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ROBUST IDENTIFICATION OF PARASITIC
FEEDBACK DISTURBANCES FOR LINEAR
LUMPED PARAMETER SYSTEMS

VYACHESLAV MAKSIMOV™*, Luciano PANDOLFT**

We study the problem of identification of an input to a linear finite-dimensional
system. We assume that the input has a feedback form, which is related to a
problem often encountered in fault detection. The method we use is to embed the
identification problem in a class of inverse problems of dynamics for controlled
systems. Two algorithms for identification of a feedback matrix based on the
method of feedback control with a model are constructed. These algorithms are
stable with respect to noise-corrupted observations and computational errors.
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1. Introduction

Our basic assumption throughout the paper is that we know the matrices C' and A
of a given linear finite-dimensional system

&= Axr + u, y = Cux, (1)

where z € R? and A isa g X ¢ matrix, y € R?, and C is a p X ¢ matrix. However,
the initial condition z¢ = z(0) is unknown. The g¢-vector u describes a disturbance
which is unknown and which we want to estimate based on the measurements taken
during the evolution of the system. Moreover, we assume that the disturbance u has
a feedback form, i.e.

u= Fuz, (2)

due to unmodelled components of systems, e.g. due to parasitic couplings or viscous
dampings. What is more, unknown inputs of the form (2) are encountered in the
problem of fault detection: it may happen that the nominal value of w is 0 while
u = Fx # 0 is due to a failure of an internal component of the system, e.g. an
interconnection which transforms to zero some component of the matrix A.
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We formulate the following problem: Let the values of y(t) be read on [0,7] at
discrete time instants 7; = T /n. The measurements are affected by errors so that at
time 7; we obtain a vector

§i=Cu(ri) +zi, |zl <h (3)

where h is a prescribed tolerance. The aim of this paper is to propose a method for
the reconstruction of the input w(-) within a certain tolerance u, i.e. we want to
construct a function v(-) on [0,7] such that

l[ux(t) = v(O)ll 20,1y < 1

on the basis of the information (2). Here u.(:) is a function which produces the same
output as u(-). We shall see that w.(-) turns out to have a feedback form so that
v(+) is (within a certain tolerance) a feedback too.

Summarizing, the goal of this paper is to solve the identification problem for
unknown parameters of system (1), (2). The literature on this subject, for both con-
tinuous and discrete-time systems, is abundant, see, e.g. (Unbehauen, 1990) and the
references therein.

We shall present two algorithms for identification of the matrix F. The recon-
struction procedure that we use in the first case is inspired by the methods used
in (Osipov and Kryazhimskii, 1995) for input reconstruction when the input belongs
to a known convex bounded closed set of L?(0,T;R"). We note that our feedback
input u(t) = Fx(t) indeed belongs to a bounded subset of L2(0,7;R"), but this
subset is not known, since it depends on the initial datum z(0) and, what is most
important, on the unknown feedback F' as well. Hence this set will not enter directly
into the reconstruction process until the proof of Theorem 9.

The second algorithm is based on constructions from (Blizorukova and Maksimov,
1997; Kryazhimskii, 1999; Kryazhimskii and Osipov, 1987; Kryazhimskii et al., 1997)
and, in essence, it also uses the principle of feedback control with a model. It assumes
that F belongs to a known set (which is not restrictive from the point of view of
fault detection) and that C' = I.

2. The First Method

The presentation of the first identification method is split into several parts, each in
a subsection, whose results are of independent interest.

2.1. A Simplified Version of the Problem

As has already been stated, we assume that we know the ¢ x ¢ matrix A of the linear
system

* = Ax + u, u(t) = Fa(t), y=Cz, 4)
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while the feedback matrix F is unknown. Let us now observe that the matrices A
and F' in (4) play similar roles. Hence, instead of (4), we can consider the simplified
problem

i(t) = (A+ Falt). (6)

It is clear that, once 4(-) is identified from (5), the quantity Z(-) is known and we
can obtain FZ(-) as @(-) — AZ(-). Thus it is not restrictive to assume that A = 0,
and we adopt this assumption in what follows.

We used 4(-) to denote the special input (A + F)x(-) = Fz(-). For clarity, we
shall use the redundant symbol Z(-) = Z(; zo) to denote the solution of the differential
equation (5), and § = CZ.

We observe that the feedback control (6) is smooth and bounded. So, our first
step will be the study of a more general problem: we shall investigate the problem of
approximation of an input (-) (equivalently, the approximation of dZ(-)/dt) which
acts on system (5), on the assumption that it is bounded, differentiable and with
bounded derivative (the boundedness of the derivative is used in Section 2.3 in order to
obtain quantitative estimates) without any reference to its feedback form. This will be
outlined in Sections 2.2 and 2.3. In Sections 2.4 and 3, we shall make explicit use of the
assumption that (-) has a feedback form, and we shall present two (non-recursive!)
procedures for the approximation of the matrix F (or, more general, A + F').

2.2. The Reconstruction Procedure

In this section we shall study the simplified problem described by (5) with bounded
input a(-). We associate the following auxiliary model to system (5):

W= v, w(0) = wy, r = Cuw. (7)
Moreover, we choose any wg such that

HCQ?Q — C’U}O” S h.

The idea of the reconstruction process is as follows: We fix a number n and the
observation instants 7; = ¢7'/n. We assume that the input (-) was estimated on
[0,7;). In order to estimate the input on the next interval [7;,7;+1), we feed a test
input v(-) to the auxiliary system (7) and we compare its output with the measured
output of the given system (5). Among all the possible inputs v(-) on [7;, Ti+1), we
choose the one that reduces a certain functional of the error as much as possible, as
described below.

