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In the case of linear dynamics, repetitive processes are a distinct class of 2D linear systems with uses in areas ranging
from long-wall coal cutting and metal rolling operations to iterative learning control schemes. The main feature which
makes them distinct from other classes of 2D linear systems is that information propagation in one of the two independent
directions only occurs over a finite duration. This, in turn, means that a distinct systems theory must be developed for them
for onward translation into efficient routinely applicable controller design algorithms for applications domains. In this paper,

we introduce the dynamics of these processes by outlining the development of models for various metal rolling operations.
These models are then used to illustrate some recent results on the development of a comprehensive control theory for these
processes.
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1. Introduction have occurred applications where adopting a repetitive
process setting for analysis has distinct advantages over
The essential unique characteristic of a repetitive, or alternatives. Examples of these so-called algorithmic ap-
multipass, process is a series of sweeps, termed passeplications of repetitive process theory include classes of
through a set of dynamics defined over a fixed finite du- iterative learning control, denoted by ILC in this paper,
ration known as the pass length. On each pass an outputschemes (Amanret al, 1998) and iterative algorithms
termed the pass profile, is produced which acts as a forc-for solving nonlinear dynamic optimal control problems
ing function on, and hence contributes to, the dynamics based on the maximum principle (Roberts, 2000).
of the next pass profile. This, in turn, leads to the unigue )
control problem for these processes in that the output se- ~ Attémpts to control these processes using standard
quence of pass profiles generated can contain oscillationd©" 1D) systems theory/algorithms fail (except in sev-

that increase in amplitude in the pass-to-pass direction. eral very restrictive special cases) precisely because such
an approach ignores the inherent 2D systems structure,

To introduce a formal definition, let < +oco de- o jnformation propagation occurs from pass-to-pass and
note the pass length (assumed constant). Then in a repety ng 4 given pass, and the pass initial conditions are re-
itive process the pass profilg;(t), 0 <t S @, gen- set before the start of each new pass. In seeking a rig-
erated on the pass, acts as a forcing function on, and 54,5 foundation for a control theory for these processes
hence contributes to, the dynamics of the next pass profiley; j5 natyral to attempt to exploit structural links which
yr+1(t), 0 <t < a, k0. exist between, in particular, the class of the so-called dis-

Physical examples of repetitive processes include crete linear repetitive processes and 2D linear systems de-
long-wall coal cutting and metal rolling operations (Ed- scribed by extensively studied Roesser (Roesser, 1975) or
wards, 1974; Smyth, 1992). Also in recent years there Fornasini Marchesini (Fornasini and Marchesini, 1978)
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state space models. Discrete linear repetitive processes

are distinct from such 2D linear systems in the sense that

information propagation in one of the two independent di-

rections (along the pass) only occurs over a finite duration.

This is also the distinction between the so-called differ- i !
ential linear repetitive processes and the 2D continuous-
discrete linear systems studied by Kaczorek (1995) and
others. t

In this paper, we first introduce the essential unique
features of repetitive processes by modelling metal rolling
operations. This will introduce both differential and dis-
crete linear repetitive processes and also highlight both Fig. 1. Metal rolling process.
the unique control problem for these processes and the
‘rich’ variety of dynamics which they can generate. Fol- S
lowing this, two models arising from different aspects of l A
metal rolling operations will be used to highlight today’s roses e ;
progress in the development of a mature control theory for Py
differential and discrete linear repetitive processes. In par- P
ticular, recent work on the use of LMI (Linear Matrix In- e |
equality) based methods in the design of control schemes
for discrete linear repetitive processes will be highlighted — A
by the application of the resulting theory to linear metal

rolling dynamics modelled in the discrete domain. For
differential processes, a version of metal rolling dynamics Spring A
]

Zero Compression
separition

Outpul sensor

]

—_—

will be used to highlight links with classes of delay dif-
ferential systems. Finally, some areas for further research
will be briefly discussed. et (H1]  Metal strip

2. Metal Rolling as a Repetitive Process oller @ \.

[

Metal rolling is an extremely common industrial process
where, in essence, the deformation of the workpiece takes
place between two rolls with parallel axes revolving in
opposite directions. Figure 1 is a schematic diagram of
the process where one approach is to pass the stock (i.e. o 3/ js the lumped mass of the roll-gap adjusting
the metal to be rolled to a pre-specified thickness (also mechanism:

termed the gauge or shape)) through a series of rolls for

successive reductions, which can be costly in terms of A1 is the stiffness of the adjustment mechanism
equipment. A more economic route is to use a single two spring;

high stand, where this process is often termed ‘clogging’

(see also below). In practice, a number of models of this e )\, is the hardness of the metal strip;

process can be developed depending on the assumptions

made about the underlying dynamics and the particular e A = A A2/(A1 + A2) is the composite stiffness of
mode of operation under consideration. Here we begin by the metal strip and the roll mechanism.

developing a linearized model of the dynamics of the case

shown schematically in Fig. 2. The particular task is to To model the basic process dynamics, refer to Fig. 2

develop a simplified (but practically feasible) model relat- where the force developed by the motor is
ing the gauge on the current and previous passes through

Fig. 2. Metal rolling process.

the rolls. These are denoted here fy(t) and yi_1(t), Fa(t) = Fu(t) + Mij(t), (1)
respectively, and the other process variables and physical
constants are defined as follows: (wherey(t) is defined in Fig. 2), and the force developed

e I (t) is the force developed by the motor; by the spring is given by

e F,(t) is the force developed by the spring; Fo(t) =M [y() + ye(t)]. )
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o

