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1. Introduction. For d ≥ 2, let ∆d
n = {(x1, . . . , xd) : xi integers and

1 ≤ xi ≤ n ∀i} be the set of integer lattice points in a cube in Rd. If
α = (a1, . . . , ad) and β = (b1, . . . , bd) are two points in ∆d

n, we say that
α is visible from β if either α = β or there is no lattice point in ∆d

n

on the line segment joining α and β. It is not difficult to verify that if
α 6= β, then α = (a1, . . . , ad) is visible from β = (b1, . . . , bd) if and only if
gcd(a1 − b1, . . . , ad − bd) = 1.

If A and B are subsets of ∆d
n, one says that A is visible from B if each

point of A is visible from some point of B.
Let fd(n) be defined by

fd(n) = min{|S| : S ⊂ ∆d
n, ∆

d
n is visible from S}.

That is, fd(n) is the least number of points that can be selected from
∆d
n such that every point of ∆d

n is visible from at least one of the selected
points.

Professor Imre Z. Ruzsa informed the authors that the problem of finding
the exact order of fd(n) is one of the problems in the list compiled by
L. & W. Moser.

For the two-dimensional case, it was proved in [1] that

Theorem 1*. For all n > n0,

(1)
logn

2 log log n
< f2(n) < 4 log n.

Here, the second inequality was established by the greedy algorithm,
while the first one follows by using the Chinese Remainder Theorem.

The following result was also proved in [1].
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Theorem 2*. One can explicitly describe a set Sn ⊂ ∆2
n such that ∆2

n

is visible from Sn and |Sn| = O((log n)α) where α has the property that the
Jacobsthal function g(n) satisfies g(n) = O((log n)α).

Here, the Jacobsthal function g(n) is defined to be the least integer
with the property that among any g(n) consecutive integers a + 1, . . . ,
a + g(n), there is at least one which is relatively prime to n. Erdős [3]
was the first to establish that g(n) = O((log n)α) for some finite α. Since
then, several mathematicians (see, for example, [5]–[9]) have taken up the
problem of improving the estimate of Erdős. Currently, the best known re-
sult in this direction, due to Iwaniec [6], implies g(n) = O((log n)2). Even
though it is expected that g(n) = O((log n)1+ε) for any ε > 0, it seems that
to prove g(n) = O((log n)α) with some α < 2 would be very difficult. Erdős,
Gruber and Hammer [4] asked for a replacement of Sn in Theorem 2* by
a set S′n which would satisfy |S′n| = O(log n) as is expected from Theo-
rem 1*. In connection with this problem, even if the expected order of g(n)
is established, Abbott’s explicit construction falls short of our target.

In [2], Adhikari and Balasubramanian could give explicit construction of
a set S′n ⊂ ∆2

n from which ∆2
n is visible, where S′n satisfies

|S′n| = O

(
logn · log log log n

log log n

)
.

One observes that the order of |S′n| not only satisfies (1), but also it improves
on it by improving the upper bound of f2(n) thereof.

In a conference in RIMS, Kyoto, several mathematicians asked the first
author about the answer to the similar question in higher dimensions.

In the present paper, we prove the following

Theorem 3. One can give an explicit description of a set Xn ⊂ ∆3
n

from which ∆3
n is visible, where Xn satisfies

|Xn| = O

(
log n

log log n

)
.

It is easy to see that the proof for the lower bound logn
2 log logn for f2(n)

in [1] goes through in higher dimensions to yield the same lower bound for
fd(n) for d ≥ 3. Again, as will be clear from the proof of Theorem 3 (see
Remark 1 after the proof of the theorem), for dimensions d > 3 by trivial
modifications of our proof one obtains the same result as in Theorem 3.
Thus, for d ≥ 3, the order problem for fd(n) is solved up to a constant
factor. For d = 2, it remains an open question whether the order of f2(n)
obtained in [2] can be improved or not.
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Notations. For real x we write [x] for the integral part of x. We also use
the notations li(x), i ≥ 1, defined as follows:

l1(x) = log x and li(x) = log(li−1(x)) for i ≥ 2.

2. Proof of Theorem 3. Let n be large and

s =
[
D

√
l1(n)
l2(n)

]
,

where D is a positive number such that
∑
p 1/p2 + 2/D2 < 1.

We take Xn to be the set {(a, b, 1) : 1 ≤ a, b ≤ s}∪{(2, 2, 2)}. Given any
(x, y, z) ∈ ∆3

n, we show that (x, y, z) is visible from some point in Xn.
First we observe that given any (x, y, z) ∈ ∆3

n, if z = 1, then (x, y, z) is
visible from (2, 2, 2).

Now, we assume that z 6= 1. Then
s∑

a,b=1

∑

((x−a),(y−b),(z−1))>1

1 ≤
s∑

a,b=1

∑

pprime
p|((x−a),(y−b),(z−1))

1

=
∑

p|(z−1)

∑

1≤a,b≤s
p|(x−a), p|(y−b)

1 ≤
∑

p|(z−1)

(
s

p
+ 1
)2

= s2
∑

p|(z−1)

1
p2 + 2s

∑

p|(z−1)

1
p

+
∑

p|(z−1)

1

< s2
∑
p

1
p2 + 2s

∑
p<n

1
p

+ 2
l1(n)
l2(n)

< s2
∑
p

1
p2 + 4sl2(n) + 2

l1(n)
l2(n)

=
(∑

p

1
p2 +

2
D2

)
s2 + 4sl2(n) < s2,

for all sufficiently large n.
Therefore, there exist a, b with 1 ≤ a, b ≤ s such that ((x − a),

(y − b), (z − 1)) = 1, which further implies that (x, y, z) is visible from
(a, b, 1).

Hence, ∆3
n is visible from Xn as claimed and we get our theorem.

Remark 1. It is clear from our proof that for d > 3, Xn could be
replaced by Xd

n = {(a1, . . . , ad−1, 1) : 1 ≤ ai ≤ s} ∪ {(2, 2, . . . , 2)} where
s = [Dl1(n)/l2(n)]1/(d−1) with a suitable D.
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Remark 2. The O-constant in Theorem 3, which is about D2, can be
clearly brought down by handling the constants a little more carefully. Sim-
ilarly, a glance at Abbott’s proof for the lower bound in Theorem 1* makes
it clear that there, too, we can have a better constant than 1/2. However
here we are not much interested in those constants.
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