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A remark on product of Dirichlet L-functions

by

Kirti Joshi (Tucson, AZ) and C. S. Yogananda (Bangalore)

1. Introduction. While trying to understand the methods and the re-
sults of [3], especially in Section 2, we stumbled on an identity (∗) below,
which looked worth recording since we could not locate it in the literature.
We would like to thank Dinesh Thakur and Dipendra Prasad for their com-
ments.

2. The identity. For a positive integer N ∈ N set LN (s) = ζ(s) if N = 1
and for N > 1 set

LN (s) =
∏

χ (modN)

L(s, χ)

the product taken over all Dirichlet characters mod N . We prove

Theorem. For Re(s) > 2, the product
∏∞
N=1 LN (s) converges absolutely

and we have the identity

(∗)
∞∏

N=1

LN (s) =
ζ(s− 1)
ζ(s)

.

We need the following lemma.

Lemma. Fix a prime p and let Sp = {n ∈ N | (n, p) = 1}. For any
n ∈ Sp let f(p, n) be the order of p modulo n. Then the map Sp → N given
by n 7→ f(p, n) is surjective with finite fibres (i.e., the inverse image of any
number is a finite set).

P r o o f. Let k be any natural number. We need an n such that pk ≡ 1
(mod n) and k is the least positive integer with this property. Clearly n =
(pk−1)/(p−1) has this property. Thus the fibre over any k ∈ N is contained
in the set of divisors of pk − 1 and hence is finite.
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P r o o f (of the Theorem). For Re(s) > 1, we have ([2], Lemma 6, p. 72)

(1) LN (s) =
∏

p -N
(1− p−f(p,N)s)−φ(N)/f(p,N)

where f(p,N) is the order of p in (Z/NZ)∗. For brevity, we write f for
f(p,N) whenever there is no cause for confusion. The convergence of∏∞
N=1 LN (s) is equivalent to the convergence of the series

(2)
∑

N≥1

∑

p -N

φ(N)
f(p,N)

p−f(p,N)s.

Note that for p -N we have 1 ≤ φ(N)/f(p,N) ≤ φ(N) ≤ N . As pf ≡ 1
(mod N) we see that pf − 1 = kN , for some positive integer k. However,
several different k,N may give rise to the same integer pf − 1. In any case
the number of different k,N corresponds to the number of divisors of pf −1.
By [1] (Theorem 315, p. 260), we have d(pf − 1) = o((pf − 1)ε) = o((kN)ε)
for every positive ε and p sufficiently large. Consequently, the series (2) is
majorised by

C
∑

k

1
ks−ε

∑ 1
Ns−1−ε

for some positive constant C and hence it converges for Re(s) > 2.
Thus we can interchange the product over N and over p in (1). Hence if

we set

Lp(s) =
∏

N≥1, gcd(p,N)=1

(1− p−fs)−φ(N)/f(p,N)

we have
∏
N LN (s) =

∏
p L

p(s).
Now put U = p−s and take the logarithmic derivative of Lp(s) with

respect to U to get

d

dU
logLp(s) =

∑

N≥1, (p,N)=1

φ(N)
Uf−1

1− Uf .

By formally writing out geometric series and interchanging order of sum-
mations we get

(3)
d

dU
logLp(s) =

∑

N≥1, (p,N)=1

φ(N)
∑

m≥1

Ufm−1 =
∑

l≥1

alU
l−1,

where al =
∑
f(p,N)m=l φ(N).

Now observe that by the Lemma, for any l ∈ N and a representation
l = f(p, n)m for some n ∈ Sp,m ∈ N (in the notations of the Lemma),
we have a divisor of pl − 1. Conversely, any divisor d of pl − 1 gives a
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representation l = f(p, d)m′ for some m′. Therefore

al =
∑

f(p,N)m=l

φ(N) =
∑

d|pl−1

φ(d) = pl − 1.

Thus we have
d

dU
logLp(s) =

∑

l≥1

(pl − 1)U l−1.

Then by integrating we see that

Lp(s) =
1− p−s

1− p−(s−1)

which proves the Theorem.
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