This last force is also applied to the metal strip by the rolls as
and hence 0
By = 1 , C=|a1 ay a4 as}’
Fo(t) = X [yn—1(t) — yr(t)]. 3) 0
Thus the following linear differential equation models the D=b Do = as.

relationship between (t) and y,_1(¢) on the above as- . )
The model of (6) is a particular example of that for

sumptions: ' : ) \
discrete linear repetitive processes where, in the general

. A A A case on the pass, z;(p) isthen x 1 state vectoryy(p)

() + Myk(t) - )\Ty""l(t) * Myk‘l(t) is the i x 1 pass profile vector and,(p) is the l x 1

control input vector. To complete the process description,
A Fu(t). (4) it is necessary to s.pecify.the pass length an.d_t'he initial,
MAs or boundary, conditions, i.e. the pass state initial vector
) o _ . sequence and the initial pass profile. Here the boundary
Suppose now that differentiation in (4) is approxi- o gitions will be specified in the following section where
mated by backward difference discretization with sam- .,hrolier design is the subject. In these design studies,
pling period 7. (See, e.g. (Gatkowslet al, 2001) for o qata used (in a compatible set of units) are— 600,
a treatment of the numerics and related matters assomate% — 2000, M = 100 and T = 0.1. This yields A —
with the construction of discrete approximations to the dy- 441 54 and the following matrices in (6):
namics of differential linear repetitive processes.) Then

the resulting difference equation is [ 1.9118 —0.0047 —1.4706 0.7353
1 0 0 0
yk(t) = aryr(t = T) + agyr(t — 27) + azyr—1(t) A= 0 0 0 0 ;
+ asyr—1(t = T) + asyp—1(t — 27 L0 0 1 0
+bFu (1), () [ —2.2059 x 105 0.7794
with the coefficients B 0 By = 0
0 = 2M o — -M 0 !
17AT2+M’ 27)\2T+M’ L 0 0
. — A e M i —2\M C =1 19118 —0.0047 —1.4706 0.7353 |,
STNTZ+ M M) YT MO+ MY
D= 22 107° Dy = 0.7794.
- AM . AT 059 x 10 0
s = M(AT2 + M)’ T A(AT2 + M)’ The use of differential linear repetitive processes in

this application area can be introduced by first assuming
that the local feedback of(¢) (see Fig. 2) with propor-
tional plus derivative (PD) action is used to control the
gap-setting motor, i.e.

Fa(t) = ka [r(t) — y(t)] — koy(1), (7)

wherek, andk; are the proportional and derivative gains
of the local loop PD controller and(¢) denotes the de-
sired value of the motor deflection from the unstressed po-
sition. Combining this last equation with the uncontrolled
dynamics modelled above now yields

Now sett = pT and yx(p) = yx(pT). Then (5) can

be written fork > 1 as

rr(p+1) = Azi(p) + Buk(p) + Boyr-1(p),

6
yk(p) = Czi(p) + Duk(p) + Doyr—1(p), ©

whereu(p) = Fa(p) and

Tk (p)

=y =1 w(p—2) yha(p—1) ykfl(p—2)r7 i (t) + 2Cwonin(t) + 0 ui (1)

(8)

r(t),

Ao .
ay az a4 a5 b =1 [Ge—1(t) + 2Cwnik—1(t) + wiyr—1(t)]
1
1 0O 0 O 0
A= , B= , 9
O 0 0 O 0 A koA
0

A () —
Wi 1) Ao M
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system is this case is modelled by the following forced
wherew,, = \/(k, + \)/M and { = k; /2w, M are the delay differential equation:
(angular) natural frequency and damping ratio of the local
servomechanism loop. i) + £()

This linear differential equation can be easily written
as a special case of the following one, which is the statewhere
space model for differential linear repetitive processes. ) ) )
Such processes are the natural continuous domain (in the  f(-) = 2Cwnii(t) + w,yk(t) — cafix(t — 1)
along-the-pass direction) counterparts of the discrete lin- .
o . — 2¢wnesyr(t — hy)
ear repetitive processes of (6) (where in the general case

_ Clk’akc
M

Td (t)7 (12)

onthe pass: > 1 the dimensions of the state, pass profile _ (wgc n i) (t— )
and control input vectors are x 1, m x 1, and x 1, n-3 Yk !
respectively): bk

, + Sy (¢ — ha), (13)

iy (t) = Azg(t) + Buk(t) + Boyk—1(t) ©

yr(t) = Cap(t) + Dug(t) + Doyr—1(t). and

A A
A feature of the metal rolling process is that it can a=5 2= Acr, €3 = N (14)

also be used to highlight yet more distinct repetitive pro- _ . :
cess dynamics and, in particular, exhibit connections be- | N€ structural links between this model and that for differ-
tween these processes and classes of delay differential Sys_(gnnal Imear repetitive processes will be discussed in detail
tems. For example, in operation the work strip must be In Section 4.2.

passed back and forth to allow the successive passes of  In the next section, we introduce abstract model
the rolling process to take place. One way of doing this based stability theory for linear repetitive processes and
is to use a reversing stand. This can, however, be costlythen combine this theory with LMI based design tools to
in terms of the required power, and a more economical produce algorithms for the design of stabilizing control
approach is to assume that the strip is passed repeatedigchemes for discrete linear repetitive processes. This is a
through a non-reversing single stand where the roll-gap iskey aspect in terms of applications for which few substan-
reduced for each pass—the so-called ‘clogging’ operation tial results are yet available, and here we also demonstrate
(Edwards, 1974). Note, however, that this process is slowthe relative ease to which they can be applied using the