We introduce the functional
t
e(t) = |Ir(t) = 5@ + a/O Ho(s)[I? = lux(s)]1] ds,

where w(t) = w(t;&,v), and u.(-) denotes the input of minimal L2?-norm, which
gives the output §(-). Clearly, u.(t) is, for every ¢, the projection of @(t) on [ker C]+.
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Hence wu.(-) is bounded on [0, T]. The values of €(¢) cannot be computed since they
depend on the unknown values of u.(-) and Z(-). We try to choose v(:) in such a
way that e(7;) satisfies a difference equation of the following form:

€(Tit1) = () + 0(52) + O(dh).

If this can be achieved, then it will be possible to proceed as in (Osipov and
Kryazhimskii, 1995), in order to prove that the input v(-) so chosen approximates
u«() = Fx(-), see Section 2.3.

Let us represent €(7;41) as follows:

2
€(Tit1) =

r(m) — g](n)—i—c/%m“[v(g) — ux(s)] ds

+a/0 Ho()lI* = [lus(s)]I"] ds

2

o [T = a9 Pl ds = () + ‘

/ Olo(s) — ua(s)] ds

+ {/T {2(C"[r(mi) - Q(Ti)],U(S)—u*(S)Ha[IIv(S)IIQ—IIU*(S)IIQ]}dS}

2
—r)+

/ f+lc[v<s> ~ua(s)]ds

+/Ti+12<0*[& = (1), v(s) —u.(s)) ds

Ti+1
TR bE) - oo -u o) el - oG s ®
Here and below the symbol (-,-) stands for the scalar product in R?. We choose v(-)
on the interval [7;,7;41) in such a way that the quantity in the last braces is negative.
Hence, we choose v(-) in such a way that

Ti+1
U () = argmin [ (2(C7[r() = €1,0(5) + (o) .
Ti
It is easily seen that this minimum exists, since the quadratic functional is coercive,
and that

Ul[fiv"q,+1](8) = _éc* [T(T’i) - €z]a s e [TiaTi+1]- (9)

This shows that the input v(-), a candidate approximation of wu.(-), is piecewise
constant on [0, 7.

As has already been stated, the procedure just described is thoroughly analyzed
in (Osipov and Kryazhimskii, 1995) and used in several papers, see, e.g. (Maksimov
and Pandolfi, 1995), but with an essential difference: in those papers a convex compact
set U, in which u.(:) took its values was known a priori. In that case, the values of
v(-) were taken in the same set. (See (Fagnani and Pandolfi, 2000) for a (different)
approach, where boundedness is not used.) In turn, in the present setup the input
ux(+) is bounded, but its norm is unknown. So we must give a priori estimates on
the norm of v(+), only on the basis of the minimization procedure described above.
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Lemma 1. Let u.(-) be bounded. Then there exists a number N such that
[Z(t; zo)l| < Nllzoll, &l < Nljol[ + - (10)
Moreover, with 6 = 1/n, we have
[%(7is15m0) — Z(75; 0)|| < NO.
Note that as the number N depends on zy and wu.(-), it cannot be computed

but it does exist.

The vector xg is fixed, its norm being less than ||£1]| + h, so that we can replace
N||zo|| with a new constant N. In fact, the symbol N in the following will be used
to denote a number which may be unknown, and which may depend on xy and w.(-).
The important thing is its ewistence, and the fact that it does not depend on the
values of n, h and .

In conclusion, we write the inequalities in (10) as ||z(¢; 2o, @)|| < N and ||&]| <
N. Now we replace the expression that we found in (9) for v(-) in (7). With § = 1/n
we obtain

wrn) =um) -+ [ Ol - &1ds = wlm) - 207l —

i

so that
1)
r(Tig1) — &ip1 = [I - ECC*} [r(7i) — &) + & — &ivr-

An orthogonal coordinate transformation in the output space transforms CC*
to the form CC* = diag[H,0], where H is diagonal and its eigenvalues are larger
than a certain number p > 0. This transformation does not affect the norm of the
vectors n; = (1) — &. We represent i = col[r,n”] in the same manner and get

0H
n (Tiy1) = (1 - 7) 0 (i) + & — Eivas

0" (rivr) =" () + & = &
This implies

A 5 i—k
I/l < 1O+ 30 (1= 2) gk~ Geall < -+ Nalt + nil,
k=0

I (rie ) < " O+ M€k = &iall < h+Nn(S + h) < h+N(1+ nh).
k=0

It follows that {n(7;)} is a bounded sequence uniformly with respect to n, h and «
if the reconstruction algorithm is chosen so as to satisfy the following rule:

We fix any M > 0 and, for any n,

choose h = hy, > 0 such that nh < M. (11)

Moreover, we impose the restriction h/a < 1.



840 V. Maksimov and L. Pandolfi

Lemma 2. Let (11) hold. Then there exists a number N (independent of h, n and
a as long as the condition nh < M holds) such that

[7(riv1) =&l <N, IC7[r(7:) = &lll < b + Nev.
Lemma 3. Let (11) hold. The input v(-) constructed from (9) satisfies the following
inequality on [0,T):

[o(s)] <N, (12)
where N does not depend on n, h and «.

Lemma 4. Let (11) hold. Then there exists a constant N such that for all t € [0, T
we have

lo@I <N, Jlw@® <N, () —w(t)]] < NJt—#].
Now we complete our estimate of €(t). For that purpose, we go back to (8). The
control v(-) was chosen such that the expression braces is negative. Hence we have

e(Tiv1) < e(r) + ‘ 2

[l - wenas

k3

+/ﬂ'+1{ (C*[& = §(7), v(s) — u(s)) ds.

i

We use estimate (12), condition (11) and the pointwise boundedness of wu,(-) (hence
that of u.(-) too). It follows that the first integral is less than const -§2. In turn, the
last term is less than const-dh. This gives the required estimate of e(t) for ¢t = 7;.

