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Hyper-Kloosterman sums and estimation of exponential
sums of polynomials of higher degrees

by

YANGBO YE (Iowa City, Iowa)

1. Introduction. From a Davenport—Hasse identity of Gauss sums we
will deduce identities of hyper-Kloosterman sums. Using these identities the
theory of Kloosterman sheaves and equidistribution of hyper-Kloosterman
sums can be applied to the exponential sum

= ()

x mod q

for some large k, where ¢ = p* with @ > 1, and b and c are relatively
prime to the prime p. Using bounds of hyper-Kloosterman sums by Deligne,
Katz, Dabrowski, and Fisher we then deduce new estimates of the above
exponential sum. Our bounds cannot be obtained by traditional methods as
our k may reach the order of q.

1.1. Davenport-Hasse identities of Gauss sums. Davenport and Hasse
established an identity of Gauss sums in [3]. Let p be an odd prime and
m > 1 a divisor of p — 1. Let n be a ramified character of order m on the
multiplicative group Q of the p-adic field Q,. Here by 7 being ramified we
mean that it is nontrivial on R}'; the order of n is by definition the smallest
positive integer m such that n™ = 1. Then we know that the conductor
exponent of 7, denoted by a(n), is equal to 1. Let 1) be an additive character
of Q, whose order is 0. Here the order of an additive character ¢, denoted by
n(yp), is the largest integer n such that the character ¢ is trivial on p~"R,,.
Let x be any ramified multiplicative character on Q,, satisfying

a(x) = alxn) = ... =alxn™ ") = 1.
Then the Davenport-Hasse identity of Gauss sums over the finite field F,
can be written as
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1) x(m™e(x™, v;de)e(n, s da) ...e(n™ ™, ; dx)
= e(x, s da)e(xn, s da) ... e(xn™ ™" s d).
Here for a nontrivial additive character ¢ the e-factor is defined as

S X Hx)p(x)dr if x is ramified,
(2) el pidz) = § p-ato-ne) RX
x(p(#))pn(®) if y is unramified,

where dz is a Haar measure on Q, normalized by volume(R),) = 1.

We point out that in (1) the conductor exponent a(x) of the character
x has to be 1. In order to have a Davenport—-Hasse identity over the p-adic
field Q, we have to consider the case of a(x) = a > 1. In [12] a generalized
Davenport—Hasse identity of Gauss sums is proved:

3 x"me didngt ] x(1+j‘1y§)dyj

: 2]
1<j<mpla/2 R,

= (e(x, ¥;dx))™
when 1 < m < p and ¢ = p* with a > 1. If a is even, then it simplifies to
X" (m)g "™y da) = (e(x, i da))™
We will use the approach in [12] to prove in Section 2 the following
generalization of the Davenport—Hasse identity.

THEOREM 1. Let m > 1 be a divisor of p — 1, n a ramified multi-
plicative character of order m, and 1 an additive character of order zero.
Then for any ramified multiplicative character x with conductor exrponent
a(x) = a > 1 we have

@) X2 (m)e (I 4 di)
m—1 j_ 1 2
xXq H S X<1+2jyj>dyj
1<]§mp[a/2]Rp

= e(x, ¥;dx)e(xn, ¥y dx) ...e(xn™ ', ; da)

a

where g = p®.

1.2. Identities of exponential sums. We write e(x) = e*™. For a multi-
plicative character y modulo an odd integer ¢ > 1 we denote the Gauss sum

by
(0= ) x(fr)e<i>-

x mod ¢
(z,c)=1

From the original Davenport-Hasse identity in (1) we will deduce in Section
3 the following identity between a hyper-Kloosterman sum with character n
and an exponential sum.
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THEOREM 2. Let p be a prime and m > 1 a divisor of p — 1. Denote
by n a multiplicative character modulo p of order m. Then for any integer
z which is relatively prime to p we have

5) Z (22 xm1)e<x1+...+xm+zm1...xm>
T1,...,Tym modp p
(z1,p)=...=(@m,p)=1

=7 ... m™) Y 6<M>

x mod p
(z,p)=1

where T = 1 mod p.

We point out that this identity is indeed the Diophantine manifestation
of a geometric isomorphism of sheaves in [8], Theorem 9.2.3. The generalized
Davenport—Hasse identity in Theorem 1 will imply a similar identity of the
hyper-Kloosterman sum. Its proof will be given in Section 4.