(in relative terms) and has a variable pass delay since themodel (6) of the metal rolling process with the data given
stock is usually passed over the top of the rolls. earlier in this section. Their extension to include stability

The thickness of the incoming strip in this case can Margins is also discussed and illustrated.

be related to the actual roll-gap thickness by the so-called

Interpass Iinteraction equation: 3. Analysis and Control of Discrete Linear

Yr_1(t) = yp(t — hy), (10) Repetitive Processes

where h; denotes the pass delay and can be related to theStability theory (Rogers and Owens, 1992; Rogiral,
length of the metal strip, denoted Ky, which varies from 2003) for linear constant pass length repetitive processes

pass-to-pass. is based on the following abstract model of the underlying
The gauge thickness is normally controlled through Process dynamics wherg, is a suitably chosen Banach
the proportional feedback control action of the form space with norn| - || and W,, is alinear subspace df,:
r(t) = —ke(ra(t) — yu(t — ha)), (12) Yrt1 = Layr +brr1, k>0. (15)

where k. is the loop gain andr4(t) is the adjustable Herey, € E, is the pass profile on the pags b, €
reference setting for the desired strip thickness. The de-W,,, and L,, is a bounded linear operator mappitg,

lay ho is the output sensor measurement delay given byinto itself. The term L,y represents the contribution
hs = X/v(t), where (see Fig. 2X denotes the distance from the pass profile on the pags to that on the pass
between the roll-gap and the output sensor, ad is k 4+ 1 and b1 represents known initial conditions, dis-
the velocity of the metal strip, which may also vary from turbances and control input effects which enter on pass
pass-to-pass. k + 1. We denote this model by.

Appropriate substitutions and routine algebraic ma- The linear repetitive procesS is said to be asymp-
nipulations now show that the controlled (or closed-loop) totically stable provided that there exists a real scalar
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0 > 0 such that, given any initial profilg, and any dis- In effect, this result states that if a process is asymp-
turbance sequencfy, }r>1 C W, boundedin norm (i.e.  totically stable, then its repetitive dynamics can, after a
Ibr|| < ¢y for some constang; > 0 andV k > 1), the ‘sufficiently large’ number of passes, be replaced by those

output sequence generated by the perturbed process of a 1D discrete linear system. Note, however, that this
property does not guarantee that the limit profile is stable
Ye+1 = (La + 7)Yk + bkt1, k>0, (16) in the normal sense, i.e(A + By(I,, — Dy)'C) < 1—

a point which is easily illustrated by examples. One such
is bounded in norm whenevélry|| < . This definition is example is defined byA = —0.5, B = 0, By =

easily shown to be equivalent to the requirement thatthereg 5 + 3 ¢ = 1,D = 0, Dy = 0, where 3 is a real
exist finite real numberd/, > 0 and A, € (0,1) such scalar. Here the limit profile is given by
that

|LEIl < Mo s, k>0, (17) Yoo P+ 1) = BYoo(p) + oo (p), (21)

where || - || is also used to denote the induced operator which is unstable ifi 3| > 1.
norm. A necessary and sufficient condition for (17) (for
a proof of this and all other results relating to abstract
model based stability theory, see (Rogers and Owens
1992; Rogerset al, 2003)) is that the spectral radius,
r(L,), of L, satisfies

The reason why asymptotic stability does not guar-
antee a limit profile which is ‘stable along the pass’ is
'the finite pass length. In particular, asymptotic stability
is easily shown to be a form of bounded-input bounded-
output (BIBO) stability with respect to the finite and fixed

r(La) < 1. (18) pass length. Also in cases where the limit profile is un-
stable over the (finite and fixed) pass length, the stronger

In order to apply this result to discrete linear repeti- concept of stability along the pass must be used. In ef-
tive processes of the form (6), it is necessary to specify thefect, for the abstract model (15), this requires that (17)
initial conditions, termed boundary conditions here, i.e. holds uniformly with respect to the pass lengih One
the pass state initial vector sequence and the initial pas<°f Several equivalent statements of this property is the re-
profile. This is critical since it is known that the struc- 9uirement that there exist finite real scaldrs,, > 0 and
ture of these alone can cause instability.(That paper deals\s € (0,1) which are independent of and satisfy
with differential linear repetitive processes but the results
transfer in a natural manner to processes described by (6).)
Here these are taken to be of the form

ILEIN < MoAS, Va>0, VE=>0. (22)

In the case of processes described by (6) with bound-

2n(0) = dyp, k>1 ary conditions (19), several equivalent sets of necessary
’ ’ - (19) and sufficient conditions for stability along the pass have
Yo(p) =y(p), 0<p<a, been reported (Rogers and Owens, 1992; Rogew.,

2003) but here it is the following set that is required.
where d;. is ann x 1 vector with constant entries and
y(p) isanm x 1 vector whose entries are known func- Theorem 1. Discrete linear repetitive processes de-
tions of p. scribed by (6) and (19) are stable along the pass if, and
Given (19), a routine calculation now shows that only if, the 2D characteristic polynomial
asymptotic stability holds for processes described by (6)
if, and only if, 7(Dg) < 1. Also, if this property holds c o I, — A —21Bo
. . (21, 22) := det
and the control input sequende;, };, applied converges —2C I, — 29Dy,
strongly tou., ask — oo, then the resulting output pass
profile sequence{y}; converges strongly tg..—the satisfies
so-called limit profile described, witlh = 0 for ease of
presentation, oved < p < o by C(z1,22) 0, V (21,20) € U2, (24)