Consequently, as in (Maksimov and Pandolfi, 1995), we have the following result:

Lemma 5. There exist positive numbers ¢ and d such that e(1;) < ¢d 4+ dh. These
numbers do not depend on n, h and « as long as (11) holds.

Now, we extend the previous inequality from the numbers 7; to every t € [0, T].

Theorem 1. Let (11) hold. Then there exist constants ¢ and d which do not depend
on n, o and h such that €(t) < cd + dh.

Proof. We estimate e(t) for t € [1;,Ti+1) as follows:

e(t) = lIr(t) —g(®)* + a/o [lv()II? = llus(s)]?] ds

| /\

() + ||/ )~ ua(s)] ds|?

+2(r(r) — (), / Clofs) — ua(s)]ds) +a /:nv(s)]nz—||u*<s>||21ds

The conclusion follows from the boundedness of v(:) and wu.(:). [ |

Now we have a certain function v(-). We have presented it as an ‘approximant’ of
u(+), but we have not justified this claim yet. This will be done in the next section.
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2.3. Input Identification

In the previous section we have constructed a certain input v(-) and asserted that it
is an ‘approximation’ of wu.(-). Now we justify this claim. We maintain our assump-
tion (11) so that we can use all the estimates obtained in the previous section. In par-
ticular, we know that v(-) satisfies the estimate (12). From (11) we get the existence of
a constant NN, which does not depend on n, h and «, such that ||v(¢)|| < N, see Lem-
ma 4, and that u.(-) is bounded too. Hence the integral fg[|\v(t)||27||u*(t)||2] dt > —e
(where e > 0) does not depend on n, h and «, so that we have the following result:

Theorem 2. Let the algorithm satisfy (11). Then, for each t € [0,T], we have

7(t) = 50> < cb + dh + ea, (13)

/0 {Ilv()I? = [lu(s)lI*} ds < (cd + dh)a™".

The previous formulae can be used as in (Maksimov and Pandolfi, 1995) in order
to prove that if « = a,, — 0 and h = h, — 0, then v,(-) = v(-;1/n, hyn, o)
converges to u.(-) in L?(0,T), provided that the algorithm satisfies the additional
condition

(6 +hp)a,~t —0. (14)

But we want to obtain some quantitative estimates. Thus, at this point, we use the
further property that w.(-) is continuously differentiable with bounded derivatives.
This is clearly satisfied if () is of class C'!, since the regularity of 4(-) is inherited by
its projection u.(-) on [ker C]*. We note explicitly that this regularity assumption on
@(+) has not been used yet. Of course, the assumption of differentiability is satisfied
when the input has a feedback form.

As we are looking for convergence estimates, we can work on any suitable basis in
both the state and output spaces. In fact, invertible changes of coordinates correspond
to the use of different but equivalent norms. Hence we use new reference systems
in the state and output spaces such that the output operator C' takes the form
C=[1 0], and we recall that both v(-) and u.(-) take values in [ker C]* so that,
in the coordinate systems just described, we have ||Cv(¢)|| = ||v(¢)| and [|Cu.(t)|| =
[Jux(@B)]]-

Now we estimate ||v(-)—u(-) ||%2(0’T). We use the same argument as in (Maksimov

and Pandolfi, 1995, Sec. 5) and the following lemma, which is a special instance of
(Osipov and Kryazhimskii, 1995; Maksimov, 1994):

Lemma 6. Let f(-) and g(-) be two vector-valued functions defined on [0,T]. Let v
be a number such that

‘/Otf@ds

<v.
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Assume that g(-) is continuously differentiable, with ||g(t)|| < N and ||g’'(t)|| < N
on [0,T]. Then we have

|/ () (s) ds

We use this lemma in order to estimate ||Cv(-) — Cux(-)||z2(0,7)- We obtain

< 2Nv.

T
ICv() = Cus (72 (0,1) = ||CU(')||%2(O,T)+HCU*(')”%Q(O,T)_2/0 [Cun(s)]"Co(s) ds
T
< 2||Cu*(-)||%2(O,T)72/ [Cu(s)]*Co(s) ds+(cd + dh)a ™"
0

<2 /O [Cua (5)]* Clua(5) — v(s)] ds+ (c6 + dh)a~".

The function wu.(-) is bounded and continuously differentiable, with bounded deriva-
tive. Moreover,

/O Clux(s) —v(s)lds = [g(t) — r(t)] — [Cz(0) — Cw(0)].
We use (13) and obtain

\ / Olua(s) — o) ds

Applying Lemma 6 with g(s) = u.(s) and f(s) = u.(s) — v(s), we get the existence
of a constant N which does not depend on n, h and «, such that

< li(t) = r@®)|| + [|y(0) = r(0)|| < Ved + dh + e + h.

/T[u*(s) —v(8)]*ux(s)ds|| < N{vcd + dh + ea + h},
0

see (Osipov and Kryazhimskii, 1995). We write

022\/05+dh+ea—|—h+66+dh. (15)

o

Combining the previous inequalities, we get the following result:

Theorem 3. Let the algorithm satisfy conditions (11) and (14), and let u(-) be of
class C'. There exists a constant N which does not depend on n, h and o such
that the input v(-) constructed in the previous section satisfies

[v(-) = us()z2(0,7) < No.

The previous result holds under the regularity assumption that @(-) is a C*
function (even a function of bounded variation would do). The fact that @(-) has a
feedback form has not been used in its full strength. Now we observe that if a(-)
is a feedback, then wu.(-), being the pointwise projection of @(-) on [ker C]*, has a
feedback form too. Hence we obtain the following result:
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Theorem 4. Let u(t) = Fx(t) and the chosen algorithm satisfy the prescribed com-
patibility conditions (11) and (14). Under these conditions, vo(-) = limwv(-) exists in
L?(0,T) as n — +oo, h — 0 and o — 0. Moreover, vo(-) is a feedback control,
vo(t) = u«(t) = PFx(t), where P is the orthogonal projection on [ker C]*.