THEOREM 3. Let p be a prime, m > 1 a divisor of p—1, and q = p* with
a > 1. Denote by n a multiplicative character modulo q of order m which
s also a multiplicative character modulo p. Then for any integer z which is
relatively prime to p we have

(6) Z n(le%.”xm—l)e<x1+...—|—xm+le.”xm>

T1,...,Tm modq e
(z1,p)=-..=(Tm,p)=1
gm=1/2 Z nm(m—l)/2(x)e<w> if a is even,
x mod q q
(=,p)=1

m—1_m—1

= 2 —m
q(m—l)/2<zm>€;m—1 3 nm(m_l)/2($)e<TrM>

p x mod q q
(z,p)=1

if a is odd,
where 2T = 1 (mod q) and €, by definition equals 1 if p =1 (mod 4) and
equals i if p=3 (mod 4).

Note that when m is odd, the character n™(™~1)/2 is indeed trivial. When

m is even, n™(m~1)/2 i a quadratic character. From the identity of Gauss
sums in (3) we can get a similar identity using the same proof.

THEOREM 4. Let p be a prime, 1 < m < p, and g = p® with a > 1. Then
for any integer z which is relatively prime to p,

1+ ... +Tym +221...T,m,
7 e
m X ()

T1,...,Tym modq
(#1,p)=...=(xm,p)=1
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—m
g(m=1)/2 Z e(mx+qzx> if a > 1 is even,
x mod g
_ (z,p)=1
- 2m71 m—1 —m
q<m—1>/z<zm>£;n—1 5 e(”m) ifa>1is odd
p x mod q q
L (z,p)=1

1.3. Applications and estimation of exponential sums. We note that the
exponential sums on the left side of the identities in Theorems 2, 3, and 4
are all hyper-Kloosterman sums. Hyper-Kloosterman sums over a finite field,
like the one in Theorem 2, are studied extensively by Deligne [4] and Katz [6]
and [7]. In particular, these sums can be represented by Kloosterman sheaves
and their values are equidistributed with respect to a Haar measure. Our
identity in Theorem 2 implies that the same Kloosterman sheaves can be
used to study exponential sums of the type

—m p—m—1
Z e<m.’L‘+Zl‘ ) or Z e(bx—l-cx >
p p

x mod p x mod p
(z,p)=1

when m|p — 1, where b, ¢, and z are relatively prime to p. Indeed, these
exponential sums have the same equidistribution pattern as the hyper-
Kloosterman sums.

In [4], [6] and [7] the estimate of hyper-Kloosterman sums with characters
was given implicitly (Theorem 4.1.1(1) of [7]): For the sum on the left side
of (5) we have

) 77($2$§...xz1)e<x1+"‘+$¢;+21’1...xm>‘

T1,..., Ty modp
(z1,p)=...=(zm,p)=1

< (m+1)pm/2.
We know that the Gauss sums in (5) have absolute value p'/2. Therefore
the identity in (5) implies an estimate of the exponential sum on the right

side
(®) > (m*,fm)' < (m+ 1)p!/?

x mod p
(z,p)=1

when m |p — 1.
Now let us turn to Theorem 4. By [2] (Example 1.17), the hyper-Klooster-
man sum on the left side of (7) has the bounds

arl—i—...—l—xm—i—le...a:m)‘
9 E e
() ( q

Z1,...,Tm modq
(#1,p)=...=(@m,p)=1
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S(m—&—l)qm/2 when 1 <m<p—1anda>1;

§p1/2qm/2 when m =p —1 and a > 5;
< pg™/? when m =p—1 and a = 4;
< pt/2gm/? when m =p—1 and a = 3;
gqm/Q when m =p—1 and a = 2,

where p > 2 and ¢ = p®. The identity in (7) then implies bounds for the
exponential sum on the right side

Z e(mx+zxm>: Z e<maz—|—zx¢’(‘1)m>

x mod q q z mod g q
(z,p)=1 (z,p)=1

where ¢(q) = p»~1(p — 1) is the Euler function. Together with the result in
(8) on the case of ¢ = p we proved the following theorem. Note that

<mm + zx¢<q>_m>
Z e . =0

xz mod g
plz

when a > 1 and 1 <m < p.

THEOREM 5. Let p be an odd prime, ¢ = p®, a > 1, and 1 < m < p.
Then for any b and c relatively prime to p we have

<bx + cm¢<q>_m> '
e ————
q

x mod q

(10)

g(m+1)p1/2+1 when m > 1, m|p—1, and a =1,

< (m+1)¢"/? when 1 <m <p—1and a > 1;
< p'/2¢"/? when m =p—1 and a > 5;
< pg*/? when m =p—1 and a = 4;
< p'/2¢"/? when m =p—1 and a = 3;
< ¢t when m=p—1 and a = 2.

