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This paper addresses the problem of reducing blocking effects in transform coding. A novel optimization approach using
the gradient flow is proposed. Using some properties of the gradient flow on a manifold, an optimized filter design method
for reducing the blocking effects is presented. Based on this method, an image reconstruction algorithm is derived. The
algorithm maintains the fidelity of images while reducing the blocking effects. Experimental tests demonstrate that the
presented algorithm is effective.
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1. Introduction
The discrete cosine transform (DCT) plays an important
role in image and video compression techniques. With the
advancement of video communication, DCT has attracted
even further attention. The International Standard Organization (ISO) uses it as a standard component for image
and video compression in JPEG and MPEG (ISO, 1991;
1993). It is well known that the DCT has two main advantages. The first advantage is the feature of its excellent
energy compaction for highly correlated data. It has been
shown that the DCT is very close to the Karhunan-Loeve
transform for first-order statistic Markov processes which
can be used to model most digital images in communication (Jain, 1989). The second advantage is the fact that the
computation of the transform is efficient. A fast DCT is
available as in the fast discrete Fourier transform computation.
According to transform coding theory and some standards, a given image is divided into small p × q rectangular blocks. Generally, the blocks are chosen to be square,
that is, p = q, and we denote the size of each block as
B×B in this paper. The processing of the DCT on a block
is known as the block discrete cosine transform (BDCT).
The process of partitioning an entire image into blocks
provides efficient hardware design and reduced computation time. However, since the BDCT is used block by
block without considering the correlations between any
two neighboring blocks, it results in block artifacts which
appear on many edges between two neighboring blocks.

This phenomenon is known as blocking effects. It deteriorates the quality of the decoded image. The blocking effects are encountered when the bit rate is further reduced,
as in the case of a higher compression.
The research of methodologies for reduction of
blocking effects has attracted much attention since the
1980s. In (Reeve and Lim, 1984), two methods, the
overlap method and the filtering method, were proposed.
These methods share the same advantage of simplicity
in computation, but some disadvantages exist in both the
methods. Since then many papers have been published
on this research. Yang et al. (1993) presented two other
methods, one using projection onto constrained convex
sets to reconstruct decoded images, and the other using
a constrained least-squares method with a high frequency
filter to recover images. This seminal paper introduced
the optimization idea into the problem of blocking effects.
In turn, the paper (Yang et al., 1995) offered an adaptive
method for this problem. Local statistical properties and
human perception were first introduced in this research.
In the paper (Minami and Zakhor, 1995) the use of correlations between the intensity values of boundary pixels
of neighboring blocks was presented to reduce the blocking effects. More recently, the paper (Kim et al., 2000)
introduced a recognition method used in (Won and Derin, 1992) to reduce blocking effects. The paper (Kim et
al., 2000) set forth a restoration filter design method using
edge direction information, a constrained least-squares filter and classification with a model fitting criterion.
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In this paper, we propose a novel approach to the
problem of reducing blocking effects. Based on the fact
that the location of all block boundaries is known, and
only the pixel values on the block boundaries need to be
smoothed, an optimal filter design method is presented on
a constraint manifold. The constraint manifold can be regarded as a lower dimensional manifold imbedded into an
2
N 2 -dimensional linear space RN . So our research can
be converted into an optimization problem on the constraint manifold. This problem can be solved by using
the gradient flow method on the manifold. Based on this
idea, two algebraic differential equations for optimal filter design and optimal reconstruction are proposed for the
reduction of blocking effects. An algorithm based on algebraic differential equations is derived. Two experiments
are given as a test of the proposed algorithm. These experiments demonstrate that the algorithm is effective.
The organization of this paper is as follows: Following Introduction, a mathematical description of blocking
effects is presented in Section 2. Section 3 discusses design methods of optimal filtering and reconstruction of decoded images using gradient flow optimization on a manifold. Section 4 describes the proposed algorithm and two
experiments as tests. The conclusion is included in Section 5.