2.4. The First Algorithm of Reconstructing the Feedback Matrix

In the previous sections we have presented a recursive algorithm that identifies the
input of a linear finite-dimensional system, on the assumption that the input signal
is in a feedback form, see Theorem 4. In this case the identified input is in a feedback
form too. The algorithm is based on a fixed evolution of the system, as produced
by a fixed (and only partially known) initial condition. Of course, different initial
conditions produce different evolutions of the system, so that if it happens that the
initial condition zy is an eigenvector of the matrix (A + F') in (5), then in fact
we identify the ‘input’ ez, where X is the corresponding eigenvalue. In order to
identify as many coefficients of the feedback matrix as possible, we need to have the
possibility of performing several experiments on the system. Hence, in this section, we
assume that this is possible, make explicit use of the fact that the input u.(-) has a
feedback form, wu.(t) = FZ(t), and present an identification procedure for the matrix
F'. (In this section we use F' for the general feedback matrix. It will be, for example,
uy(t) = P(A+ F)i(t), where P projects on [ker C]+, and A, F are the matrices of
Section 2.1)

We keep the assumptions (11) and (14) so that we can use the estimates presented
in the previous sections. We recall them explicitly as

hn —0, a,—0, h,/a, —0, 1/na, —0.

These conditions imply that o, — 0, see its definition (15).

We denote by wy () and v, (-) the functions which are constructed at iteration
n. Later on, we must also explicitly indicate the initial value, say wq, of wy,(-). We
shall thus write w,(-;wg) and v, (+;wp).

For simplicity, we proceed in two steps and, as in the previous sections, we perform
coordinate transformations in the state and output spaces, which reduces the matrix
C to the form C =[ I 0 ]. In this way, the system can be represented as

l,/

l,/l

F/ F//
G/ G//

d

dt

x/

x

, ] , y=2a, 2(0) =z 2"(0)=x]

for suitable matrices F’, F”, G’, G". Clearly, we cannot hope to identify every entry

of the matrix F. Hence we represent the first component of the system in the form
i’ = F'a' +g(t;20,20),  y==

and, correspondingly,
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We prove first of all that if it happens that F”' = 0, then we can approximate F’.
The analysis of this case is equivalent to that of a system with full-state observation.
For notational simplicity, we suppress the primes and denote it as

T = Fux, Y=z

2.4.1. Full State Observation

Recall the L2-convergence of {v,(-)} to wu.(-). Moreover, there exists a number N,
independent of n, h, and a,, and a sequence {x,} which converges to 0 such that

| Fwn(-) — Un(')||L2(0,T) < Xn- (16)
This follows from the estimate

[ Ewn(-) = on()llz2(0,m)
< [|F[wn () = 2()llz20.0) + 1FEC) = vn ()l L20,1)
SN EFlwn() = 2C) 20, + llus() = vn ()l 20,7

< N{on + cd + dh + ea} = xn,

from (13), Theorem 3 and the fact that we know w.(-) = @(-), since we consider
C=1I

Remark 1. Observe that x, = xn(zo) depends on the initial condition xg.

Now we present the reconstruction of the matrix F. We note that the set of the
q X q matrices can be considered as a normed space in many equivalent ways. We
choose to consider it as the Euclidean space R?%*9.

We compute the matrix & = ®,, which is the element of minimal norm in the
set of those matrices ® which satisfy (for example)

[@wn () = vn ()l L2(0.1) < v/Xn (17)

The set of the matrices which satisfy (17) is not empty, it is convex and closed in R?*?
so that the element ®,, of minimal norm exists and is unique. Moreover, from (16),
we have [|®,] < ||F|| so that the sequence {®,} is bounded.

Theorem 5. Let {®,, } be a subsequence of {®,} which converges to ®y. We have
OoZ(t) = FE(t) = u(t) = us(t) a.e. on [0,T).

Proof. Indeed, we have
Do (t) — ua(t) = [Po — o, J3(t) + {Pn, [F(t) — wn, (1)

+ [@ny wn, () = Uy, (8)] + [vn, () — wa ()]}

Each of the four terms tends to zero (the last one in LZ?-norm, the previous ones
uniformly), which establishes the desired conclusion. [ |
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The previous result can be interpreted as the assertion that the matrix ®q acts
as the matrix F on the trajectory Z(-) whose initial condition is x.

Of course, the sequence {®,,} will not be convergent in general, and we cannot
assert that ®y = F on the basis of the reconstruction procedure presented above,
which uses only one trajectory of the system. We shall need several experiments in
order to reconstruct the matrix F as follows: we fix a basis e("), r=1,...,¢q of RY
and we repeat the previous construction, i.e. we define ®,, as the matrix of minimal
norm which satisfies the conditions

Hq)nwn( : ,g(r)) - UTL( : ;5(7‘))||L2(0,T) S \V/ )Zna r= 17 .4,
where £(") is the measure taken on the vector e(™) at time ¢ =0,
1€7) — M| < By,

(the vectors &™) are linearly independent if n is large enough), w,(-;&() and
vn(-;€M) denote the vectors obtained when the initial condition of Z(-) is e, ¥,
is the maximum of the numbers x, = xn(e").

The existence of the matrix ®,, and the boundedness of the sequence {®,,} are
seen as above.

Theorem 6. The sequence {®,} constructed above with reference to the basis (")
converges to F'.