We point out that our bounds cannot be obtained by traditional estima-
tion methods of exponential sums of the type (cf. Vaughan [11])

5 ()

x mod g
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Indeed, in the case of p Carlitz and Uchiyama [1] proved that

(1) 3 e<P ](f))‘ < (k- )p/?

x mod p

based on the work of Weil on Riemann hypothesis for curves over finite
fields. Here P(z) = axz® + ... + a1x € Z[z] is a polynomial of degree k
with (ag,...,a1,p) = 1. Loxton and Vaughan [10] proposed a question of
estimating exponential sums with polynomials of higher degrees and con-
jectured that the bound in (11) should be reduced to (kp)'/2. For the poly-
nomial bxr + cxP~™~1 with b and c relatively prime to p and m|p — 1 our
estimate (m + 1)p'/2 is better and indeed nontrivial when m is fixed and
p=1 (mod m) is large.

In the case of ¢ = p® with @ > 1 Loxton and Smith [9] and Loxton and
Vaughan [10] improved an estimate of Hua [5] on
3 e(P(m))
x mod g q

For P(x) = bz + cz* with b and c relatively prime to p they proved that

bx + ca®
SR (S

xz mod g

(12)

where di_1(q) is the number of representations of ¢ as a product of k — 1
positive integers (e.g. dx—1(p) = k — 1). Since di_1(p®) is a polynomial of k
of degree a, Loxton and Smith’s estimate in (12) becomes worst than trivial
when k is not O(p'/?). Our results in Theorem 5 can treat some of the
cases of high degree polynomials, namely bz + cz* with degree k between
pa _pa—l —p and pa _pa—l —1.

Exponential sums associated with high degree polynomials have high
volatility. Their estimation might have applications in Waring’s problem
and other number theory problems.

Finally, let us go back to Theorem 3. As we remarked earlier the character
n™m=1/2 is trivial when m is odd. Consequently, the identities in (6) and
(7) imply that

Z n($2$§-..l’m_1)e<xl+"'+xn;+2.%'1...xm)

Z1,.-Tm mod q
(Ilyp):~-~:(ffm,p):1

B Z e<x1+...—|—$m+zx1...xm>

T1,...,Tm mod g 4
(z1,p)=-=(@m,p)=1

when m > 1 is an odd divisor of p — 1 for ¢ = p® with a > 1. Therefore the
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estimates of Dabrowski and Fisher [2] in (9) in this case are also true for the
sum twisted by the character 7. This suggests that the same estimates might
also be true for hyper-Kloosterman sums twisted by other multiplicative
characters in the case of ¢ = p* with a > 1.

2. The Davenport—Hasse identity over a p-adic field. In this sec-
tion we prove Theorem 1. The proof of the identity in (3), which holds for
any m greater than 1 and less than p, not necessarily dividing p—1, is similar
and can be found in [12]. Let x be a ramified multiplicative character of Q,
with conductor exponent a(x) = a > 1 and let i be a ramified multiplicative
character of Q, of order m > 1, where m|p — 1. Then a(n) =1 and

a(x) = alxn) = ... =a(x™ ") = a.

For any additive character 1 of order zero we use the definition of local
e-factor in (2) and get

e(x, ¥s da)e(xn, i dz) ... e(xn™ ", ¥ da)

= S X Hzy o) Naezs DY (e 4 a) doy L dy,.
(a='R;)™

Using new variables y; = z1q and y; = x;q/y; for i =2,...,m, we get

X" @™V | T e )
(R )™

_ —1)/2 _ Y1
)y Py oy 1)w<q(1+yz+...+ym)> dyi - .. dym.

Note that the character n™(™=1)/2 ig either unramified or ramified with
conductor exponent equal to 1. Since m < p and a > 1, the conductor
exponents of x™ and x"n"™(™~1/2 are still a. Consequently, the integral
with respect to y; vanishes unless 1 + ya + ... + ym € R, . Setting 2z =
yi(L+y2+ ... +ym)/q we get

(13)  e(x, ¥;dx)e(xn, ¥;dx) ...e(xn™ ', ¥; dz)
=qm! S X" (2)n IR () (2) dz

— X
q 'R,

S X<(1+y2+...+ym)m)

Y2 .. - Ym

Y2, Ym ERY
1+y2+--~+y7n€R;<

14+y2+...+ym m(m—1)/2
(( 3 m)_l dys ... dYm,.-
Y2Y3 .- -Ym
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The first integral on the right side equals (™™™~ 1)/2 4; dx). Denote
the second integral by I,,. Since a(x) = a > 1, we set ¥, = yo(1 + u) where

