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1. Introduction. Let K denote the quotient field of some Dedekind ring
ox and N/K a finite Galois extension with Galois group I'. Considering
the action of the group algebra KI' on the additive structure of N, the
Normal Basis Theorem tells us that N ~ K1, i.e. there exist ¢t € N with
N=KIt= 69761“ K~(t).

A more delicate problem is the study of the Galois module structure
of op, the integral closure of ox in N. oy is a module over the so-called
associated order

(1) An/k :={a € KI'| aony Con},

and one is interested in an explicit description of Ay, k and the structure of
on over it, especially whether or not oy ~ Ay, x. For more references and
details we refer the reader to [11], the second part of [16] or [8].

If N/K is at most tamely ramified, a theorem of Noether shows that
An/k = oI, and if furthermore K is a local field (i.e. complete with
respect to a discrete valuation and with finite residue class field) and ok its
valuation ring then oy ~ An/k.

If N is a finite abelian extension of QQ and oy its ring of algebraic integers,
then ony ~ Apn,/x holds in the cases K = Q ([12], [13]) and K = Q(¢) with
¢ a root of unity ([6], [2], [5]), but there are examples for K, even with
N/K unramified, where onx % Apn/x (see [3]). Up to now it has not even
been known whether for abelian fields IV, oy is always a locally free Ay k-
module, i.e. whether oy, ~ Ay, for each prime p € spec(ox). If Ay/x
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is a Hopf order and I' is abelian, it was proved in [7] that oy is locally
free over Ay, k. Unfortunately, Ay, is not a Hopf order in general. The
present paper gives an affirmative answer to this question for absolutely
abelian number fields.

THEOREM 1. Let Q, C K C N be finite field extensions with N/Q,
abelian. Then

oy = AN/K-
Let Ny be the inertia field of N/K and put I'y = Gal(N/No) < I'. If p>3
we have, more explicitly,

ON’:AN/KEOKF & MO,

ok lo

where My C K1} is the mazximal og-order of KIy.

Following the proof of this theorem, also for p = 2 an explicit descrip-
tion of A,k can be obtained, starting with the result of Proposition 3(a).
In the same way, one can obtain an explicit generator Ty, € on with
An/kTn/k = on, as long as Proposition 1(b) is not needed for “going
down”.

If N is abelian only over K, but not over Q,, oy ~ Ay, x does not hold
in general (see Corollary 1 of [1] or Theorem 5.1 of [4]).

From Theorem 1 we immediately deduce the following

COROLLARY. If Q C K C N are algebraic number fields with N/Q finite
and abelian, then on is locally free over A/ -

2. Galois module structure for abelian extensions of local fields.
Some results in Section 2 of [5] describe how the Galois module structures
of different field extensions are related in some special cases. For local fields
we will obtain stronger results. Throughout this section, K will be a local
field and N/K a finite abelian extension with Galois group I'.

PROPOSITION 1. Let N/K be a finite abelian extension with N :;NK’
where N/ K is totally ramified and K /K is unramified. Put I' = Gal(N /K)
= Gal(N/K) and A = Gal(N/N) = Gal(K/K). Then we have

(a) A]V/I? = -AN/K 0® 0 and AN/K ZAJV/I?OKF.

(b) on =~ Ay, as Anyx-modules if and only if oy ~ Ay g as Ay, -
modules. If this holds and T € on with oy = An/gT, then one also has

Note that Proposition 1(a) also holds for global fields if we only assume
that N and K are arithmetically disjoint over K.
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Proof (of Proposition 1). Since N and K are arithmetically disjoint
over K (i.e. oy = oy ® 0f), Lemma 5 of [5] applies, showing some parts of
0K

the above statements.

(a) From definition (1) we immediately obtain Ag,z N KI' C Ay/k-
On the other hand, we have Ay/x C Ay/x ® 0 = AN/I?, thus proving
0K

AN/K = A]V/I? NKI.
(b) This is a specialization of Exercise 6.3 on p. 139 of [9]. Suppose
that oy ~ Ay g, le. oy ® 0 ~ Ay/x ® 0. Considering this as an
oK 0K

isomorphism of Ay, x-modules and using the fact that oz is free over og

of rank d = |A|, we obtain og\?) ~ A%}K as Ay, g-modules. Using now the

theorem of Krull-Schmidt—Azumaya yields ox >~ Ay k-

The following lemma together with Lemma 6 of [5] enables us to obtain
the Galois module structure for any abelian extension of a local field K as

soon as we know this structure for all totally ramified, abelian extensions
of K.

LEMMA 1. Let K/K be the unramified extension of K with [K : K| =
[N : K|. Then there exists a totally ramified abelian extension N'/K such
that for N = N'K we have: N/K is abelian, N C N and N/N is unrami-
fied.

If there exists some intermediate field K € K’ C N such that K'/K is
totally ramified, it suffices to take for K the unramified extension of K of
degree [K : K] =[N : K'].

Lemma 1 can also be proved by using class field theory and analysing
the norm groups, but we offer a more elementary proof.

Proof (of Lemma 1.) We put N = NK and will show that this field has
all the required properties. Since both N and K are abelian over K, so is
N/K. Obviously, N/N is unramified. It only remains to show the existence
of a field N’ as stated in the lemma. Consider the exact sequence

1 — Gal(N/K) — Gal(N/K) = Gal(K/K) — 1.