Proof. We consider a limit point ®q(-) of the sequence {®,}. We see, as in the proof
of Theorem 5, that

Doi(t;e) = a(t; ") = uy(t;e") ae. tel0,7] and for every r.
It follows that
Do (t; ) = u.(t;e)) = Fa(t;el)

for each r. Hence ®y = F' since the vectors Z(t; e(T)), r > 1 are linearly independent.
In particular, the sequence {®,} (is bounded and) has the unique limit point F. Thus
it converges to F. |

Remark 2:
e The unicity of the feedback matrix F' is explicitly used in this proof.

e Let us discuss the rule (17) for the choice of ®,. We choose the condition
‘< {/Xn’ because we have asymptotically /xn < Mx, for every number M.
Hence an exact value of x,, is not required. If we know a number N such that
|F|| < N, then we can choose equally well 2y,, in place of |/Xn.

We explicitly note that it is not necessary that each previous experiment be
performed starting at time ¢ = 0, i.e. that we work with several copies of the same
system which evolve in the same interval of time. If we have independent access to
the system throughout an additional input, we can leave the system evolving freely
on a first interval [0,7}], starting from condition e(1); then we can use the additional
input as a control, and we can transfer the state reached at 77 to the new ‘initial’
condition e(® and observe the evolution on a subsequent interval, and so on.
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2.4.2. The General Case

In this section we study the general case of partial state observation. In order to treat
this case, we must have some additional information, which we state as follows:

Assumption 1. We assume that we know the initial condition xy with a tolerance
h, i.e. we assume that we know a vector {y such that [zo — &ol| < h. Moreover, we
assume that we know a number N such that |F|| < N.

Remark 3. The assumption that N is known is introduced from the beginning of this
section only for simplicity of exposition. It is not needed until the proof of Theorem 9,
also see Remarks 5 and 6.

After a coordinate transformation as above, it is easily seen that the problem is
equivalent to the following one: We have full state observation, y = x, but the system
has the form

i=Fr+g(t;zg25), z(0)=z5 y==z

The initial condition z{, is directly observed while the vector xf is known, with
a tolerance h, owing to the previous assumption. We consider it as an addition-
al parameter. The function g¢(¢;zy, () is linear in x{ and z(, g(t;xzp,x5) =
G'(t)xy + G"(t)z{. So, the unknown is now the pair consisting of the matrix F and
an L? matrix-valued function [ G’(-) G”(-) ]. We treat the unknowns as elements
of RI*% x L2(0,T;R9*? x R4*%). The norm in this space is denoted by | - || .

The aim of this section is to identify matrices ® (constant), H’(t) and H"(¢)
such that

it n=on+H'(t)ag + H"(t)ag, n(0)=az( then n(t) =y(t) ==(t), (18)
[®|| < N, where N satisfies ||F|| < N. (19)

For clarity and consistency with the previous sections, we use & to denote the solution
of

&= Fz+ G (t)zy + G"(t)x(, (20)
and write § = T for the observation. Moreover, for simplicity, we put now

= Fx+ G (t)z, + G (t)xg.
The model system is

w = .
The algorithm in the previous sections identifies a sequence {v,(-)} which converges

in L2(0,T) to () = FZ(-)+G'(-)xy+G" (-)x]. The corresponding sequence {w, ()}
converges uniformly to Z(-).
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Lemma 7. There exists a sequence {xn} which converges to zero such that
[Fwn () + G'()2g + G (x5 — vn ()l Lo(0,1) < Xn- (21)
Proof. In fact, we have
[Fwn () + G'()ao + G (g — vn()llLo(0,m)
< N(Fwn () + G'()ag + G ()ag) — (FE() + G' () + G ()ag)l L2 0.1)
+II(FE() + G'()ag + G"()xg) — vn()ll20m)
< IFHwn () = 2()l 20,1y + 1(FE(C) + G' ()2 + G”(-)26) — v ()l L20,1)
= |F[[lwa() = 2()llz20,7) + 1G() — v ()llz2(0,7)
< M {lJwn — E)l 20,7y + 13(-) = va ()l 200,10 } -

Each term in the last part of the inequality converges to zero, as desired (cf. the
analogous proof of (16)). [ |

Remark 4. We see from above that x,, > ||% — vy £2(0,1). Moreover, x, depends on
the initial condition.

Now we choose an element (®,,[ H,(-) H/(-) ]) of minimal norm in R?*? x
L?(0,T;R7%%), which satisfies

[(@wn () + H'()ag + H"()25) = vn () Ly0.m) < VX (22)
@]l < N (23)

We use Lemma 7 to deduce the boundedness of the sequence {(®,, [H () H/()])}
so that we can find a subsequence (for simplicity denoted with the same symbol)
such that ®, — ®¢ in R*? [ H/ () H/!() | — [ Hy(-) H{(-) ] weakly in
L?(0,T;R7%%). We can prove that

Oo(t) + Hy(t)xy + HY (H)xy = Fi(t) + G'(t)zh + G” (t)xo.
In fact (cf. the analogous proof of Theorem 5), we have
Doz (-)+Ho () +Hy (g — () = (o — Pp) () + [ () + Hyzg+ Hyxg — ()]

Each term on the right-hand side tends to zero (the quantity in the braces only
weakly), while the left-hand side does not depend on n. Hence it is zero.

Remark 5. The boundedness of {||®,||} follows from the ‘artificial’ condition (23).
We observe, however, that we have the boundedness of {||®,||} directly from (21)
and (22), even if condition (23) is not imposed.
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Summarizing, we can recover the right-hand side of (20), for the moment only as
the limit of a weakly convergent sequence. Now we prove that we have in fact norm
convergence as follows. We know that {v,(-)} converges to u(-) in norm. Hence, we
compute

I(H}(-)xo + Hi ()ag) — (Ho()wo + HY()xg) | 2(0,1)
< | swi () + Hy(-)zo + Hy ()25 — vkllz2o,m)
+ | @sws(-) + Hy()zg + H ()26 — vsllz2(0,7)
+ [l () — a() 20,7 + lvs() — @)l L2(0,7)
+ [ Prwi(-) = Psws ()| 22(0,7)-

Each term on the right-hand side converges to zero strongly so that the sequence
{H] ()zy,+H] (-)zy} is Cauchy in the L?norm. Hence we can formulate the following
analog of Theorem 5:

Theorem 7. Let the initial condition xo be known (with a certain tolerance h). It is
possible to construct a subsequence {(®,,,[ H/ (-) H/(-) |)} which strongly converges

to {(®o,[ Hi(-) H{Y() D} such that (18) holds, i.e. such that
Doi(t) + | Hy()wh HY()af | = Fit)+ | GOy GEl)al | =a(). (24
As in the previous section, we deduce that it is possible to mimic the evolution
of a system along a fixed trajectory. Now we investigate the properties of the element

{(®o,[ Hi(-) H{Y() 1)} just constructed.

