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On a property of the upper envelope of plurisubharmonic
functions

by J. GORsKI (Krakéw)

One of the most important problems in the theory of analytic func-
tions of several complex variables is the construction of the envelope
of holomorphy of a given domain. In [1] and [3] a new construction of
the envelope of holomorphy H (D) of a schlicht domain D is given provided
that H (D) is also schlicht. The main tool in this construction is the upper
envelope @(p) of all plurisubharmonic functions in D which are equal
or smaller that the given function f(p) in D.

The aim of this note is to prove formula (3), which states that the
upper limit of the function ®(p) equals f(p) on some set G contained
in D and defined by the mass-distributions connected with the so called
extremal systems of points of the domains D. This note is a continuation
of a previous paper (see [2]) and we shall use the same notation.

Let D be a bounded domain in the space of two complex variables
and D its closure. We put (1) B = D, A =1. Let f(p) be a continuous
function defined in D (e.g. f(p) = —logdp(p), where dp(p) denotes the
Euclidean distance of a point p e D from the boundary of D). Let h(p, q)
be a function which satisfies the following conditions: (i) k(p, ¢) is a con-
tinuous function of the points p and ¢ defined in a domain BD D,
(i) [h(p, g)] = |k (g, p)| = 0, (iii) for fixed g, h(p, ¢) is an analytic function
of p.

' Using the method of extremal points indicated in [2] for the set
E = D and the function f(p) bounded from below we obtain the plurisub-
harmonic function

uu(p) = [log |h(p, )| dualg) ,
D

which possesses the following properties:

(1) : w(p) < yn+1(p)

(*) Compare the notation used in [2].
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in D except for a set of capacity (*) 0;

(2) unp) = ynt+1(p)

in 5,% except for a set of capacity 0 contained in l_),q.. At exceptional
points un(p) = yrn+/{p). Here

yu=1logd(D, 1], H+ [ 1@ dmla)
RS b . . [
and ﬁ,,h deno&es the kernel of mass distribution uy.

In the caie under consideration we can obtain stronger results than (1)
and (2). Let K(p,r) be an arbitrary hypersphere with a centre at a point
p € D and radius » > 0 contained in D. Since w,(p) is subharmonic in D,
from (1) follows

. 1 .
un(p) SYolK(p, (e)) j up(q)deog < yr+f(p)+e
E(p, ()
for every point p € D whose distance from the boundary D" of D is smaller
than 7(e). Since & > 0 is an arbitrary number, inequality (1) holds in the
whole domain D. Similaxly, equality (2) holds in D,,— D" without any

exception.
In [2] we considered the function

wy(p) = Eﬂﬁ{sgp[uh(q)— ml} s

which is plurisubharmonic in D and satisfies the inequality

wy(p) < f(p) .
We shall prove that

3) Jn wip) = Tm o) = fip), ¢= N D,-D,

where @(p) denotes the upper envelope of all plurisubharmonic functions
in D which are < f(p).
In fact, we have
w(q)— v < f(q), geD
and

Hm[up(g) = yn] = fp), wpe El‘h—']). .
4

According to the definition of @(p) we have wux(q)— y, < D(q) for every
tunction h(p, ¢) which satisfies (i), (ii) and (iii).

() For the definition of the generalized capacity (D, |h|, ) see [2].
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Let p, be an arbitrary fixed point in ¢ = 3 D,,—D'. Suppose that
I

po belongs to Dy, —D". Therefore

(@) — ymr < supfun(g)—ya) < @)
and '
(4) (po) = i [we(q) — yie] < im {sup [ua(g) — yal} < TmD(q) < f(po) -
i a->po b a—+Po

Trom (4) follows B -

limewy(q) = lim®(q) = f(p,) .

¢-rlo apy

A similar result can be obtained if 2 = —1 and if we consider the

funetion w.,(p) and the lower envelope @(p).
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