» (23)

Too(p+1) = [A+ Bo(Im — Do)~ 'Claso(p) where
+ Buoo(p), U’ ={(21,2): || <1,|m|<1}.  (25)

(20)
-1
Yoo (P) = (Im = Do) ™ Cee (), Note that (24) gives the necessary conditions that
Zoo(0) = do, r(Do) < 1 (asymptotic stability) and-(4) < 1, which
should be verified before proceeding further with any sta-
where d, is the strong limit of the sequendgly } 1. bility analysis.
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It is easily shown that the particular numerical exam- it by (271, m, 251, m| to yield
ple considered here is asymptotically stable but unstable 9 5
along the pass. Hence it is necessary to design a control 2117(Q = P) — |2[°Q
scheme. To do this, we use an LMI based approach to sta- -~ ~ -~ ~
bility analysis for discrete linear repetitive processes (see (At 2242) P21 Ar + 2245) < 0. (31)
also (Gatkowskeet al,, 2002b)). Despite the fact that this Hence, since (30) clearly requires th&t— Q > 0 and
LMI approach uses sufficient, but not necessary, condi- ) > 0 by definition
tions for stability, it will be demonstrated that, unlike al- L,
ternative stability tests, it provides a natural basis for con- —P < —|21|*(P = Q) — |2|*Q V(z1,22) € U . (32)
troller design.

The following well-known lemma is central to the R N N N
application of LMIs to the problems considered in the re- (2141 + 2242)" P(2141 + Ag) — P <0, (33)
mainder of this section, cf. (Boyet al., 1994).

Using these last two facts we now have

and therefore

Lemma 1. Given constant matrice®/’, L and V' of ap- r(z1 41 + 2045) <1, Y (21,22) € i (34)
propriate dimensions, wher®” = W7 and V = V7T > o
0, we have implies
T ~ o~ —
W+LVL<0 (26)  Get(Tp =21 A1 — 22 As) £ 0, V¥ (21,29) € T°, (35)
if, and only fif, . .
y i.e. (24) holds and the proof is complete. =
w LT <0 @7) In terms of the design of control schemes for discrete
L —y-! ’ linear repetitive processes, most work has been done in the
ILC area (see, e.g. (Amaret al, 1998)). Here it has be-
or, equivalently, come clear that a very powerful control action comes from
using a (state) feedback action on the current pass aug-
-Vt L 0 o8 mented by a feedforward action from the previous pass.
T W <V (28) Here we consider a control law of the following form over
0<p<a, k>0:
The matrix W + LV L is known as the Schur com- —
plement. In this paper- 0 denotes a symmetric positive w1 (p) = Kyzp11(p) + Koyr(p) := K l”“ p ] ,
matrix and < 0 a symmetric negative matrix. yr(p) (36)
36

Now, define the following matrices from the state ) ) ]
space model (6): where K; and K, are appropriately dimensioned ma-

trices to be designed. Note here that, in implementation
0 0 terms, the above control law does assume that all elements
C Dy ] : (29) in the current pass state vector can actually be measured.

In practice, some of these will have to be estimated with

Then we have the following sufficient condition for stabil- @ Suitably structured observer but, given the relatively low

ity along the pass of processes described by (6) and (19):volu_me of work currently availa_\k_)Ie on the structu_re_ and
design of control laws for repetitive processes, this is not

Theorem 2. Discrete linear repetitive processes de- & Severe restriction.

A By
0 O

~

’ 2 =

A =

scribed by (6) and (19) are stable along the pass if there The following is the necessary and sufficient condi-
exist matricesP > 0 and @ > 0 satisfying the following  tion for closed loop stability along the pass (simply inter-
LMI: pret (24) for the resulting closed loop system):
ATPA, +Q—P  ATPA, Colz1,22) £0, V(z1,2) €U, (37)

PN PN <0. (30)

ATPA, ATPA, —Q where

. . Cc(zla Z2) =
Proof. This result was established elsewhere (see, e.g.
(Gglkowskl et al, 2002b)) but .here we .glvc?‘ an alter- I, — z1(A+ BK)) —z(Bo+ BK>)
native shorter proof. In particular, using’‘to de- det .

note the complex conjugate transpose operation, pre- —2(C+ DKy I = 22(Do + DK3)
multiply (30) by [z} Iu4m, 23I1.+m] and post-multiply (38)
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Now introduce the matrices

B, = (39)

Then we have the following result which follows immedi-
ately from interpreting Theorem 2 in terms of the closed
loop system:

Theorem 3. Suppose that a discrete linear repetitive pro-

cess of the form described by (6) and (19) is subjected to Z=

a control law of the form (36). Then the resulting closed

loop process is stable along the pass if there are matrices

P >0 and @ > 0 such that

os JEe

Note also that a family of solutions is available via
this LMI setting and further work is obviously required
on how to select the best one in a given situation.