Theorem 8. The element {(Po, [H)(-) H{(:)])} constructed by the previous proce-
dure is the element of minimal norm among those which satisfy condition (22).

Proof. The weak semicontinuity of the norm implies that
v= H(<I>o, { Hy(-) Hy() DHH < limian<<I>n, [ H' () H'(-) D

Let {(®o, [H}y(-) HY(-)])} have a norm less than v and satisfy (18), i.e. (24). In this
case we have

1@own + Hy (-)a + Hg (g — va()llz2(0,1)
< || @0 () + Hy ()2 + Hy () ()| 2 o) + @) =vn ()l 20,1y
= [@olllZ() = wn( 2207y + 13() = va (N z20,7) < Xan-

Hence we also have

[{(on [ mer e D, < (3 [ 200 250 )],
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We pass to the limit and get a contradiction. [ |

Finally, we investigate convergence when repeated experiments, with independent
initial conditions e("), are available. The proof of Theorem 6 cannot be repeated
because now it is not true that the matrices F', G’(-) and G”(-) are uniquely identified
by the evolutions of the system. However, let Y, be the minimum of the numbers
xn(e), as in the previous section, and {(®,,[H’(-) H”(-)])} be the element of
minimal norm which satisfies inequalities (22) for every initial condition e("). We
consider a convergent subsequence. We see that this subsequence fulfills the properties
required in Theorem 8, for every initial condition e("). It follows that this subsequence
converges to that element {(®o, [H{(-) H{()])} which satisfies (18) for every initial
condition and which has minimal norm. This element is unique and this proves the
convergence of the original sequence to the same element. Hence we can formulate, in
place of Theorem 6, the following result:

Theorem 9. Let Assumption 1 hold. The sequence {(®,,[H, (-) H/(-)])} converges
to the element {(®,[H'(-) H”(-)])} of minimal norm which satisfies conditions (18)

and (19).

Remark 6. We arrive at the same conclusion, without the minimality property, even
if the number N in Assumption 1 is unknown.

3. The Second Algorithm for Reconstructing
the Feedback Matrix

The identification algorithm presented in the previous sections does not assume any a
priori information on the matrix F'. In this section we adapt ideas from (Blizorukova
and Maksimov, 1997; Kryazhimskii, 1999; Kryazhimskii and Osipov, 1987; Kryazhim-
skii et al., 1997) in order to obtain a second identification algorithm which can be
used when the feedback F' is an element of a known compact convex set F, C R7*7.
We shall deal with the case when all coordinates are observed, i.e. y(t) = x(¢), and
system (1), (2) is of the form

z(t) = Fz(t), te][0,T). (25)
We introduce a family of linear continuous operators S(xr(-)) depending on

elements z7(-) € C(0,T;R?) and acting from R?*? into L2(0,T;R?). Namely, we
define for every u € R7*4¢

(S(zr()@®)u = A(z(t))u for ae. te[0,T].
Here A(z(t)) is a (g x ¢) x ¢ matrix of the following structure:

q X q columns

Az(t)) = : : : q TOWS.
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Primes denote transposition (i.e. the symbol 2’(¢) means the vector-row correspond-
ing to a vector-column z(t)). The symbol zp(-) is used to recall that the function is
defined on the interval [0, 7).

We introduce the one-to-one mapping Q: R‘I]V}(q — R7%Y which transforms every
matrix

aix a2 ... Giq
a21 G222 ... Q2q
F= (26)
gl Qg2 ... Qgq
into the vector-column up = QF = (a11,...,014,021,...,02q, .-, 0ql, - -, 0qq) . It is
evident that the mapping @Q preserves the norm, i.e. ||up| = | F|.

Equation (25) may be written in the form
#(t) = S(er())()ur, t€[0,T],
which can be written as a functional equation in the space L2(0,7;R%):
2(-) = o = Se(r () (Jur. (27)

The family of linear continuous operators Sy (xr()): RI*? — L2(0,T;R?) is defined
by the rule

Se(zr () ()w = (/ S(zr(-))(7) dr)w fora.e. t€[0,7], (weR*?).
0

Hence (27) amounts to

t

#(t) — w0 = (/ S(ar())(r) dT) wp forae. te0,T].

0

For notational brevity, we introduce
b(t) = x(t) —xo for a.e. te(0,T].
Let
Up={ueQF.: &(t)=5Sr()(t)u, tel0,T]}.
It is easily seen that this set is convex, bounded and closed. Therefore the set
U* = argmin{||ul| : w € Uy}

contains only one element, U* = {ug}.
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To solve the problem, we introduce the dynamical control system
i(p) =v(p), 2(0)=0,  zveR (28)

acting on the time interval Ry = [0,400). Here p is an ‘artificial’ time. Our goal
now is to compute an input function v(-) such that for the corresponding trajectory
z(+) of system (28), the ratio z(p)/p is close to ug for a ‘sufficiently large’ p.