2. Mathematical Description of Blocking
Effects
After the BDCT transform, a decoded N × N image
X with blocking effects can be expressed in a submatrix
form as


X1,1 X1,2 · · · X1,n


 X2,1 X2,2 · · · X2,n 


X=
(1)
,
 ···



Xn,1 Xn,2 · · · Xn,n
where Xi,j is a B × B submatrix, i, j = 1, 2, . . . , n,
and n = N/B is an integer. Every Xi,j is called a
block. There exist blocking artifacts between every adjacent block boundaries. Such artifacts are called blocking
effects.
r
l
Let fi,j
and fi,j
be respectively the last and first
columns of the submatrix Xi,j for every i, j and write

column direction of X. Define the column edge difference vector fced as
r
fced = ((f1r − f2l )T , (f2r − f3l )T , · · · , (fn−1
− fnl )T )T ,

whose norm kfced k can be used to measure all blocking
effects in the column direction.
t
b
In the same manner, let gi,j
and gi,j
be the first and
last rows of the submatrix Xi,j , respectively. Write
t
t
t
gjt = (gj,1
, gj,2
, . . . , gj,n
),
b
b
b
gjb = (gj,1
, gj,2
, . . . , gj,n
).
t
Then the difference gjb −gj+1
is a measure of the blocking
effects in the row direction of X. Define the row edge
difference vector fred as
b
fred = (g1b − g2t , g2b − g3t , . . . , gn−1
− gnt )T .

The norm of fred can be used to measure all blocking
effects in the row direction.
Let f be the N 2 -dimensional vector composed of
all columns of the decoded image matrix X. The elements of f are arranged such that the first N elements
form the first column of X, the next N elements form
the second column of X, and so on. Here f is called the
image vector of X. It is easy to design two matrices Rc
and Rr such that
Rc f = fced ,

Rr f = fred .

(2)

For the image matrix X, we can also define the corresponding block edge vector fe as
r
fe = (f1r )T , (f2l )T , (f2r )T , . . . , (fn−1
)T , (fnl )T ,
b
g1b , g2t , . . . , gn−1
, gnt

T

.

It is also easy to design two matrices Qc and Qr such
that
Qc fe = fced ,

Qr fe = fred .

(3)

The image vector f and the matrices Rc and Rr
will be used for optimal filter design for the decoded image X. The block edge vector fe and the matrices Qc
and Qr will be used for the optimal reconstruction of the
decoded image X.

r T
r T
r
fjr = ((f1,j
) , (f2,j
) , . . . , (fn,j
)T )T ,

3. Optimal Reconstruction Design Method

l
l
l
fjl = ((f1,j
)T , (f2,j
)T , . . . , (fn,j
)T )T ,

Generally, from Section 2, we can see that fced and fred
provide all the information of edge differences between
any two neighboring blocks of the decoded image matrix X. Therefore, kfced k and kfred k can be used to

where T denotes the transpose. Then the difference vecl
tor fjr − fj+1
is a measure of the blocking effects in the
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measure the blocking effects. The larger kfred k and
kfced k, the greater the blocking effects. Here, we propose
a method to design an optimal filter H such that, when
the image vector f of X passes through the filter H, the
def
corresponding edge differences kfˆced k = kRc Hf k and
def
def
kfˆred k = kRr Hf k of the new image vector fˆ = Hf
can be kept to two given real parameters 1 and 2 , respectively, that is
kfˆced k = 1 , kfˆred k = 2 .