In the particular numerical example considered here,
the underlying LMI test is feasible and the resultig

Y and N matrices are

12.6481 0.0178
0.0178 41.1928
0.0876  0.0528

—4.0263 —0.3824

—0.0607  0.0282

38.5634 0.1567

0.0876 —4.0263 —0.0607
0.0528 —0.3824 0.0282
11.9133 0.8867 1.8210],
0.8867 38.7197 —0.5789
1.8210 —0.5789  7.5567

—2.0385 —16.4307 0.4870

Xll X12
<0, (40) 0.1567 81.7970 —0.1663 —1.1286 0.1043
Xo1 Xop Y=| —2.0385 —0.1663 45.8157 11.0620 3.6070],
Where ~16.4307 —1.1286 11.0620 79.7523 —3.0545
e 0.4870 0.1043 3.6070 —3.0545 24.0251
X1 =(A] + K" By )P(A1 + B1K)+Q — P,
N U N=1x10%| 298051 0 —2.5303 0 0.5673 |.
X1 = (AT + KTBT)P(A; + By K), { }
o R N Hence the following K gives stability along the pass
Xo1 = (A3 + K'B; )P(A; + B K), closed loop:
Xap = (A} + KTB])P(A; + BoK) - Q. K=1 x 104[8.5536 —0.0046 —6.0744 2.7369 3.4478}.

The d|ﬁ|CU|ty Wlth the Condition Of Theorem 3 iS that The resumng closed |00p System is again of the

it is nonlinear in its parameters. It can, hOWeVer, be con- form (6) whereB and D are as before’ but now
verted into the following result, where the inequality is a

strict LMI with a linear constraint which also gives a for- [ 0.0249 —0.0057 —0.1307 0.1316
mula for computingK in (36). A 1 0 0 0
Theorem 4. The condition of Theorem 3 is equivalent to 0 0 0 0
the requirement that there exist matricgs> 0, Z > 0, L 0 0 1 0
and a matrix NV such that the following LMI holds:
Z-Y 0 YAT + NTBT 0.0189
> 5 0
~ 0 ~ ~ —ZA YAT + NTBT | <. By = . ,
A1Y + BN AY + BoN -Y
(41) L 0
Also, if this condition holds, then a stabilizing for the
control law (36) is given by C=|00249 —0.0057 —0.1307 0.1316 |,
K =NY %L (42)
Dy = 0.0189.

Proof. Apply the Schur complement formula (Lemma 1)
to (40), followed by congruence transformation defined
by diag( P~!, P~!, I ). Then introduce the substi-

tutions Z = P~'QP~' >0, Y = P~! > 0 to obtain

In the design of control laws for discrete linear repet-
itive processes, stability along the pass will often only be
the minimal requirement. In particular, a key task will
be to ensure that the example under consideration retains
this stability property in the presence of process parameter
variations. The analysis which follows in the remainder of
this section addresses this problem area from the stability
margin standpoint and again uses the metal rolling model
as an illustrative example.

Z-Y 0
0 —Z
(A1 + B1K)Y (A2 + BoK)Y

Y (AT + KTBT)
Y (AT + KTBT) | <0.
-y

The use of (42) now completes the proof. m
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As for 2D discrete linear systems described by the in TU’. Then
Roesser and Fornasini Marchesini state space models (see, I _ 4 B
e.g. (Agathokliset al, 1982)), the stability margin for dis- € (21,25) = det| " | L L /0
crete linear repetitive processes was defined (Rogers and —20 Iy — 23D
Owens, 1992; Rogest al, 2003) as a measure of the de- .
gree to the shortest distance between the singularity of the
process and the stability along the pass limit which isthe 72 _ (/_/ _/\ .|/ ’
boundary of the unit bidisc. Hence, the stability margin is Up=Alz ) Al s 1a, faf <1t} (49)

a measure of the degree to which the process will remain Now we can give the first main result on lower
stable along the pass under variations in the process statbounds for the stability margins defined above. A proof
space model matrices which define this property. of this result can again be found in (Rogetsl., 2003).

The so-called generalized stability margin for dis- Thegrem 5. For a given 3 such thato < 8 < 1, a lower
crete linear repetitive processes of the form describedpound for the generalized stability rﬁargiﬂﬂ is given
by (6) and (19) is defined as follows. by the solution of the following quasi-convex optimization

. o _ problem: Maximizesg subjecttoP >0, Q > 0, o3 >
Definition 1. The generalized stability margindenoted () and the LMI

by o3, for discrete linear repetitive processes of the form

£0, (48)

—2
nU @ where

described by (6) and (19) is defined as the largest bidiscin | € = F 0 (1+ (1= pP)og) ATP
which the 2D characteristic polynomial of (23) satisfies 0 —Q (1+ Bog) AT P <0,
X31 (1+ﬂ0’ﬁ) PA2 -P
C (22, 22) # 0, (43) (50)

, whereXs; = (1+ (1 — 3)os) PA;.
in
) For a detailed explanation of the term ‘quasi-convex
Ua,, = {(zl, z2): |z1| < 1+(1=B)og, |z2| < 1+ﬁ05}, optimization problem’ used above, see (B&ta@l, 1994).
In the numerical example used here, we have

where( < g < 1.
o1 = 14033 (5=0),

Aote that wheng = Q, 1 anfj 0.5, respectiyely, the o0 = 2.6666 (5 =1),

setU,, here reduces (with obvious changes in the nota-

tion) to o =0.7017 (8=0.5).
o Also, in the closed loop case one possible additional ob-
Ug, = {(e1,22) 1 |aa| = 1+ 0u, [0 <1}, (44)  jective is to achieve stability along the pass with a pre-

—9 . scribed lower bound on the stability margias and os.
Ug, = {(21,22) t [a1] =1, |22] <1+ 00}, (45) Here we denote such bounds by and o3, respectively,

—2 and we have the following result (again proved in (Rogers
U, ={(21,22) : || £ 140, |22 <1+ 0}, (46) et al, 2003)).