Inputs v(p) to system (28) will have a feedback form. Formally, a feedback is
identified with a function V: R; x R?*? — F,. For every v > 0, we define the
~-trajectory z,(-) under the action of feedback U(p, z) by

2(0) =0,  zy(p) = 24(pj) +v](p—ps), P Elpj pj+1);
P = .7’7’ v;_)’ = V(pj7 Z’Y(p.]))
We introduce the functional

Aaplz () = 18wz () ()2 () — pbC) 2 om)
p
+a [ 15 dr - apr (29)
0

J? = Jluoll*.

Here and below the symbol || - ||z, stands for the norm in the space of bounded
linear operators acting from R?%¢ into L2(0,7;R?), and the symbol (-,-)z2 is the
corresponding scalar product. The functional A, is analogous to the functional ¢ (see
Section 2.2). We shall specify such a rule for choosing the feedback control U(p, z)
so that the following inequality holds:

Aol () < Aaliplin () + 1o = p) { (0= ) + s D)} (30)

for p € [pj, pj+1). Here ¢ is a constant which may be explicitly computed.
Introduce
T
R:SUP{”F” : FE.F*}, §T(t):§1 for te [Ti,Ti+1), T, = ; (31)

Since the function &r(-) is piecewise constant, we have
i(t)—1

(Se(Er(N)E) =6 Y AlG) + (t = Ty Aléiwy), ¢ € (0,7,
=0

where
i(t) =[t/d], 7w =i({t)T/n ([a] denotes the integer part of a).
We introduce the function
bnn(t) =& —& for te€[r, Tit1).
It depends on h since, by virtue of (3), & = £P.
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Lemma 8. The following inequality is valid:
16() = brn( 20,1y < di(h,1/n) = VT(2h + RCT /),
where C = ||zo||(1 + RT exp(RT)).

Proof. From ||F|| < R we obtain
t t
()] < [loll +/|\F=’E(T)||d7 < [|zoll +R/||T/(T)||d7, t€10,T].
0 0

Using Gronwall’s lemma, we get
[z@) <, [lz®)] < RC, tel0,T]. (32)

Note that for ¢ € [1;,7;41) we have

le(t) — &1l < b+ / lé()]| dr < h+ RCT/n. (33)

Ti

Therefore, by virtue of (32) and (33), we get

n—1 Tit+1

16(:) = brn (W20 = D / lo(t) — w0 — & + &ol|* dt
=0

i

n—1 Tit1

> / (2h + RCT/n)? dt

=0

i

IN

-1
-0 ——T(2h+ RCT/n)* < T(2h+ RCT/n)*,

The lemma is thus proved. [ |

Lemma 9. The following inequality is valid:

IS (@r () = Su(€r())lle, < da(h,1/n) = T\/@Ul + RCT/n).
Here the symbol £7(-) means a function &(t), t € [0,T], defined according to (31).
Proof. By (33) we get

[(S(zr(-)) = SEr())(Murll < Va(h+ RCT/n)|lupll, 7€ [0,T].

Therefore

[Sx(zr () = Su(€r()llc.
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t

- ﬁu)ljfut/k5“$T<>>-S<6r0>»(7>dTuFH2dt)1”Z
0 0

lurl<

T t
< (/H/\/&(h+RCT/n) dTHth)l/Q
0 0

< Va(h+ RCT/n)( /T £ dt ) v < T\/g (h+ RCT/n).

This is our claim. [ |

Let V(p,z) be defined by the rule
Vip,z)=Va(p, 2)
= arg min{2(S, (£7()) ()2 —pbnn (), S (€r () (Yu) 1, +allull*s ueQF.}. (34)
Theorem 10. The feedback input V(t,z) in (34) satisfies inequality (30).

Proof. For p =0, we have
Aa(0]z4() =0, (35)

and (30) is true. Suppose that (30) is true for all p € [0, p;]. Take p € [p;, pj+1] and
prove (30). We have

| )| <vR v 0.

Introduce the notation

5j(2, 2y) = Se(@r(-))(-)24(pj) — psb(-) € L2(0, T;RY).
Using Lemmas 17 and 18, we deduce that

l[s5(x, 29) — 7 (& 29) |l 20,1

S NSz (1)) () = S« (€ (D)ll2. |24 (o)
+ pilloC) =bnn ()l 2(0,1) < pj(di(h, 1/n)+Rdz(h,1/n)), (36)

where

s7(&, 27) = Su(€r () ()2y(p) = pibrn ().
Referring to (29), we get

Aa(plzy()) = Aalpilzr () + s + v + allv] I = 1) (p = p)), (37)
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where
g = 2(p = pj){sj(, 29), Sx(xr () ()v] = b()) 1,

vi = 1Sc(@r () ()o] = b1 Z2(0,7) (0 = ps)*.
Taking into account

Se(@r(-))(-)uo —b(-) =0
and using (37), we obtain

Aa(plz() = Aalpjlzy () +vj

+2(p=p3){ [ (53222, 8- (@ () (0] =b() ] |?]

— [(s5(@:23), 8. (@2 () (o = b)) s + alluol?] }.

Then we have
sj(z, 24l L2(0,7) < (doR + bo)py, (38)
[1Sx (@ (-)()v] = b(-)llL20,7) < doR + bo.

Here
do = [|S: (7 (-))(Mlcos b0 = [16C)IIL2(0,7)-

Consequently, by virtue of (36) and (38), we get
Aa(plz4() < Aalpjlzy ()

+v; + 200 = p){ [+ (€ 2)s e @r () (0] = b)) zs + alle] |

= [{57(€ 2, 8. (@r (Do = b())r + alluol?] }
+2(p — pj)pids(h,1/n), (39)
where
ds(h, 1/n) = (d1 (h, 1/n) + Rds(h, 1/n))(doR + bo)-
From (38) and (36) it follows that
l1s7(€, 24| 20,1y < Tida(h, /), (40)
dy(h,1/n) = by + doR + dy (h, 1/n) + Rds(h, 1/n).
It is clear that

vi < (p—pj)*(bo + doR)*.
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Using again Lemmas 17 and 18, from (39) and (40) we obtain
Aa(plzy()) < Aalpslzy(-)

+2(p = p){ [ (7€ 24), S+ € (DO waa0] 1]

= [{7(€ 24), 8. (€ () (Juod 1 + alluol?] }

+2(p = pj)pids(h, 1/n) + (p — p;)* (bo + do R)?,

where
ds(h, 1/n) = ds(h, 1/n) + da(h, 1/n)da(h, 1/n)R < co (h L %) 7

co being a constant which may be explicitly written.