(4)

Note that (4) constitutes a lower manifold in the linear
2
space RN , which we call the constraint manifold. Therefore, the problem of reducing blocking effects is converted
into the optimization problem: Design an optimal filter H
on the constraint manifold. We then solve this problem using the gradient flow optimization method on the manifold
hereafter.
Given a decoded image X with blocking effects, let
f be its image vector. We design an optimal matrix filter
H such that the new image vector fˆ = Hf is close to the
old image vector f with the property of making the block
boundaries smooth and improving the quality of the decoded image X. It is expected that once H is designed,
the new image vector fˆ is obtained, and the new reconstructed image X̂ is close to the old decoded image X
with an improved peak signal to noise ratio (PSNR).
We can formulate the above idea as a typical optimization problem: Given a decoded image X and f
as its corresponding image vector, find a matrix filter H
such that
min kHf − f k2
(5)
H

subject to
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ψ3 (H) = (Rr Hf )T (Rr Hf )
= tr [(Rr Hf )(Rr Hf )T ],
where tr (X) denotes the trace of X.
We have
∂ψ1 (H)
= 2(Hf − f )f T = 2Hf f T − 2f f T , (8)
∂H
∂ψ2 (H)
= RcT Rc Hf f T + RcT Rc Hf f T
∂H
= 2RcT Rc Hf f T ,

(9)

∂ψ3 (H)
= 2RrT Rr Hf f T .
∂H

(10)

Let ψ(H) = ψ1 (H) + λ1 ψ2 (H) + λ2 ψ3 (H), where λ1
and λ2 are indeterminates. We have
∂ψ1 (H)
∂ψ2 (H)
∂ψ3 (H)
∂ψ(H)
=
+ λ1
+ λ2
∂H
∂H
∂H
∂H
= 2(H − I + λ1 RcT Rc H + λ2 RrT Rr H)f f T ,
where I is the identity matrix of the appropriate dimensions.
So we can take the gradient flow of H as
dH
= −2(H − I + λ1 RcT Rc H + λ2 RrT Rr H)f f T . (11)
dt
Next, let us determine what conditions λ1 and λ2 satisfy.

kRc Hf k2 = 21 ,

(6)

kRr Hf k2 = 22 ,

(7)

where Rc and Rr are the same matrices as in (2), and
1 and 2 should be chosen properly so that the original
image information is retained and the blocking effects are
reduced.
Note that the constraints in the above formulation
mean that for the new image vector fˆ = Hf , its column edge difference vector fˆced (fˆced = Rc Hf ) and
row edge difference vector fˆred (fˆred = Rr Hf ) must
satisfy some smoothness conditions.
Let us start solving the problem (5)–(7). Define
T

ψ1 (H) = (Hf − f ) (Hf − f )
= tr [(Hf − f )(Hf − f )T ],
T

ψ2 (H) = (Rc Hf ) (Rc Hf )
= tr [(Rc Hf )(Rc Hf )T ],

Since H satisfies ψ2 (H) = 21 and ψ3 (H) = 22 ,
taking the derivatives of ψ2 (H) and ψ3 (H) with respect
to t, we have
T
∂ψ2 (H)
dH
= 0,
∂H
dt

T
∂ψ3 (H)
dH
= 0.
∂H
dt



Substituting (9)–(11) into (12) and (13), we get
2f f T H T RcT Rc − 2(H − I + λ1 RcT Rc H

+λ2 RrT Rr H)f f T = 0,
2f f T H T RrT Rr − 2(H − I + λ1 RcT Rc H

+λ2 RrT Rr H)f f T = 0.

(12)

(13)
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where R̂c = RcT Rc , R̂r = RrT Rr , Ĥc = H T RcT Rc and
Ĥr = H T RrT Rr .

It follows that
λ1 f f T H T (RcT Rc )2 Hf f T
+ λ2 f (Hf )T RcT Rc RrT Rr Hf f T
= f f T H T RcT Rc f f T − 21 f f T , (14)
λ1 f (Hf )T RrT Rr RcT Rc Hf f T
+ λ2 f f T H T (RrT Rr )2 Hf f T
= f f T H T RrT Rr f f T − 22 f f T . (15)
Multiplying (14) and (15) by f T from the right and f
from the left, and noting that f T f = kf k2 , we have
λ1 kf k4 (Hf )T (RcT Rc )2 Hf )
+ λ2 kf k4 (Hf )T RcT Rc RrT Rr Hf )
= kf k4 (Hf )T RcT Rc f − 21 kf k4 , (16)
λ1 kf k4 (Hf )T RrT Rr RcT Rc Hf )