introduced and studied, e.g. in (Agathokéisal., 1982) Theorem 6. Discrete linear repetitive processes of the
for 2D discrete linear systems described by the Roesserform described by (6) and (19) are stable along the pass
state space model. (Note that (46) follows from setting under control laws of the form (36) withK defined
005 = 20 in (43).) In particular, (1 — 3)og and Sog by (42) and with prescribed lower bounds on the stabil-
give the stability margins corresponding t9 and zs, ity margins o, o3, corresponding toz; and z, respec-
respectively, i.e. along the pass and pass-to-pass, respedively, if there exist symmetric matricés > 0, Z > 0,
tively. In what follows we will also need the following and a matrix NV such that

easily proven result: Z-Y 0 Y

Lemma 2. Giveng; € R, ¢; > 0, i = 1,2 suppose that R R
Y5 Yy -Y

~

C (a1, 22) = where

I, —z1(14+q1)A —21(1 4+ ¢q1)Bo 0 Yiz = (1+o07) (YA{‘*‘NTB{) )

det ,
—20(14+q2)C I, — 22(1 + q2) Do

(47) Yoz = (1+03) (Y/TQT + NTEQT) .
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4. Control of Differential Linear Repetitive by zwyr(t) := yr(t — hy), i = 1,2, and also introduce

Processes z1(t) = ye(t), x2(t) := ye(t). Then, with z(t) :=
[21(t), 22(t)]", (12)=(14) can be modelled by

In this section we address the control of differential lin-

ear repetitive processes again using the metal rolling as Gz, z,)i(t) = Hy (21, 20)x(t)+Ha(z1, 22)ra(t), (54)

a physical example. First, we consider the direct appli-

cation of delay differential systems theory and then fol- \where G, H, and H, are over the ringR|[z1, 2] and, in

low this by linking it to stability theory for differential lin-  getail,

ear repetitive processes of the form considered here which

again follows as a special case of that based on the ab- [ 1 0
stract model (15). This leads to the so-called 2D Lyapunov G(21,22) = 0 (1 ]
equation based sufficient condition for stability along the L (L= es21)
pass which, in turn, leads to a new result which opens up " o 1
the possibility of developing a very powerful LMI based Hy(z1,2) =
approach to control system specification and design for | 91 —2Cwn (1 — c321) ]
these processes—a subject which has so far received rela- _
tively little attention in the literature. 0
HQ(Zly 22) = Clkak(\ ) (55)
4.1. Direct Application of Delay Differential Theory Y

I_n this part, we directly apply the existing delay differen-_ ) ¢ ) ko ke
tial systems theory to the model considered and then in g1 =w, — (M +wn03)zl + i

the next subsection we establish links for differential lin-

ear repetitive processes. The proofs of the results usedNow we require the following definition and result (for the
in this section can be found in standard references in thegeneral case).

delay differential systems area, such as (Hale, 1977).

First note that the repetitive process model of (12)— Definition 2. A matrix G(z1,22) € RP*P[zy, 29] is said
(14) can also be treated as a delay differential system ofto beatomicat zero if (G(0)) is nonsingular over the field
the neutral type with two noncommensurate deldys  ©f real numbers.
and hy. (Delays hy,...,h, are termed noncommensu-
rate if there exist no integers, ... I, (not all of them Here we will always assume that this property holds.
zero) such thab~?_, I;h; = 0. The underlying delay dif-  Also let T; denote the closed bidist = {(z1, z) €
ferential system is termed commensuratg § 1.) Also C?: |z| <146, 1 <i<2). Then the formal stability
introducez; := e "% i =1,2,i.e. z; is aleft shift oper- of G(z1,2) is defined as follows.
ator of durationh;, and s denotes the Laplace transform
va}riabl_e. Then_the charac_teristic polynqmial associated pefinition 3. (Byrneset al, 1984) G(z1, z2) is said to be
with this model is a two-variable polynomial of the form formally stableif det(G(z1, 25)) % 0, ¥ (21, 23) € U?

2 1 L for somed > 0.
p(s,21,29) = 5° + Z Z Z Cijija8'21 232 (52)

Z9.

=0 j1=072=0 Clearly, the particular case ofi(z1,22) defined
It is also possible to treat (12)—(14) as a special casePy (55) is atomic at zero and is formally stable since
of the generalized linear system c3 = A2/(A1 + A2) < 1. Hence we can inver€:/(z1, 22)

over the closed unit bidisc and (54) can be written as
G(z1,22)i(t) = Hi(z1, 22)x(t) + Ha(21, 22)u(t), (53)

where G, H; € RP*P[zy, z5] and Hy € RPXP[z, z5],
z; is (in this representation) a delay operator of duration
hi, i = 1,2, andR[zy, 23] denotes the ring of polynomi-

z(t) = Hs(z1,22)x(t) + Hy(z1, 22)1a(t), (56)

where

als in (z1, z9) with coefficients inR. Also Rz, 29] is, [0 1

in general, a commutative ring and in the commensurate H3(z1,20) = | | ] )
case (see the next subsection) it is also a principal ideal L 91 92
domain.

. . . . [ 0
'_I'o detail this representation fqr the partlcular_ case Hi(z1,22) = : (57)
considered here, takg » to be the shift operators defined Js
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R [w% — (Cﬁz + w,%c;;)zl + %zz]

g1 = (1— c321) )

G2 = —2Cwn, (58)
N c1kake

% = T = com)

Now seth = maxh;, i = 1,2, and (for the remain-
der of this subsection) leB denote the Banach space of
continuous functiong—h, 0] — R with the norm defined
by [If[| = supsci_pg|f(o)], for any f € B. Sup-
pose also thay(t) denotes the output of an autonomous
delay differential system of the form considered here.
Also let ¢, € B denote the function segment defined by
yi(o) = y(t + o), o € [—h,0], and take the initial con-
dition as f(t), t € [—h,0], f € B. Then the asymptotic
stability of this delay differential system is defined and
characterized as follows.

