfying the relation

H(So, 81, 835 eovy Su) = [F(Wo, Wey vy wa)] .

The set A (sy, 81, ..., 81) is not empty. It is closed and bounded. This
follows from the fact that f (wy, s, ..., ws) is analytic and |f(we, wy, ..., W)
is continuous. We introduce the notation

af (wy, Wy, ..., Wn)

L(Sg, 814y ooy Sp) = INAX
(01 13 ’ ”) awo

for  (wq, Wy, .., Wa) € A (Spy 81y ey Sn) -

This maximum exists because |f/dw,| is continuous and A (s, §15 ..., &2)
is & compact set. Denote by B (g, 81, ..., $x) the set of points (we, wy, ..., wy)
satisfying the condition

(8o, Wy vvvy Wn) € A(Spy Sy ooy 8u)y  L(Spy 81y ooy 80) =

In order to prove our theorem it is sufficient to prove the equality

(8}1(30,81, very 8n)

75, )+= 1(80y 81y +evy Sn) -

Tt will be proved if we show that the following inequalities hold:

(7), lim sup H (3g+hy 81y 85, ovy 80) — H (8o, 81 ... $n)
B0+ h

(So+Dy 84y 8oy weey Su)—H (89, 81y vny 8n)
h

< L(8gy 81y -5 8n)

.. H
(7)y liminf > L(8gy 81y eeey Su)
n0+
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At first we prove (7);. We choose a sequence {s;} such that

v v

S0 > 8o, (80}31: “':Sn)_é‘cgo:317"':S7t)
and

v
(8) lim H(8g, 81y ooy sn)y—H(so, 81y ceey 8n)
00 80— 38
— limpup H (g4 Ty 815 ooy Su)—H(8g, 81, -y 8n)
10+ h -

Sinee f(wy, wy, ..., wy) iy an analytic function in the domain (1), for
every point (10, s, ..., wn) satisfying relations |w;| =b;, i =1, 2, ..., n,
J(woy ..y wn) s analytic in w, in the circle |w,| < b,. Then for every
(805 815 -, Sn) there exists (w, wi, ..., w)) such that (see Fig. 1)

Pl ” . :
lu,[)i__ga, ]u;,,:]:,s,‘;, t=1,2,..,4,

H(Sg, S1y ey Sp) = If(“’a: will’ ey “’ZL)] -

(9)

Wi

Fig. 1

It may be assumed that the sequences f{wg}, {wi}, i=1,2,..,n
converge to w, and w; respectively, ¢ =1, 2, ..., n, because we can always
take a convergent subsequence. By the continuity of H(s,, $,, ..., Sa)
and |f(wo, wy, ..., wa)| we infer from (9) the equality

{10) H(8g, 83, wovy Su) = | (Do, By, vy Tn)| -

Hence we see that (wc,: Wiy ooey Wn) € A(Sgy Syy uny Sn).
" Al s , o y . 9
For every point (wo, Wi, ..., wy) We choose a point (&, wl, i, ..., wh)
such that (see Fig. 2)
(11)

|&o] = 8o, |&—wp| = sh—s,.

Evidently & —wo because of |&— %] < |& — wp| + |wo—B,|. Then

by (10) we obtain

(12) 10, w1, ooy wh)| S H(Sy, 85, vy 80) = | (W0, By, vy Ba)] -
Annales Polonici Mathematici X L7
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Now we find the evaluation from above for

H(sﬁ, 819 0003 8n)—H (89, 81, .

-y 8n),
- .
So— 8

Equalities (9) and (10) yield

H {85y 81y oy Su) —H (80, 81, vy Sn) - IF (w5, Wi, .y )| = |f (0, wuﬁ-;;ﬂgl[

So— 8 80— 8o

»

WL'V

Fig. 2
Then in view of (11) and (12) we may write

[ty 263,y ooy 00)| = | (o, Ty ooy )] _|f (00, w1y ...
¥ =
So— 8o

1W:L)I—]f(§33w1; ) 2_”n)[
wi— &l

, W) —F (&, i, ..., wy)]
|wp—&o]

_ b, w, .
<

Consequently we obtain

H (Sgy Syy -3 8n)— H (g, 814 -vy 8n)

f(w;;'wi’ 7“7:»)'—7‘(‘587 w’iy 7w;;)[
)

wy— &
By lemma 2 the right-hand member of (13) tends to |f,,(@o, @y, ..., Wa)|;
therefore

(13) <!

