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11 est probable qu'on ait Fi=F, lorsque A satisfait & la condition
A*< = min |g,(2)|,

zely

mais je n'ai pas réussi & le démontrer.

2. 11 est probable que dans Pévaluation (41) du module R le nombre
N? puisse étre remplacé par N.

3. La méthode exposée dans ce travail peut étre étendue 3 la con-
struction de la fonction effectuant la représentation conforme du do-
maine donné I sur les domaines doublement connexes plus généraux
que !a. couronne circulaire. A cet effet, on deit remplacer la fonetion
frontiére ¢({) par une autre convenablement choisie.
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Haantjes and Alt curvatures in abstract metric spaces
by A.Pri§ (Krakéw)

Haantjes has shown that in metric spaces of the Fréchet’s type
the curve may have a Haantjes curvature without having an Alt curva-
ture, and all the more without having a Menger curvature’). In Haan-
tjes’ example his curvature equals 2 (while the Alt upper curvature is
finite). It is known, that in certain spaces (e. g. Euclidean, eliptical) every
curve for which Haantjes curvature equals zero in every point, is geo-
desic. In this note we exemplify the curve for every point p of which the
Haantjes curvature is equal to zero and which in no point has an Alt curva-
ture. (The Alt upper curvature for that curve iz equal --co.) Hence if
does not possess a Menger curvature. :

1. Let us consider a segment [0, 1/2]. The distance of two points
of this segment is expressed by

o(p1,p2)=1T1—74l,

where z; is a Cartesian coordinate of point p;.
Now let us introduce for this segment a new mefrie

1) 0" (p1,P2) =flr;—Ta))
which fulfils Fréchet’s axioms (¢*p,p) =0, o(»,q) =¢*(¢,p)>0 for
pgq, and o*(p,q) +0%(¢,7) >e"(p,7)) and by which the segment [0, 1/2]
becomes arc L in a certain non Euclidean space.

Owing to some properties of the function f(u) the are I has a Haant-
jes eurvature equal to zevo at every point imd does not have an Alf
curvature.

2. In order to define the function f(u), we introduce the following

notations
1 n
(2) = (T) (n=1,2,...),
4
a,—
(3) b, = —— .
n 1—(!,31_{_1

1) Compare [1] and [2].
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We have inequalities
(4) a4, 1< b, < a, (n=1,2,...).

Now let us define f(u), for 0<Lu<<1/2 in the following manner

(5) fu)=a,—a; for b<u<a, (n=1,2,...),
(6) f(u)'——(l"“zg‘a,-p-l)u for Oy <UL, (n=1,2,...),
(7) F(0)=0. ‘

The graph of this function consists of a countable number of segments
which lie either on straight lines parallel to u axis, or on straight lines
going throuhg the point (0,0).

It can easily be verified, that the function f(u) satisfies the follow-
ing conditions: ‘

(8) ,  Fw) is a continuous and non-decreasing function,
9) f(w)ju is a non-increasing fumetion for u>0,
(10). Fu)<u

ag it comes from (6), (2), (9) and (7).
Furthermore the function f(w) fulfils the inequality

(11) Flu)=u—ut.

In fact, in the case of (5) we have f(u)=a,—at>u—u from tho
inequalities 0<Cu<{a,<1/2. In the case of (6) we have

f(u)=(1"'“20-»1)“:“—0%4—1“2“—%4 a8 0<ty  <u.

Now we shgll prove that
(12) F (a4 3) < F )+ F ()

For w;=0 or u,=0 it is a consequence of (7).
In the case of 4, >0 and u,>0 we have

Flug+us) _ flu,)

—_—

Uy Uy Uy
Fuy+ ue) JICH)
Uy Uy Uy

from (9). Let us multiply the first inequality by (u,-+u,)u,, the second
by (u;+%,)u, and add. We obtain the inequality

(ty+ o) f (201 10) < (0454 ) [f (1) -+ Fus)],
hence, since ;>0 and u,>0, the inequality (12).

o] =

for wu,+u,>=

4

and

A\
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3. The metric (1) is topologically equivalent to the Euclidean met-
ric by the relations (10), (11), hence the interval [0,1/2] is by the met-
ric (1) really an are.

