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In this paper, we propose a numerical algorithm for filtering and robust signal differentiation. The numerical procedure
is based on the solution of a simplified linear optimization problem. A compromise between smoothing and fidelity with
respect to the measurable data is achieved by the computation of an optimal regularization parameter that minimizes the
Generalized Cross Validation criterion (GCV). Simulation results are given to highlight the effectiveness of the proposed
procedure.
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1. Introduction
In many estimation and observation problems, estimating
the unmeasured system dynamics turns on estimating the
derivatives of the measured system outputs from discrete
samples of measurements (Diop et al., 1993; Gauthier et
al., 1992; Ibrir, 1999). A model of the signal dynamics may be of crucial help to achieve the desired objective. This has been magnificently demonstrated in pioneering works by R.E. Kalman (1960) and D.G. Luenberger (1971) for signals generated by known linear dynamical systems. Roughly speaking, if a signal model is
known, then the resulting smooth signal can be differentiated with respect to time in order to have estimates of
higher derivatives of the system output. For example, consider the problem of estimating ν − 1 first derivatives,
y (i) , i = 0, 1, . . . , ν − 1 of the output of a dynamic system, say, y (ν) = f (y, ẏ, ÿ, . . . , y (ν−1) ), where y may be
a vector, and f may contain input derivatives. But we
choose not to go into technical details. If the nonlinear
function f is known accurately enough, then asymptotic
nonlinear observers can be designed using the results from
(Ciccarella et al., 1993; Gauthier et al., 1992; Misawa
and Hedrick, 1989; Rajamani, 1998; Tornambè, 1992; Xia
and Gao, 1989). The proof of the asymptotic convergence of those observers requires various restrictive assumptions on the nonlinear function f . If f is not known
accurately enough then, estimators for the derivatives of
y may still be obtained via the theory of stabilization

of uncertain systems, see, e.g., (Barmish and Leitmann,
1982; Chen, 1990; Chen and Leitmann, 1987; Dawson
et al., 1992; Leitmann, 1981). The practical convergence
that is reached by the latter approach needs some matching conditions. We shall also mention the approach via
sliding modes as in (Slotine et al., 1987).
However, there are at least two practical situations
where the available model is not of great help. First, the
system model may be too poorly known. Second, it may
be too complex for an extension of linear observer design
theory. In those situations, and as long as practical (in
lieu of asymptotic) convergence is enough for the specific
application at hand, we may consider using differentiation estimators which merely ignore the nonlinear function f in their design. Differentiation estimators may be
realized in both continuous time or discrete time as suggested in (Ibrir, 2001; 2003). This motivates enough the
study, by observer design theorists, of more sophisticated
numerical differentiation techniques for use in more involved control design problems. The numerical analysis
literature is where to find the main contributions in the
area, see (Anderson and Bloomfield, 1974; Craven and
Wahba, 1979; De Boor, 1978; Eubank, 1988; Gasser et al.,
1985; Georgiev, 1984; Härdle, 1984; 1985; Ibrir, 1999;
2000; 2003; Müller, 1984; Reinsch, 1967; 1971) for more
motivations and basic references. But these results have
to be adapted to observer design problems since they were
often envisioned so as to be used in an off-line basis.
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The main difficulty that we face while designing differentiation observers, without any a-priori knowledge of
system dynamics, is noise filtering. For this reason, robust signal differentiation can be classified as an ill-posed
problem due to the conflicting goals that we aim to realize.
Generally, noise filtering, precision, and the peaking phenomenon are three contradictory performances that characterize the robustness of any differentiation system.
The field of ill-posed problems has certainly been
one of the fastest growing areas in signal processing and
applied mathematics. This growth has largely been driven
by the needs of applications both in other sciences and
in industry. A problem is mathematically ill-posed if its
solution does not exist, is not unique or does not depend
continuously on the data. A typical example is the combined interpolation and differentiation problem of noisy
data. A problem therein is that there are infinitely many
ways to determine the interpolated function values if only
the constraint from the data is used. Additional constraints
are needed to guarantee the uniqueness of the solution to
make the problem well posed. An important constraint in
context is smoothness. By imposing a smoothness constraint, the analytic regularization method converts an illposed problem into a well-posed one. This has been used
in solving numerous practical problems such as estimating higher derivatives of a signal through potentially noisy
data.
As will be shown, inverse problems typically lead
to mathematical models that are not well posed in
Hadamard’s sense, i.e., to ill-posed problems. Specifically, this means that their solutions is unstable under data
perturbations. Numerical methods that can cope with this
problem are the so-called regularization methods. These
methods have been quite successfully used in the numerical analysis literature in approaches to the ill-posed problem of smoothing a signal from its discrete, potentially uncertain, samples (Anderson and Bloomfield, 1974; Craven
and Wahba, 1979; Eubank, 1988; De Boor, 1978). One
of these approaches proposed an algorithm for the computation of an optimal spline whose first derivatives are
estimates of the first derivatives of the signal. These algorithms suffer from a large amount of computation they
imply. One of the famous regularization criteria which
have been extensively considered in numerical analysis
and statistics (De Boor, 1978) is
Z t
n
1X
2
(yi − ŷi ) + λ
ŷ (m) (s) ds,
(1)
J =
n i=1
0
which embodies a compromise between the closeness to
the measured data and smoothness of the estimate. The
balance between the two distances is mastered by a particular choice of the parameter λ. It was shown that the
minimum of the performance index (1) is a spline function of order 2m, see (De Boor, 1978). Recall that spline