Yo € (RS — (—(1+ 92+ ...+ Ym-1) + pR,)) /(1 + pl®TV/AR))

and u € pllat1)/2] R,. Rewrite the integrand of I,,, accordingly and integrate
it with respect to u; then we discover that the integral with respect to u
vanishes unless yo € (1+y2+ ...+ Ym_1)/(m— 1) + pl*/2R,,. Therefore the
integral with respect to y,, in I, is actually taken over y,, € (14+y2+...+
Ym—1)/(m —1) + ple/2 R, with 1 +y2 + ... +ym—1 € R;. Consequently, by
setting Y, = (1 +y2 + ... + Ym_1)/(m — 1) + y with y € pl*/2 R, we can
rewrite the integrand of I,,, as

mm mm(m—1)/2 (I+ys+... —|—ym71)m_1
X (m _ 1)m71 n (m — )(m_l)(m_Q)/Q X y v Ym—1

n((1+y2+...+y 1) (M= D(m=2)/2 x< m —1)3y%/(2m) >

+y2 +. +ym—1)2

?/2?/3 ym 1
Changing variables we get
m m(m—1)/2
m
(14) I = m—lx((m_ 1)m—1>77 (m — 1)(m—1)(m—2)/2>
— 12
X S X<1 + (m)y) dy.
2m
p[a/2]Rp

Recall here that m < p. By using (14) repeatedly we ﬁnally get
m m(m— 1
5) fy =) T (e T )
1<j<mpla/2 R,

Theorem 1 follows from (13) and (15). =

3. Identities of exponential sums over a finite field. We will now
deduce Theorem 2 from the Davenport-Hasse identity in (1). Let p be an
odd prime, and m > 1 a divisor of p — 1. Using a ramified multiplicative
character n on Q) of order m and an additive character ¢ of order zero of
Qp we actually want to prove the following identity for any z € R

(16) nm(m—l)/Z(p> Z 77_1(1'2.%'?) .. .1’2_1)
Zi,..,xmERY /(14pRy)

xw< <:v1—|- +xm+z>>
L1...Tm

=eln,did)...e(™ Vsde) Y w<;<mx+;n>>

z€R) /(1+pR,)
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We will show that the Mellin transformations of the two sides of (16) are
equal for any multiplicative character x of Q,. Indeed, the Mellin transfor-
mation of the left side is equal to

PR ) \ x T ey de | (waa el
Ry (By)™
1 z
xl =(x1+... 42+ ——) | dzy... dzy,
P T1...Tm
where we wrote the sum with respect to 1, ..., 2, in terms of an integral.

Changing variables from z to y = z/(px1 ... 2z,,) and from z; to y; = x;/p,
1=1,...,m, we get

x| x T wewdy | x T ) ) dn

p~IR) p~1R)
X S X' (w2)v(y2) dys - .. S X0 T (Y)Y (Y) AYi-
p~ IRy p~ Ry

Now we consider characters x with a(yx) = 1 and x™ # 1. Then we can
express the above integral as a product of local e-factors and get the following
expression for the Mellin transformation of the left side of (16):

A7) 7T )l v da) e (x, i da) e (™ s da).
On the other hand, the Mellin transformation of the right side of (16)
equals

1
pe(n,;dx)...e(n™ 1, ¢;dr) S X 1(z)dz X ¢< (mx + ;57%)) dz.
R e
If we change variables to y; = z/(pz™) and yo = mx/p, we get
p~ I ()™ (m)e(n, s da) . e(n™ T g da)
< | Ty | X ()e(y2) dys.
PRy PRy
When the character x satisfies a(x) = 1 and x™ # 1, we get the following
expression for the Mellin transformation of the right side of (16):

(18)  p~ XV ()X (m)e(n, i dx) .. e(n™ ! s da)
x e(x™, ¥ dw)e(x, ¥; dr).
By the Davenport—Hasse identity in (1) the expressions in (17) and (18)
are equal. Consequently, we have

(19) nm(m_l)/z(p) S X 1(2)dz Z n Hwpx3 . 2™t
R;f zl,...,mmER;/(l-i-pRp)

1 z
x¢(<x1+...+xm+>>
P T1...%m
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= e(n, ¢idz)...e(n™ ™, ¢y da)
1 z
—1
X S X (2)dz Z @b(p(mx—i-xm))
R} zER, /(1+pRy)
when a(x) = 1 and x™ # 1. By direct computation we can show that (19)
holds for other . Indeed, the integrals with respect to z vanish for ramified

x with a(yx) # 1. If a(x) = 1 and x™ = 1, then the two sides in (19) are
both equal to

—p~'x T (p)e(x, ¥ da)e(n, i da) .. e(n™ 1 ¥ da).