We shall show, that the metric (1) fulfils Fréchet axioms.

In fact

L p,p)=0 Dby (1),(7),
IL  "(p,q) =¢"(g,p) Ze(g,p)—e(g,p)*>0 by (1), (11),
L ¢"p,q) +e"(g,") = f(Itp—7) +f (g —7)
= fllty =)+ —1) 2f ([t =) =0"(p,7) by (12),(8)-

4. Next it will be shown that the are L is rectifiable and its length
from p(7;) to p(z,) is expressed by the formula:

(13) ‘ Uty 7a)=|T3—74|-

Let {o;} be a finite subset of the interval [z;,7,], such that

(14) 0 =701 <0< ... <O <Tp=0y 4
and
(15) logpi—oil<e (¢=0,1,2,...,n),

where ¢ is an arbitrary positive number.
Denoting the length of the polygonal line with vertices p(g;) by S,
we have

ﬂ_n =2 2(0341,05).

=0

By using the inequalities (10), (11) and (14) we obtain
n
(16) (vo— 71)_'20(0'i+1_0'i)4< BT 71

Combining the inequalities (15) and (16), we get

n n
5;L>Ts"‘71_2(‘7&1"%’)4?72“71”2(Ui+1— 0;) 3= (1;—T,) (1 — &%),
i=0 i=0

hence
(1a—7) (1 — &)< B < (T —71)

But since & is arbitrary, the formula (13) is proved.
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5. To prove that the Haantjes curvature exists in every poinb p(z,)
of the are I and identically equals zero, let us consider the following
expression
[Te—171] — 0*(71,72)

[Ta—T[?

He 111, 7:) —0*(71,7) —

B3(7y,75)

a8 7; and 7, approach zero.
By virtue of definition (1) and the inequalities (10), (11) we have

[Ta—71| —(|va—1y| —|72—7,|¥)

0<HSK = =7y
|Ta~*74]
which implies
lim H=0.
(17) n-0

Hence the Haantjes curvature K,=}/24 lim H=0.

6. We shall show now that the Alt curvature does not exist in any
point of the are L.

Let 7 be an arbitrary number of the interval [0,1/2]. Let us de-
fine two sequences tending to % in the following manner:

1
(18) 1P =T+a,,, in the cage of < 7
@) _z i a<t
(19) Ty =T+Dpy1  in the case of T 7
' . 1)__= g - 1
(18" 7, =T—0,y; N the case of 121,
’ (‘_7)_— . o — 1
(19") T, =%—b,,, in the case of T>Z'
It iy evident that
1 o 1
o afod, e
by (2), (4) and (18), (19) or (18), (19'),
(21) WA, T, P#3

by (2), (4) and (18), (19) or (18"), (19"),

(22) Pz, 7.
Nn->00 n—00
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Let us now consider a tiiangle 4, with vertices p(7), p(zP),p (z2)
and denote the lengths of its sides by a,, Buy Va-
We have

(23) anzf(“n+l)<“n+1

by definition (1) and inequality (10),

(24) ﬂn=f(b'n+l)=f(an+l):an
by the relations (1)-(5), -

(25) ) 7’?12}‘(“71-)—1—'bﬂ+1)<f(“n+1)'=an'

by the relations (1)-(8).

If we denote by r, the radius of the circle circumseribed about the
triangle 4, (see definition of Alt curvature), we have by (24)
(26) ’ G B,
¥ e ——————— —<0, a,

n "/4a727‘_.l}/:/ \]/3a72”/ N~ Y41

by virtue of (25), (26).

The inequality (26) and notations (2) imply that »,—0, hence by
(20), (21), (22) the Alt upper curvature at the point p(z) equals Hoo
which was to be proved.
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