Definition 4. A delay differential system of the form
considered here is said to esymptotically stabldf
3 M,~ > 0 such that for eacly € B the solutiony(¢)
with initial condition f satisfies

ly()]l < M|fle™", Vt>0. (59)
Also, if (59) holdsV h; > 0, 1 < i < 2, then this prop-
erty is termedstability independent of delagenoted by
i.o.d.).

Theorem 7. A delay differential system of the form con-

sidered here is asymptotically stable if, and only if, its

characteristic polynomial satisfies
p(s’e—hls’e—hgs) 7& 0,

Res>0 (60)

Theorem 8. A delay differential system of the form con-
sidered here is asymptotically stable i.o.d. if, and only if,
@) p(s,1) #0, s € D,

(b) p(s,—1) #£0,s € R (s #0); and

(€)

1—sT
(1+ST)2p( el

T 2
S’l—i—sT)?éO’ seER, YT >0, (62)

where R denotes the imaginary axis of theplane.

Pointwise asymptotic stability is a stronger concept
than that above and is defined as follows.

Definition 5. A delay differential system of the form con-

sidered here with a characteristic polynompé$, 21, z2)

is said to be pointwise asymptotically stable if, and only if,
p(s,21,22) 0, V(s,21,20) € D X U (63)

Now it follows immediately that a delay differential

system of the form considered here is pointwise asymp-
totically stable if, and only if,

det (512 —H3(Z1,Zg)) 750, V(S,Zl,ZQ) Eﬁxﬁ?
(64)

4.2. Links to Repetitive Process Stability Theory

The starting point in what follows is the calculation of
bounds for the PD controller gairis,, k;, and k. to guar-
antee the stability of the controlled process described by
the delay differential equation (12)—(14). Hetg and
ho are, in general, not constant and hence asymptotic
stability in delay intervals and asymptotic stability i.0.d.
should be considered in this case. A major difficulty here
is that, in general, it is very difficult to check any of the re-
sulting stability conditions for the noncommensurate case.
Consequently, we have to consider pointwise asymptotic
stability using (64).

To proceed, note that the condition of (64) can be

and is asymptotically stable independent of delay (i.0.d.) further simplified due to the fact that the regularity of

if, and only if, (60) holdsv h; > 0, i =1,2.

Corollary 1. A delay differential system of the form con-
sidered here is asymptotically stable if, and only if,

det (sIo — Hy(e ™%, e7"2%)) £0, VseD (61)
and asymptotically stable i.o.d. if, and only if, (61) holds

Vh; >0,i=1,2, whereD denotes the closed right-half
of the s plane.

The following result (Herzt al,, 1984) gives an an-
alytic test for asymptotic stability i.o.d.

Hj(21,29) in (56) over the closed unit bidisE implies
that its eigenvalues, denoted By, are regular functions
of (z1,22). Hence ifRe \; > 0 for some (27, 29) € T’
then Re A\, > 0, V(z1,22) in an open neighborhood
of (z¢,29). Thus instability in the pointwise asymptotic
sense here can be detected by checking the eigenvalues
of Hs(z1,22) on the distinguished boundary of the unit
bidisc, i.e. T? (21,22) € C? ¢ |z] = 1, i = 1,2}.
Also, this can be implemented for a given example by a
suitably fine partition of7"2, which is a finite computa-
tion. Alternatively, eigenvalue location tests can be imple-
mented by applying known stability tests (see, e.g. (Bar-
nett, 1983)) for polynomials with complex coefficients to
its characteristic polynomial.
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Suppose now that the pass delay is an integer multi- (i.e. the left-hand side be positive in the closed right-half
ple of the output sensor measurement delay or the sensoof the s plane) where
delay can be neglected. Then in these cases the delay dif-

ferential models of the previous section will be commen- a1 = 2Cwy, + M,
surate and here we assume that the latter of these cases (I +e3)T
holds. Then, with an ad_ditional_ assumption of zero ref- R 2 o (1—c3) crkake + ¢
— - as = W Wn, 3
erence input, the delay differential equation (12)—(14) be 2 n Ate)T ' (I+ )M
comes
1—c3) crkoke —
. ) crkoke s 2 ( 3 1RaRc 2 72
Gr(t) + 2Cwnyn(t) + (wi + T)yk(t) R SN * (14 c3)MT (72)
— esi(t — hy) — 2Cwnesie(t — h) Some routine analysis now yields that (71) is equivalent
c to (68) here, and the proof is complete. ®
2 2 _
o (wnc?’ + M)yk(t —hi)=0 (65) An autonomous delay differential system of the com-

mensurate type can also be modelled by a 2D state space

with the corresponding characteristic polynomial model of the form

koke .
p(s,21) = 5% 4+ 20wns + (wg + ClM ) Z1(t) A A x1(t) (73)
wa(t +7) Az Ay wo(t) |
— 033221 — 2Cwnc3821 ) )
where z;1(t) € R™ denotes the differential state vector,
_ (wic?) n %)Zl -0, (66)  x2(t) € R denotes the delay state vector, and for dif-

ferential linear repetitive processes of the form considered
where we also assume that the gains k, and k. are here ~ is equal to the pass length. The characteristic

positive. polynomial for (73) is defined as
The following result follows immediately from ap- sl _ A A
plying the analytic stability test of Theorem 8. pe(s,2) i=det | ™ 2o, (74)
—ZA3 Inz - ZA4