functions are smooth piecewise functions. Since their introduction, splines have proved to be very popular in interpolation, smoothing and approximation, and in computational mathematics in general.
In this paper we present the steps of a new discretetime algorithm which smooths signals from their uncertain discrete samples. The proposed algorithm does not
require any knowledge of the statistics of the measurement uncertainties and is based on the minimization of a
criterion equivalent to (1). The new discrete-time smoothing criterion is inspired by finite-difference schemes. In
this algorithm the regularization parameter is obtained
from the optimality condition of the Generalized CrossValidation criterion as earlier introduced in (Craven and
Wahba, 1979). We show that the smooth solution can be
given as discrete samples or as a continuous-time spline
function defined over the observation interval. Consequently, the regularized solution can be differentiated as
many times as possible to estimate smooth higher derivatives of the measured signal.

2. Problem Statement and Solution
of the Optimization Problem
Here, we consider the problem of smoothing noisy
data with possibly estimating the higher derivatives
ŷ (µ) (ti ), µ = 0, 1, . . . , ν − 1 from discrete, potentially
uncertain, samples y` = ȳ(t` )+(t` ), ` = i−n+1, . . . , i,
measured with an error (t` ) at n distinct instants, by
minimizing the cost function
J :=

1
n

i
X


2
ŷ(t` ) − y(t` )

`=i−n+1

+λ

i−1
X

h

(m)

ŷ`

(∆t)m

i2

,

i ∈ Z≥n ,

`=i−n+m

where Z≥n is the set of positive integer numbers
greater than or equal to n. For each moving window
[ti−n+1 , . . . , ti ] of length n, we minimize (2) with respect to ŷ. The first term in the criterion is the well-known
least-squares criterion, and the second term represents an
equivalent functional to the continuous integral
Z

ti

ŷ (m) (t) dt,

ti−n+1

such that ŷ (m) (t) is the continuous m-th derivative of
(m)
the function ŷ(t). Here ŷi
denotes the finite-difference
scheme of the m-th derivative of the continuous function
ŷ(t) at time t = ti . In order to compute the m-th derivative of ŷ(t) at time t = ti we will only use the samples
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ŷi−m , ŷi−m−1 , . . . , ŷi . Then the last cost function is written in the matrix form as
J :=

1
kY − Ŷ k2 + λkH Ŷ k2 ,
n

The derivative formulae (3) come from the approximation of the m-th derivative of ŷ by the following finitedifference scheme:

(2)
(m)
ŷi

where



Y =



yi−n+1
yi−n+2
..
.
yi




,






Ŷ = 



ŷi−n+1
ŷi−n+2
..
.
ŷi



,



j = 1, . . . , m + 1,

(3)

where Cnk is the standard binomial coefficient. For m =
2, 3, and 4, the smoothness conditions are
n−1
X

2

[ŷ`−1 − 2ŷ` + ŷ`+1 ] ,

`=2
n−1
X

2

[−ŷ`−2 + 3ŷ`−1 − 3ŷ` + ŷ`+1 ] ,

`=3
n−1
X

2

[ŷ`−3 − 4ŷ`−2 + 6ŷ`−1 − 4ŷ` + ŷ`+1 ] ,

`=4
n−1
X

2

[−ŷ`−4 +5ŷ`−3 −10ŷ`−2 +10ŷ`−1 −5ŷ` + ŷ`+1 ] ,

`=5

respectively. Consequently, the corresponding matrices
are


1 −2 1
0 ··· 0


 0 1 −2 1 · · · 0 
H(n−2)×n = 
. 
..
..
..
..
,
 ..
.
. .. 
.
 .
.
0 0 · · · 1 −2 1


H(n−3)×n

−1 3 −3 1

 0 −1 3 −3
=
..
..
..
 ..
.
.
 .
.
0
0
0 −1




H(n−4)×n = 



0
1
..
.

···
···
..
.

3

−3

1 −4 6 −4 1
0 1 −4 6 −4
..
..
..
..
..
.
.
.
.
.
0 0
0
1 −4

m+1
1 X
j
(−1)m+j Cm
ŷi−m+j+1 .
=
(∆t)m j=0

(4)

This differentiation scheme is obtained by solving the set
of the following Taylor expansions with respect to the
(1) (2)
(m)
derivatives ŷi , ŷi , . . . , ŷi :



and H is an (n − m) × (n) matrix consisting of general
rows
j−1
(−1)m+j−1 Cm
,
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0
0
..
.
1

0
1
..
.

···
···
..
.

6

−4

δ (1) δ 2 (2)
δ m (m)
ŷi + ŷi + · · · +
ŷ ,
1!
2!
m! i

ŷi−2 = ŷi −

2δ (1) (2δ)2 (2)
(2δ)m (m)
ŷi +
ŷi + · · · +
ŷ ,
1!
2!
m! i

..
.
ŷi−m = ŷi −

mδ (1) (mδ)2 (2)
(mδ)m (m)
ŷi +
ŷi +. . .+
ŷ ,
1!
2!
m! i

where δ = ti − ti−1 is the sampling period. We have
selected this finite-difference scheme in order to force the
matrix H 0 H to be positive definite. The symbol k · k denotes the Euclidean norm, and λ is a smoothing parameter chosen in the interval [0, ∞[. We look for a solution
of the last functional in the space of B-spline functions
of order k = 2m. An interpretation of minimizing such
a functional concerns the trade-off between the smoothing and the closeness to the data. If λ is set to zero, the
minimization of (2) leads to a classical problem of leastsquares approximation by a B-spline function of degree
2m − 1.
We shall use splines because they often exhibit some
optimal properties in interpolation and smoothing—in
other words, they can often be characterized as solutions
to variational problems. Roughly speaking, splines minimize some sort of “energy” functional. This variational
characterization leads to a generalized notion of splines,
namely, variational splines.
For each fixed measurement window, we seek the solution of (2) as
ŷ(t) :=



i
X

αj bj,2m (t), ti−n+1 ≤ t ≤ ti , i ∈ Z≥n ,

j=i−n+1



,



0
0
..
.
1

ŷi−1 = ŷi −

(5)
where α ∈ R , and bi,2m (t) is the i-th B-spline basis
function of order 2m. For notational simplicity, ŷ(t) and
α are not indexed with respect to the moving window. We
assume that the conditions of the optimization problem are
the same for each moving window. Thus, the cost function
(1) becomes
n




.