= kf k4 (Hf )T RrT Rr f − 22 kf k4 . (17)
def

def

def

= RrT Rr , Ĥc =

def

H T RcT Rc and Ĥr = H T RrT Rr , and noting that generally kf k =
6 0, (16) and (17) are reduced to
kHf k2R̂2 λ1 + kHf k2R̂

c R̂r

c

kHf k2R̂

r R̂c

λ2 = kf k2Ĥ − 21 ,
c

(18)

λ1 + kHf k2R̂2 λ2 = kf k2Ĥ − 22 , (19)

def
kf k2X =

r

r

T

where
f Xf. The gradient flow dynamic system is (11) with (18) and (19), which is an algebraic differential equation.
From the theory of gradient flows on manifolds
(Rapcsak, 1997; Helmke and Moore, 1994), we know that
the dynamics of (11) tend to a constant matrix H on the
manifold kfˆced k = 1 , kfˆred k = 2 . This constant matrix H is the optimal filter in the sense of (5) with (6) and
(7).
Theorem 1. Let an image vector f and two matrices Rc
and Rr of proper dimensions be given. If a matrix H on
the constraint manifold of (6) and (7) optimizes (5), then
H is the solution of the following algebraic differential
equation:
dH
= −2(H − I + λ1 R̂c H + λ2 R̂r H)f f T ,
dt

(20)

kHf k2R̂2 λ1 + kHf k2R̂

(21)

c R̂r

c

kHf k2R̂ R̂ λ1
r c

+

λ2 = kf k2Ĥ − 21 ,

kHf k2R̂2 λ2
r

c

=

In applications, we are more interested in the optidef
mal reconstruction of the image vector fˆ = Hf than in
obtaining the optimal filter H. Let fˆe denote the block
edge vector of fˆ, which is defined in the same way as the
block edge vector fe of f in Section 2, and let fˆē denote the vector whose components are the same as in fˆ
but not in fˆe . Similarly, let vector fē be the vector whose
components are the same as in f but not in fe . From
min kHf − f k2 = min kfˆe − fe k2 + min kfˆē − fē k2 ,

+ λ2 kf k4 (Hf )T (RcT Rc )T Hf )

Defining R̂c = RcT Rc , R̂r

The advantage of Theorem 1 is that it converts an
optimization problem into that of solving an algebraic
differential equation. But, generally, this theorem is more
important in a theoretical sense than in real applications.
With the high dimensionality of the matrix filter H,
solving (20) with (21) and (22) is complex and time
consuming.

kf k2Ĥ
r

−

22 ,

taking account of the constraints (6) and (7), we know that
we just need to let fˆē = fē in the above equation and
minimize kfˆe − fe k2 . This means that we only need to
minimize kfˆe − fe k and to let the other components in fˆ
be equal to their corresponding components in f .
For the vector fˆe , similar to (2) and (3) in Section 2,
we have Qc fˆe = fˆced = Rc fˆ and Qr fˆe = fˆred = Rr fˆ,
where Qc , Qr , Rc and Rr are the same matrices as in (2)
and (3). So we have the following result:
Theorem 2. Let an image vector f , and two matrices
Rc and Rr of proper dimensions be given. If there is an
image vector fˆ which satisfies the constraints
kRc fˆk = 1 , kRr fˆk = 2
and minimizes kfˆ−f k, then the components of fˆ that are
not boundary components are equal to the corresponding
non-boundary components of f and the block edge vector fˆe of fˆ are determined by the following algebraic
differential equation:
dfˆe
= −2(fˆe − fe + λ1 Q̂c fˆe + λ2 Q̂r fˆe ),
dt

(23)

kfˆe k2Q̂2 λ1 + kfˆe k2Q̂

λ2 = fˆeT Q̂c fe − 21 ,

(24)