If x is unramified, then the two sides of (19) become

ple(n, ¢id) .. .e(n™ " s dr).

Since the equation in (19) now holds for any character x, the identity in
(16) and Theorem 2 follow from Fourier’s inversion formula. m

4. Identities of exponential sums over a p-adic field. In this section
we prove Theorem 3. If we set 77 to be the trivial character and take m > 1
to be any integer less than p, not necessarily a divisor of p— 1, our proof can
be used verbatim to deduce Theorem 4 from the identity of local e-factors
in (3).

As in Section 3 let p be an odd prime, and m > 1 a divisor of p — 1.
Denote by 7 a ramified multiplicative character on Q, of order m and by
1 an additive character of order zero of Q,. Let a > 1 and set ¢ = p®. For
any z € R we want to prove that

(20) Z n N wpxl .. 2™t

1:1,...,$m€R;>7</(1+qu)
1
x¢<<x1+...+xm+z>>
q T1...Tm

/ 1
q(mfl)/2 Z 77m(ml)/2($)¢< <m$ + Z>> if a is even,
q ™
2€Ry /(1+qRy)
m—1_m—1
R (m em1
1
% Z 777m(m71)/2 ($)¢ <q (mx + ;n>> if a is odd.
xGR?/(l—&-qRP)

Similarly to the computation in Section 3, for any multiplicative char-
acter x with conductor exponent a(x) = a the Mellin transform of the left
side of (20) equals
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g~ (@)D (gVe (X, by d) e (xm, by dae) < e(xn™ Tt s da).

By Theorem 1 the above becomes
X" (m)n™ D2 () =D (q)n =2 (g)e (o dir)
< (™2 yrde)g 2 I X(l + ‘7_]1?;]2) dy;.
1<j<mpla/2IR,
m(m—1)/2

Since m < p, the conductor exponent of x™n
the definition of e-factor in (2) we get

is still equal to a. By

X (m)n™ D2 ()~ D () m=D/2(g)

X S Xil(xl)Xfmnfm(mil)/Q(fﬁz)w(xl + o) dxy dao

(¢='R})?

m—2 ] -1 2
1<j§mp[a/2]Rp

Changing variables from x; and x5 to y = x2q/m and

L z1y™q
— —
H1<j§m (1 + J?y?)
we get
(21) ¢ | xR de | YRy dy

ok e ()

(pla/21R,)m—1 1<j<m

=q¢" | x'(2)dz | n‘m(m‘l)/z(y)w(l (my+;n)) dy

q
Ry Ry

< 1] S ¢((j_l)zy§>dyj.

27qy™
1<j<m pla/21 R J9Y

P

When a is even, the last integral with respect to y; equals ¢~ /2 and the
product on the right side equals ¢! =""/2. When « is odd, the integral equals

_ j—1Dz _ i(i—Dymz
q 1/27((. m) 7¢>=q 1/2’y<( ) ﬂb)
Jpy p
where 7 is the Weil constant defined by
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b2 _
for |b|, > 1. Since p is odd, we know that
i(J—1)y™z 2j(5 —1)y™=z
7(.7(.7 )y ,w) :< i =Dy >€p
p p

where ¢, equals 1 if p =1 (mod 4) and equals i if p = 3 (mod 4). Conse-
quently, the product on the right side of (21) becomes

(1 m m—1,m—1

LA | (Wl)yz)% _ qOmm/zme <22m)
1<j<m p p

Back to (21), we have proved that

(22) S X 1(2)dz Z n Nzl .. ™)

Ry ZT1,..,xmERY /(14+qRy)

1 z
xw((m1+...+xm+>>
q T1...Tm

g(m-1/2 S X '(2)dz Z =R () <q (my + ym>>
R} yERy /(1+qRy)
if a is even,
melszlm
— m— m— —1
= ¢ ¢ 1)/25p 1 SX % (z)<p> dz
RP
1
y Z nm(ml)/Q(y)w< <my + i)) if a is odd,
yERy /(1+qRp) K /

for any multiplicative character x with a(x) = a and for any 2z € R\, when
a>1.

Note that when m is even the above Jacobi symbol is a multiplicative
character of z with conductor exponent equal to 1, because p is odd. Con-
sequently, when x is unramified or when x is ramified with a(y) # a, the
product of this Jacobi symbol and x~! is either unramified or is ramified
with conductor exponent not equal to a, because a > 1. From this obser-
vation and the fact that @ > 1 we can see that both sides of (22) vanish
when x is unramified or when x is ramified with a(x) # a. Therefore (22)
holds for any multiplicative character y. By the Fourier inversion formula
we prove (20) and Theorem 3. m
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