The result follows since the expression in the braces is negative when v] satisfies
condition (34). |

Lemma 10. The inequalities
[1Sx (@ () (2(p3) [ pj) = bW 20,0y < c2(v/pj + b +1/n) + 2aR?/pj,  (41)
24 (0)/plI* < er(v/a+ pj(hn +1/n)/a) +J°  (42)
are valid.
Proof. From (30) and (35) we deduce that

Aa(pjlzy () < ei(vpj + pj(hn +1/n)).

Thus the inequalities

1S (27 () ()25 (p5) = P3bONL2(0m) < €1 (705 + 9 (hn +1/n)) + 20R%p;,  (43)

Pj

. ; h, +1/n
JlaPar e (24 Rt g
0

are valid. Dividing both the sides of (43) by p?, we obtain (41). The convexity of the
norm implies

1 [P 1 [P
2 [z ar> H—/ 5 (r)dr
P Jo P Jo

Hence, using (44), we get (42). The lemma is proved. [ |

2
= = (0)/pll> ¥p>o.

Let sequences of positive numbers {a,}, {hn}, {7»} and {j,} be chosen in
such a way that

an — 0, hy—0, j,— +oo, (45)

anfpi, =0, Aufan =0, py(ha+1/n)jan =0 as n— oo,
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Lemma 11. If conditions (45) are fulfilled, then we have

Jim 2y, (pa )/ s = Uo- (46)
Proof. The convergence (46) follows from (41), (42) and equality p;, = Vjn. [ |
Let
O =Q uo.

From Lemma 11 we obtain the following result:
Theorem 11. If conditions (45) are fulfilled, then we have
lim Q"2 (pj,)/pj. = -

n—-+4oo

4. Conclusion

In this paper we have studied an identification problem which is of strong interest
in the context of fault detection. Namely, we have assumed that the nominal system
# = Ax was affected by an unwanted disturbance uw = Fz which could model a
failure of a component. For example, a failure of an interconnection may set to zero
the value of an entry of the matrix A.

The identification problem amounts to the solution of the equation
y(t) = Cx(t) = CeA TPz, t € 10,77

The unknown is F', so this problems seems very difficult. But we observe a very simple
case: if T = 400 and if we know exactly the function y(¢), then we can equivalently
solve

CA — A—F)ag = §(N)

where "~ denotes the Laplace transform. This is a much simpler problem, being affine
in the unknown (M — A — F)~%

What is more, if we can identify or approximately identify both x(¢) and u(t) =
Fz(t) on [0,T], then the identification problem is reduced to a linear problem directly
in the unknown matrix F"

Fx(t) = u(t).
This is the point of view adopted in this paper.

We have presented two identification algorithms which have a common feature:
structural a-priori information on the feedback to be identified is not assumed. In
other words, we have assumed that we have no a-priori information on the component
of the system whose integrity we would like to check. An interesting extension of
the results in this paper, reserved for future work, is the case when we do have
such information, so that we can make use of the powerful structure theory of finite-
dimensional linear systems.



Robust identification of parasitic feedback disturbances. . . 857

Acknowledgments

In the case of the first author, the work was supported by the RFBR (Russia) under
Grants Nos. 00-01-00682 and 01-01-00566, the Russian programme for supporting
leading scientific schools under Project No. 00-15-96086, and the International Insti-
tute for Applied Systems Analysis, Laxenburg, Austria. The second author was also
supported by the Italian MURST within programmes of GNAMPA.

References

Blizorukova M.S. and Maksimov V.I. (1997): On the reconstruction of an extremal input in
a system with hereditary. — Vestnik PGTU. Funct. Diff. Eqns., Vol.4, No.4, pp.51-61
(in Russian).

Fagnani F. and Pandolfi L. (2000): A singular perturbation approach to an input identification
problem. — Rapp. Interno n. 4, Dipartimento di Matematica, Politecnico di Torino.

Kryazhimskii A.V. (1999): Convez optimization via feedbacks. — SIAM J. Contr. Optim.,
Vol.37, No.1, pp.278-302.

Kryazhimskii A.V. and Osipov Yu.S. (1987): To a regularization of a convex extremal problem
with inaccurately given constraints. An application to an optimal control problem with
state constraints. In: Some Methods of Positional and Program Control (A.I. Korotkii
and V.I. Maksimiv, Eds.). — Academic Press, Sverdlovsk, pp.34-54 (in Russian).

Kryazhimskii A.V., Maksimov V.I. and Osipov Yu.S. (1997): Reconstruction of extremal
perturbations in parabolic equations. — Comp. Math. Math. Phys., Vol.37, No.3, pp.288—
298.

Maksimov V.I. (1994): Control reconstruction for nonlinear parabolic equations. — ITASA

Working Paper WP-94-04, ITASA, Laxenburg, Austria.

Maksimov V. and Pandolfi L. (1999): Dynamical reconstruction of inputs for contraction
semigroup systems: the boundary input case. — J. Optim. Theory Applic., Vol.103,
No.2, pp.401-420.

Osipov Yu.S. and Kryazhimskii A.V. (1995): Inverse Problems for Ordinary Differential
Equations: Dynamical Solutions. — London: Gordon and Breach.

Unbehauen H. (1990): Continuous time approaches to system identification. — Automatica,
Vol.26, No.6, pp.23-35.