λ1 + kfˆe k2Q̂2 λ2 = fˆeT Q̂r fe − 22 ,

(25)

c

kfˆe k2Q̂

r Q̂c

def

(22)

c Q̂r

r

def

where Q̂c = QTc Qc , Q̂r = QTr Qr .
Proof. Note that minimizing kHf − f k2 is equivalent
to minimizing kfˆe − fe k2 , and constraints kRc fˆk = 1
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and kRr fˆk = 2 are equivalent to kQc fˆe k = 1 and
kQr fˆe k = 2 , respectively, as has previously been discussed.
Define
ψ1 (fˆe ) = (fˆe − fe )T (fˆe − fe ),
ψ2 (fˆe ) = (Qc fˆe )T (Qc fˆe ),

We have
∂ψ1 (fˆe )
= 2(fˆe − fe ),
∂ fˆe

(26)

∂ψ2 (fˆe )
= 2QTc Qc fˆe ,
∂ fˆe

(27)

∂ψ3 (fˆe )
= 2QTr Qr fˆe .
∂ fˆe

(28)

Let ψ(fˆe ) = ψ1 (fˆe ) + λ1 ψ2 (fˆe ) + λ2 ψ3 (fˆe ), where
λ1 and λ2 are indeterminates. We have
∂ψ1 (fˆe )
∂ψ2 (fˆe )
∂ψ3 (fˆe )
∂ψ(fˆe )
=
+ λ1
+ λ2
ˆ
ˆ
ˆ
∂ fe
∂ fe
∂ fe
∂ fˆe
= 2(fˆe − fe + λ1 QTc Qc fˆe + λ2 QTr Qr fˆe ).
So we can compute the gradient flow of fˆe as
dfˆe
= −2(fˆe − fe + λ1 QTc Qc fˆe + λ2 QTr Qr fˆe ). (29)
dt
Next, in the same way as in the proof of Theorem 1, we
determine λ1 and λ2 .
Since fˆe satisfies ψ2 (fˆe ) = 21 and ψ3 (fˆe ) = 22 ,
we have
"
#T
∂ψ2 (fˆe )
dfˆe
= 0,
(30)
dt
∂ fˆe
∂ψ3 (fˆe )
∂ fˆe

#T

dfˆe
= 0.
dt

(31)

Substiting (27)–(29) into (30) and (31), we get
(QTc Qc fˆe )T (fˆe − fe + λ1 QTc Qc fˆe + λ2 QTr Qr fˆe ) = 0,
(QTr Qr fˆe )T (fˆe − fe + λ1 QTc Qc fˆe + λ2 QTr Qr fˆe ) = 0.

c

e

c

def

kfˆe k2Q̂2 λ1 + kfˆe k2Q̂

λ2 = fˆe Q̂c fe − 21 ,

(34)

λ1 + kfˆe k2Q̂2 λ2 = fˆe Q̂r fe − 22 .

(35)

c Q̂r

c

kfˆe k2Q̂

r Q̂c

r

4. Algorithm and Experiments
4.1. Algorithm Description
In this section, we propose a numerical algorithm based
on (23)–(25). Given a decoded image X with blocking
effects, we properly choose two numbers 1 > 0 and
2 > 0, an initial vector f0 with kQc f0 k = 1 and
kQr f0 k = 2 , and an appropriate iteration stepsize h
first. Then we design the following numerical algorithm
with the inputs, X, f0 , Qc , Qr , 1 , 2 and h, and the output, X̂, which is a reconstructed image matrix.
Algorithm:
Compute the block edge vector fe of the decoded image X. Let fˆe = f0 as an initial vector. Compute the
optimal reconstructed edge vector fˆe from the following
iteration:
Iteration :
do {solveλ1 and λ2 first from the subsystem of
algebraic equations:
kfˆe k2Q̂2 λ1 + kfˆe k2Q̂
c

kfˆe k2Q̂

r Q̂c

c Q̂r

λ2 = fˆeT Q̂c fe − 21 ,

λ1 + kfˆe k2Q̂2 λ2 = fˆeT Q̂r fe − 22 ,
r

fˆe := fˆe − 2h(fˆe − fe + λ1 Q̂c fˆe + λ2 Q̂r fˆe )

r

= fˆeT QTc Qc fe − kQc fˆe k2 ,

The optimal block edge vector fˆe can substitute the
old block edge vector fe as we reconstruct the decoded
image X with the hope of having a higher PSNR.
Since the number of components of fˆe is much
smaller than the number of the entries of the matrix filter H, the computation of fˆe has much less complexity
than the computation in Theorem 1.