Theorem 9. Consider the repetitive process (65), where
the gainsk,, k, and k. are assumed to be positive. Then
this commensurate metal rolling process is asymptotically
stable i.o.d. if, and only if,

which can be written in the form (52) in the special case
of (12)—(14). In particular, the process under considera-
tion here is a special case of (74) with

ko> Co — )\(1 — 03) (67) Ay = —Cwn ( 2(.«.)721, - ﬁU?L - %)
“ (k'c)\/Ag) +1—c3 L 1 —Cwn
and M 2 [0
1 ]. - 63 2 A2 = . 5
koke < M+ 7202]\4 kb~ (68) | a
Proof. The first condition of Theorem 8 is easily seen to As=1]1 o0 } ’
be equivalent to L
) crkoke — o - 69) Ay = c3, (75)
w, e — 5 R
" (1—ecy)M a = c3(ca — crkake) /(W2 M + c1koke — CPw2 M).
and (67) here follows immediately. Suppose now that all eigenvalues of the matdx have

strictly negative real parts and note thd, < 1. Then,
when assuming zero initial conditions, (73) (with= «)

can in the special case of (12)-(14) be rewritten in the
form

Ig(t + Oé) = (Ag(SIQ — A1)71A2 + A4)£C2(t)

To prove (68), the second condition of Theorem 8 in
this case requires that

C1 kakc + 2

2
7
w,, + (1+03)M>0’ (70)
which holds for any positive:, and k.. Finally, the third

condition of Theorem 8 requires (after some routine anal- = Gi(s)z1(t),

ysis) in this case that where G (s) is the so-called interpass transfer function.
We will also require the following definition.

(76)

S+t +ass+as >0, VseD, (71)
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Definition 6. A proper rational functionG(s) is termed
strictly continuous bounded re€CBR) if, and only if,
(a) G(s) is analyticinRe s > 0, and

(b) 1 - GT(—w)G(w) >0, Vw e R.

Stability along the pass for processes described

by (76) can now be stated (Rogers and Owens, 1992;

Rogerset al,, 2003) as follows.

Definition 7. The repetitive process (73) sable along
the passf, and only if,

|GF(w)|| =0 ask —oo, 0<w<oo, (77)
where ||G1(w)|| := supp<, <o |G(w)], i.e. each fre-
guency component is attenuated from pass-to-pass.

Itis easily shown (by inspecting the roots of the char-
acteristic polynomial (i.e.det(sly — Ay)) that G1(s) is
analytic in D. Also, it can be shown (Foda and Agath-
oklis, 1989) that a necessary and sufficient condition for
stability along the pass is thé¥, (s) is SCBR. Hence it
is clear that stability along the pass is equivalen€t((s)
being SCBR. Since the characteristic polynomjiés, z)
is first order in the delay operator, it follows that pointwise
asymptotic stability is equivalent t6/; (s) being SCBR.

of an LMI based approach to the analysis and design of
control schemes for the differential linear repetitive pro-
cesses considered here. To develop an LMI solution of
the 2D Lyapunov equation of the previous result, first note
that (78) can be rewritten in the form

ATTWLAT — WOl 4 ATy L w4, <0, (80)
where Wg = W3 & W,, W3 is an arbitrary symmetric
positive definiten x n matrix and

A By
0 0

0 0
C Dy

1=

) 2 =

] . (8)

Now apply the Schur complemggt and then pre- and post-
multiply (81) by the matrix(/ @ W>) to yield the equiv-
alent condition

—WOLl 4 ATWLO 4 WioA,  ATW,

<0, (82

Wo

ngz
which is clearly in the LMI form, and we have the follow-

ing result.

Theorem 11. The differential linear repetitive processes
of the form considered here are stable along the pass if the

Hence stability along the pass for SISO differential linear LMI of (82) is feasible.

repetitive processes is equivalent to pointwise asymptotic

stability for delay differential systems—uwhich is a strong
concept of stability i.0.d.

The following result (first obtained in the delay dif-
ferential systems literature (Agathoklis and Foda, 1989))

Currently, the implications and full exploitation of
this last result is under investigation and has already led to
major progress—especially in the specification and design
of control laws. Some early results in this area can be

expresses stability along the pass in terms of a so-calledfound in (Gatkowskeet al, 2002a).

2D Lyapunov equation.

Theorem 10. Differential linear repetitive processes
which can be expressed in the form (73) are stable along
the pass if there exist matricd®y = W; & W, > 0 and

@ > 0 such that the following 2D Lyapunov equation
holds:

ATWLO + Wl,OA + ATWU’I/I — Wo’l = *Qa (78)

where A is the so-called augmented plant matrix given
by

Ar
As

Ay
Ay

; (79)

W0 .= W, @0, WO := 0545 @ Wo, and @& denotes
the direct sum of two matrices, i.e. for matricés and
FQ, F1 D F2 = diag{Fl,Fg}.

Note that in the SISO case the result of Theorem 10
is both necessary and sufficient.

A major implication of this last result is that it can be

used to provide a basis on which to begin the development

5. Conclusions

This paper has considered the application of theory de-
veloped for the control of differential and discrete linear
repetitive processes using models arising in metal rolling
operations as examples. The new major feature is the
emergence of LMI based analysis as a potentially very
powerful analysis base for, in particular, the specifica-
tion and design of control laws, which is an area of crit-
ical importance but which has so far seen relatively little
progress.
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