(13)1 lim H(S;;i S1y +eey 8")-H(30, S15-+5 8

) P _
" < ]7':00('“-’0; Wyy eony wﬂ)l .
V=00 80—80

Since (@y, Wy, - ) Tn) € A (S, 81y ...
we have

, 8a), by the definition of L(sy, 8y, ..., 8n)

|fioo(@oy Ty oo s Bn)| K L(Spy 815 -vvs 80)
which in view of (13) and (8) gives

'limSUI) H(sy+hy 8y ey sn;)b——H(s(,, S1y eery Sn)
h—~0+

< L(8py 84y vevy 8n) -

Therefore equality (7), holds.

icm

On some properties of analytic functions 243

Now it must be proved that (7), holds. We take into consideration

an arbitrary point (B, By, ..., fu) € B(S;, 81, ..., $x). By the definition of
B(‘S'O’ 81y veey sp) we have

(14) H(Sﬂjsll"')Sﬁ)_’:If(ﬂ()]ﬂl?“'iﬁ”)[!
(15) - L (805 81y 3 8n) = {fioe(Bos B1s - Bl -
Then we take a sequence (iy, 8y, ..., Su), { > S,, fs—>8,, such that

H(t0, 815 ooy 8)— H (84, 81, ..., 8n)

(16) lim -
-0 to— 8,
— liminf H(sy+h, 815 ey 80) —H (S, 81, «ey Sn)
h>o+ h :

Since |f(wo, w1, ..., wa)| is continuous, we choose for every (&5, s, ..., )
a point (Bq, Br, ..., Bn) such that (see Fig. 3)

an) 6 =4, 18] =5,
H(t;7 81y ey 81;) = |f(ﬂga ﬁ;.’ veey ﬂ;t)l .

) = 9
t=1,2,..,n,

BA

i=12....n
(!
Fig. 3

For every sequence {{;—s,},f—8,> 0, —,—0, there exists by
lemma 3 a sequence of points {aj} such that (see Fig. 4)

(18), lao—fo| = th—5,,
]f(as7 Buy ey Ign)!_u(ﬂn, Buy o-s ﬂﬂ)[
| — Bl
By means of the maximum principle for analytic functions we have
If(asz By Boy oey ﬁﬂ)l S H(tg, 81y 82y +0v 80) = If(ﬁ;: Bis ey Bl -

Now we shall find the lower evaluation of

(18),

yjoa If":’u(ﬁﬂ) Biy ey ﬂﬂ)l .

(19),

H(tl;y S1y oty 3")"‘H(301 S19 000y sﬂ)

10— 8

17*
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We deduce from (17) and (14) the equality Remark 2. We can prove by a similar method an analogical theorem
H(B, 81, vy $n)— H (S0, 81y ey S0) on the left-hand derivatives (2H/os,)—, (6H/ds;)—, 1 =1, 2, ... ) M
) 81y oo ey §

(19)

s Remark 3. If f is an analytic functlon of one variable z, we obtain
v 0 o -
By =17 (B, ) from our theorem the following corollary:
NN |.,/3°’/51’ e 01 P15 215 Pl Assume that f(2) is an analytic function in a cirele %, = |2] < a.
‘ to— 3o We put
vp ) and from (19); and (18); we have M(r) = 111;1‘(1):| F(2)] .
%o Then we state that:
(20) 1085, B, s )l = I (Boy Py o -5 fn)| (i) M (r) is a continuous and not decreasing function in [0, a);
1o —~.so (ii) the derivatives M (r) and ML(r) exist for every re[0,a) and
Tig. 4 < (a8 Byy ooy B)] 17(Bas P, vy B for every r there exist points & and % contained in %, such that
’ [ o [l =lul=r, M) =]f(] =),
From (20), (18),, (19), (16) and (15) we obtain M) =|1'(&), J'[L (r) = 7"(n)l;
T i fH (So+Tuy Spy ooy Su)—H (84, 814 vy 8n) S Lisa, 8 o) M(r) is not differentiable in general, of course.
zﬁo}f 7 #7AAR0 Ty ey SR As an example we may take a function
— S8 4s2
and we have proved (7). fz) =+ 422—241.
It follows by (7), and (7), that we have We write it in the form
_ . 2) = (2*—1)-(z+4)+5.
limsup H(sothy 81y oy Sn) = H (S0, 81y 0y ) L L8y, 81y vevy Sn) . e = I 3 )t .
a0t h ‘ We shall show that for the corresponding function M (r) we have
< timing ZLOE R 0 oo S0) = M s 8 200 0] (1) = [f(=1)] = [FD)] -
hes0k ) .
Hence wo. deduce o The points on |2/ =1 will be represented by

(aH(so, S1y =, 0e[0,2n).

b
3.5(, n))+=L<307 81y ey R”) . We put

u(6) = [f(e?)]2.
This may be written in the form
w(0) = f(e")-f(e) .