then

It follows that
λ1 fˆT (QT Qc )2 fˆe + λ2 fˆT QT Qc QT Qr fˆe
e

def

Defining Q̂c = QTc Qc , Q̂r = QTr Qr , we obtain

The gradient flow dynamic system is (29) with (34) and
(35), which constitutes an algebraic differential equation.

ψ3 (fˆe ) = (Qr fˆe )T (Qr fˆe ).

"
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(32)

fˆeT QTr Qr QTc Qc fˆe + λ2 fˆeT (QTr Qr )2 fˆe
= fˆeT QTr Qr fe − kQr fˆe k2 . (33)

}while fˆe is not a constant vector.
Compute the reconstructed image X̂ using fˆe instead of fe .
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4.2. Experiments
As almost all algorithms reported in the literature for reducing blocking effects are applied to highly compressed
images where blocking effects are better evidenced, we
also conduct our experiments in highly compressed image
cases.
Experiment 1. We use a typical 512 × 512 Lena image.
The image is divided into 8 × 8 blocks and compressed
using the JPEG standard with a compression rate of 32:1.
Figure 1 is the 512 × 512 compressed Lena image. The
PSNR of Fig. 1 is 30.3930 dB. Figure 2 is a 128 × 128
subimage of Fig. 1. It is re-scaled to show the blocking
effects. The blocking effects are more clearly visible in
Fig. 2. After processing the image by the proposed algo-

rithm with 1 = 8.0503 and 2 = 5.9053, the PSNR is
30.9547 dB with an improvement of 0.5617 dB. The improved visual quality can be seen in Fig. 3, which is an
128 × 128 subimage of the processed 512 × 512 Lena
image, corresponding to the unprocessed image Fig. 2.
We also compute the percentage of the processing time
for deblocking over the processing time for JPEG decompression. The percentage is 0.16%. It is satisfactory from
the viewpoint of applications.

Lena after DCT

Fig. 3. Subimage of the image processed in Experiment 1.

Fig. 1. Image compressed with a rate of 32:1.

Fig. 2. A subimage extracted from Fig. 1.

Note that since the block edge vector fe includes
information from all block boundaries, the proposed algorithm is to reduce the blocking effects between any adjacent block boundaries simultaneously. We can also define
the block edge vector fe for every adjacent block and reduce them sequentially. That is, for every subimage matrix (Xi,j , Xi,j+1 ) of the decoded image matrix X in (1)
r T
l
in Section 2, we define fe = ((fi,j
) , (fi,j+1
)T )T , where
r
l
fi,j
and fi,j+1
are the same as in Section 2, and design a
r
l
proper matrix Q such that kQfe k = kfi,j
− fi,j+1
k = .
We can obtain a new corresponding block edge vector fˆe
between Xi,j and Xi,j+1 using the above algorithm with
Qc = Q, 1 = , Qr being the zero matrix and 2 = 0.
Using fˆe instead of fe , we can reduce the blocking effects between the block matrices Xi,j and Xi,j+1 in all
vertical directions. Similarly, we can reduce the blocking
effects sequentially in all horizontal directions. Based on
this idea, we design the second experiment with a better
PSNR.

Experiment 2: We use the same Lena image as in Experiment 1 as a test. All the edge difference vector norms
of any two adjacent blocks in the original image are calculated and transmitted to the reconstruction end as .
The processed image has an improved PSNR. The PSNR
is 31.1339 dB and the improvement value of PSNR is
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