J =

1
(Y − Bα)0 (Y − Bα) + λα0 B 0 RBα
n

(6)
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variance of the noise σ 2 is known, then λ should be chosen so that

such that
R := H 0 H ,
Bi,j := bj,2m (t` ),

i
X

` = i − n + 1, . . . , i,

i ∈ Z≥n .

(7)

(8)

The main result of (Craven and Wahba, 1979) shows
that a good estimate of the smoothing parameter λ (also
called the generalized cross-validation parameter) is the
minimizer of the GCV criterion

or
α = (nλB 0 R B + B 0 B)−1 B 0 Y
−1

= (nλRB + B)

Y.

(12)

`=i−n+1

Let A (λ) be the n × n matrix depending on
ti−n+1 , ti−n+2 , . . . , ti and λ such that




ŷ(ti−n+1 )
y(ti−n+1 )




..
..

 = A (λ) 
.
(13)
.
.




ŷ(ti )
y(ti )

The optimum value of the control vector α is obtained via
the optimality condition dJ /dα = 0. Then we get
2
− B 0 (Y − B α) + 2λB 0 R B α = 0,
n


2
ŷ(t` ) − y(t` ) = n σ 2 .

Consequently,

k (I − A (λ)) Y k2
2 .
n trace(I − A (λ))

1
0

0

−1

Y − B α = nλR B(nλB R B + B B)

0

B Y.

(9)

From (8), the continuous spline is fully determined.
Hence the discrete samples of the regularized solution are
computed from
Ŷ = Y − nλR B(nλB 0 R B + B 0 B)−1 B 0 Y


−1
= I − nλR (I + nλR)
Y.
(10)
As for the last equation, note that the discrete regularized
samples are given as the output of an FIR filter where its
coefficients are functions of the regularization parameter
λ. The sensitivity of the solution to this parameter is quite
important, so the next section will be devoted to the optimal calculation of the regularization parameter through
the cross-validation criterion.

V (λ) = n
1

(14)

This estimate has the advantage of being free from the
knowledge of the statistical properties of noise. Further, if
the minimizer of V (λ) is obtained, then the estimates of
higher derivatives of the function y(t) could be obtained
by differentiating the smooth function ŷ(t).
Now, we outline a computational method to determine the smoothing parameter which minimizes the crossvalidation criterion V (λ), where the polynomial smoothing spline ŷ(t) is supposed to be a B-spline of degree
2m − 1. Using the definition of A (λ), we write

Y − Ŷ = Y − A (λ)Y = I − A (λ) Y.
(15)
From (7), we obtain
Y − Ŷ = nλ R B α.

(16)

Substituting (8) in (16), we get

3. Computing the Regularization Parameter
In this section we shall present details of a computational
method for estimating the optimal regularization parameter in terms of the criterion matrices. We have seen that the
spline vector α depends upon the smoothing parameter
λ. In (Craven and Wahba, 1979), two ways of estimating
the smoothing parameter λ were given. The first method
is called the ordinary cross-validation (OCV), which consists in finding the value of λ that minimizes the OCVcriterion
R(λ) :=

i
X

2
ŷ(t` ) − y(t` ) ,

i = n, n + 1, . . . ,

`=i−n+1

(11)
where ŷ(t) is a smooth polynomial of degree 2m − 1.
Reinsch (1967) suggests, roughly speaking, that if the

Y − Ŷ = nλ R B(nλ B 0 R B + B 0 B)−1 B 0 Y
−1

= nλR(I + nλR)

Y.

By comparison with (15), we deduce that

−1
I − A (λ) = nλR(I + nλR) .

(17)

(18)

The GCV-criterion becomes
V (λ) = h

1
n knλR(I

−1

Y k2
i2 .
−1
1
trace
nλR(I
+
nλR)
n


+ nλR)

(19)

We propose the classical Newton method to compute the
minimum of V (λ). This yields to the following iterations:
V˙ (λk )
λk+1 = λk −
,
(20)
V¨(λk )
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where V˙ et V¨ are the first and second derivatives of V
with respect to λ, respectively.
Let
p = nλ,
v = (pR + I)−1 Y,
W = (pR + I)−1 .
Then the criterion V becomes
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such that
S = p2 R W R − p R,


dS
p dW
= 2p R W +
R − R,
dp
2 dp

(28)
(29)

dW
= p(RW )2 − RW,
dp

(30)

dv
= pRW Rv − Rv.
dp

(31)

2

V (p) = 
1

1
n kpRvk

n trace(p R)W

2 .