Thus for the right-hand derivative we have the relation

(@M)f oo 00 oty oo 0|

08, Then we have
where (g, Wy, ..., Wa) 18 & point which satisfies w'(8) = F(61)-[— 26-28(6~0 4 4) — jg=0(e=20 — 1)] 4
ol =0, bl =8, s (] = s +(emi0) - [200( 0 + 4) + ig(0—1)],
H (S0, 815 ey sn) == |[(dho, 0, oy )] - w(0) = B(—108) +5(108) = 0,  1/(m) = 5{—104) + 5 (107) =

'Lb”( 0) = f(eia) [___ 4:6—21'(3—2'9 + 4) — 9810 6—1’0(6—-2135_ 1) — 26—-81'0] +

Remark 1. We can prove in the same way the rvelations o )
! v + [29620( 6 - 4) - G670 6210 — 1)]-[—2ie—210( e~ 4 4) — G6~0(~20 —1)] +

<ag$m;§l.,lf’l)) = | foulaogt, i, L, fwﬁ‘)| , =1, 8,0, +f(671) [— 4620( g% - 4) — 2390 — ¢8( 210 — 1) — 2810] |-
i +

+[— 246210610 | 4) — fo16(g~2i0 — 1)]-[2462( ¢ +- 4) + (20 — 1) ,

] . u"(0) = 5(—24) 4 (104) (— 10¢) 4+ B (— 24) 4 (— 10) (104) =
lw:il =8, |“’:1l=‘-31, ey |’wn’"1="'n; ":"“"142;-'-:""7 =-—240+4+200=—40<0,

H{(Sg, 81y ey Sn) = |F(wp®, wit, oy omd)],  i=1,2,..,m. w"'(7) = B(—8) -+ (64)(—65)+5(—8)+(—6i)(64) = —80-+-72 =—8< 0

*q Hq g . . . . N
where (1wy", w1"y ooy wy')y, 4 =1,2, .., %, is a point satisfying
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and consequently

I

M) = [f(~1)| = (1) =5.
It may easily be shown that the set A(1) consisting of the roots of the
equation #'(6) = 0 contains only 0 and =. We find

f'(z) = 824+-8:—1, [f(—1)=6, [f(1)=10.
In view of remark 3 we have

IU4(1) = max [()],

ML(1) = min |f'(2)| .
ze.4(1)

zeA(1)
Hence
M, (1) =10

and  ML(1)=6.
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Remarks on the extremal functions of a certain class
of amalytical functions

by J. ZAMORSKI (Wroclaw)

Let us study the class T of the analytic functions satisfying in the
ring 0 < |2| <1 the differential equation

21'(2)
) 1)

=ap(a)+B

where « and B are any complex numbers and p(z2) = 1+ o,z ... satisfies
the inequality rep (2) > 0. We can easily see that the form of the functions
of the class T' is as follows:

(2) f(2) = Cestfexp {aafﬂs)s'l ds}

==
= Cpoth {1 + 2 a,ﬂzk}, C = const .
k=1

Let T.s be a subelass of the class T obtained by fixing the numbers a
and B and putting ¢ = 1. In particular T, will be identical with the class
of all regular starlike schlicht funetions, and 7T-,, will be identical with
the clags of all meromorphic starlike schlicht functions. If we put a = ¢
= 1/(1—ai), B = 1— p (real a) we obtain the class of Spaéek spiral schlicht
funetions [2] and putting a = —g, = —1+¢ we obtain the class of
spiral meromorphic schlicht functions. Class Tpppa—q 18 & certain subelass
(p integral) of the class of p-valent functions. -

In my previous paper [3] it was proved that the following estimations
are true:

. n=1
" . N
(I) if reaz0 then |an gmk]!ma-)—k[;

(1) if  —|ePf<rea<O0 then

=1

(1) ]anlg%[m[[:za—}—k] for m=1,..,N+1,
" k=0
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