(21)

1
p2
2
kpRvk = v 0 R0 Rv,
n
n

2
1
D =
trace(pRW ) .
n

(22)
(23)

Differentiating the last two equations with respect to λ,
we obtain


dN
= 2pv 0 R0 R I + p2 R W R − p R v,
dλ

(24)

and
h
dD
2
= trace(pRW ) trace(R W )
dλ
n
i
+ trace(p R2 W (p R W − I)) .


N
,
D
 
d2 N
V¨ =
dλ2 D
d
V˙ =
dλ

Let
N =

Finally, the derivatives


can be easily computed in terms of the first and second
derivatives of N and D.
Remark 1. It is possible to recursively use the last algorithm if we take the values of the obtained spline as
noisy data for another iteration. In this case the amount
of noise in the data is reduced in each step by choosing
a new smoothing parameter. The user could fix a priori
a limited number of iterations according to the specified
application and the time allowed to run the algorithm.

4. Connection with Adaptive Filtering
(25)

From (10), we have
Ŷ = A (λ)Y,

Finally, the second derivatives of N and D are respectively
d2 N
= 2nv 0 R0 R(I + S)v
dλ2


dv
dS
+2pn 2v 0 R0 R(I +S) +v 0 R0 R v ,(26)
dp
dp

2
d D
= 2 trace RW + p R2 W (p R W − I)
dλ2

 dW 
+ 2 trace(p R W ) trace R
dp

+ trace R2 W (p R W − I)
2



dW
+ trace p R2
(p R W − I)
dp



dW 
+ trace p R2 W R W + p R
, (27)
dp

(32)
−1

where A (λ) = I − nλR (I + nλR)
A (λ) = (ai,j (λ))1≤i,j≤n , then

. If we write

ŷi = an,1 (λ)yi−n+1 + an,2 (λ)yi−n+2
+ · · · + an,n (λ)yi .

(33)

Let ŷ(z) and y(z) be the z-transforms of the discrete
signals ŷi and yi , respectively. Then by taking the ztransform of (33), we obtain
ŷ(z)
= an,1 (λ)z −n+1 + an,2 (λ)z −n+2
y(z)
+ · · · + an,n (λ).

(34)

The resulting system (34) takes the form of an adaptive
FIR filter, where its coefficients (an,i )1≤i≤n (λ) are updated by computing a new λ in each iteration i ∈ Z≥n .
The updating law in our case is based on the minimization of the generalized cross-validation criterion V (λ).
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If we see attentively the formulation of the generalized
cross-validation criterion given by (19), we realize that
this criterion is simply a weighted least-squares (LS) performance index. The LS part is given by the numerator
−1
term knλR(I + nλR) Y k2 which is exactly the error
between the smoothed discrete samples and the noisy discrete data. The weighting parameter is given by the term
(1/n)/[(1/n)trace(I − A (λ))]2 . Consequently, the filter (34) can be seen as a weighted least-squares (WLS)
adaptive FIR filter.

5. Numerical Algorithm

The smoothing strategy given in this paper has a relationship with the classical LMS (Least Mean Squares)
adaptive filtering discussed in the signal processing literature. Although our method of updating the filter coefficients is not quite identical to the principle of LMS
adaptive filtering, the philosophy of smoothing remains
the same. To highlight this fact, let us recall the principle of LMS adaptive filtering. In such a filtering strategy, the time invariance of filter coefficients is removed.
This is done by allowing the filter to change coefficients
according to some prescribed optimization criterion. At
each instant, the desired discrete samples ŷi are compared
with the instantaneous filter output ỹi . On the basis of this
measure, the adaptive filter will change its coefficients in
an attempt to reduce the error. The coefficient update relation is a function of the error signal.

Step 2. Construct B-spline basis functions that correspond to the optimal knots calculated in Step 1.

Here, we summarize the regularization procedure in the
following steps:
Step 1. Specify the desired spline of order k = 2m
and construct the optimal knot sequence which corresponds to the breakpoints ti−n+1 , ti−n+2 , . . . , ti .
See (De Boor, 1978) for more details on optimal knot
computing.

Step 3. Construct matrices H, B, R, T , and Q.
Step 4. Compute the optimal value of the smoothing parameter λ using (23)–(27).
Step 5. Compute the spline vector α.
Step 6. Compute the derivatives of the spline using the
formulae
X

X
D`
αi bi,k (t) =
αi `+1 bi,k−` (t),
i

i

where D` is the `-th derivative with respect to time,
and

αr
for ` = 0,



αr `+1 :=
(35)

1 αr ` − αr−1 `


for ` > 0.
k − ` tr+k−` − tr
Step 7. In order to gradually reduce the amount of noise
in the obtained smooth spline, the user has to repeat
all the steps from the beginning by taking the values
of the spline at (ti−n+2 , . . . , ti+1 ) as noisy data for
the next iteration.

6. Simulations
Fig. 1. Scheme of the LMS adaptive filter.

By comparison with the algorithm presented in this
paper, the imposed signal ŷi is not known a priori, but its
formulation in terms of the noisy samples and the smoothing parameter λ is known. The main advantage of the
GCV-based filter is that the minimum of the GCV performance index is computed independently of the knowledge
of the statistical properties of noise. In addition, the information on the smoothing degree m is incorporated in the
quadratic performance index (2), which makes the algorithm not only capable of filtering the discrete samples of
the noisy signal but also capable of reliably reproducing
the continuous higher derivatives of the signal considered.

In the following simulations we suppose that we measure
the noisy signal
y(t) = cos(30t) sin(t) + (t)

(36)

for each δ = 0.01 s. We assume that (t) is a normbounded noise of unknown variance. The exact first
derivatives of the signal y are
ẏ(t) = −30 sin(30t) sin(t) + cos(30t) cos(t),

(37)

ÿ(t) = −901 cos(30t) sin(t) − 60 sin(30t) cos(t). (38)
In Fig. 2 we show the noisy signal (36). In Fig. 3
we plot the exact signal (signal without noise) with the
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1.5

continuous-time spline function, the solution to the minimization problem (2). In the whole simulation the moving window of observation is supposed to be constant of
length 10. In Figs. 4 and 5 we depict the exact derivatives
of the original signal with their estimated values given by
the differentiation of the optimal continuous spline with
respect to time. In Fig. 6, we compare the output of an
LMS adaptive FIR filter of order 7 with the exact sample of the signal y(t). We see clearly the superiority of
the GCV-based filter in the first instants of the filtering
process in comparison with the transient behaviour of the
adaptive FIR filter presented in Fig. 6.
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7. Conclusion
In this paper we have presented a new numerical procedure for reliable filtering and high-order signal differ-

Fig. 2. Noisy signal.
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Fig. 4. First derivative of the optimal
spline vs. the exact one.
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Fig. 5. Second derivative of the optimal spline and the
exact second derivative of the signal.

Fig. 3. Optimal spline vs. the exact signal.
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Fig. 6. Output of the adaptive FIR filter vs. the exact signal.
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entiation. The design strategy consists in determining
the continuous spline signal which minimizes the discrete
functional being the sum of a least-squares criterion and
a discrete smoothing term inspired by finite-difference
schemes. The control of smoothing and the fidelity to the
measurable data is ensured by the computation of one optimal regularization parameter that minimizes the generalized cross-validation criterion. The developed algorithm
is able to estimate higher derivatives of a smooth signal
only by differentiating its basis functions with respect to
time. Satisfactory simulation results were obtained which
prove the efficiency of the developed algorithm.
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