Let 0 € Gal(K/K) be a generator of this cyclic group and take any 7 €
Gal(N/K) with 7(7) = 0. Since 7%, where d = [K : K] = [N : K], is the
identity on both N and K, we have 7¢ = id5. Therefore ¢ : Gal(K/K) —
Gal(N/K), defined by (o) = 7, is a splitting homomorphism for the above
sequence. Thus we have Gal(N/K) = Gal(N/K) & G’ with some subgroup
G’ < Gal(N/K). If we take N’ = N, the field fixed by ¢, the remaining
claims immediately follow.
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Since it will be of general interest, we also include the following result,
which can be used to deduce Theorem 1 for p > 3 from Proposition 3 or
from the global result of [2] or [5]. Alas, it does not apply to non-maximal
orders and gives no information about Galois generators. I would like to
thank M. J. Taylor for many useful discussions leading to this result.

PROPOSITION 2. Let Ny be an intermediate field K C Ny C N, which
is unramified over K; put I'y = Gal(N/Ny) and A" = An/n, N KIy. Then:

(a) An/n, is the mazimal on,-order in Noly if and only if A’ is the
mazimal ox-order in KIy.

(b) If Anyn, is mazimal then oy is free over A" and over A’ ® ogI’;
0K Fo
i particular,

oN X AN/K = .A/ X OKF.
DKFO

(¢) Assume that I" > Iy > Iy are the inertia group and the first ramifi-
cation group, resp., and put N; = N1, the mazimal at most tamely ramified
extension of K inside N. If An/n, is the maximal oy, -order of NiI7, then
An/n, s also mazimal and

ONZ.AN/K:AN ® ol with A”:AN/NIHKH.
oI

Proof. (a) Since Iy is abelian, the maximal orders are the integral
closures of o0 in the group algebras K I, resp. Nolpy. So A’ is maximal
whenever Ay, is maximal.

Now suppose that A" is maximal. Obviously, we have Ay/n, D A’ ® on,.

oK

Since No/K is unramified, A" ® oy, is maximal by Corollary 26.27 of [9].
oK

(b) Suppose that Ay, is maximal in Nolp; thus by (a), A’ is the maxi-
mal order of K1} and both orders are hereditary (see Theorem 18.1 of [15]).
Therefore oy is projective over each of these orders, and by Theorem 18.10

of [15], even free over them. So o ® ZI is free over A’ @ ZI.
ZFO ZFO

Now we use an idea from the proof of Proposition 2.1 of [17]. Consider
the exact sequence

on ® ZI 5 oy — 0,
YARS

where 7 is defined by 7(y ® 7) = y7. Since Ny/K is unramified, there exists
some t € oy, with try, /gt =1, where tr denotes the trace. Using such a ¢,
define i : oy — oy ® ZI by

ZT,

i(z) = Z tr?’ @7t

~yel'/Iy
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where v runs through a set of representatives for I'/Ij. One easily checks

that ¢ and 7 are I'-equivariant, thus A’ ® ZI'-module homomorphisms.
7Ty

Now 7 o4 = id,, shows that the exact sequence above splits and oy is a
projective module over A" ® ZI'. Using A.4 on p. 230 of [10], we conclude
ZIo

that oy is free over A" @ ZI', which yields all our assertions.
7Ty

(c) Iy is abelian, thus we have Iy = I x I'y with |I}| =e|(¢—1) and I}
the p-Sylow group of Iy, where ¢ is the cardinality and p the characteristic
of the residue class field of Ny. Put Ny = N'¢.

Since A/, is maximal, Ay/n, N Nol7 is maximal in Nol', thus equals
AN, /N, - Since N1 /Ny is tame, Ay, /v, = 0N,y by Noether’s theorem, and
this is the maximal order, because the roots of unity of order e are contained
in No.

Thus An, /N, 0® An, /Ny C No[l;xI'1] is the maximal order, and it equals

No

.AN/NO because its elements obviously map oy into itself. So we obtain
A/ = AN/NO N KFO = (UNOFt 0® AN2/N0) N KFO
No
=oxly ® (Anyng NKT) =0Ty @ A7,
0K ox I

which together with part (b) completes the proof.

3. The result for fields contained in Q,((,). Let us agree on the
following notations: for any p € P and k € N let (,» € Q,, be a root of unity

of order p*, put Qf = Q,(¢,r) and QFYF = Qy (G + ). For any field
L>Q, weput Ly = LN QY and L*®) = Q.
For a finite abelian group G, let G = {x|x:G— @: } be its dual group

of characters y with values in @; and

1 _ —
Ex,.G = Gl Z x(v v e QG

vyEG

the absolutely irreducible idempotents. Put Q,(x) = Q,({x(v) | v € G}),
the field obtained by adjoining the values of x. For any field L D Q, let
L, = LNQy(x). Then

Ex,LG = > Ex,G
o€Gal(Qp(x)/Lx)
are the primitive idempotents of the group algebra
LG = P LGE e

XEfL
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where I T, C I denotes a set of representatives for the classes of characters
which are conjugated over L.
Throughout this section, we will fix the following situation: let Q, C K C

N C Q,(gn) and K C Q,(Jm), where m,n are chosen minimal with 1 < m <n
(2<m<nif p=2,resp.). Put I' = Gal(N/K) and let ¢ € Q;()n) denote a
root of unity of order p™. For any ¢t € N, let
R C Gal(@p/Qp)

denote a set of automorphisms representing Gal(K;/Q)). Then we have the
following result:

PROPOSITION 3. (a) Ay i is the mazimal ox-order of KI' except for
the case N = Qé") and K = Qém)i, where Ay g = OKF[%EW,F] ® M;.

0K Fl
Here w denotes the quadratic character belonging to Qém)/K, t€okg isa

prime dividing 2, I = Gal(@én)/@gm)) and My is the maximal order of
KI.
(b) oy is a free Anyx-module. Explicitly we have on = An Tk with

Tn/k = Z Z W om—i /N, _, a(¢”)

J=0 0ERn_m_;

except for the case N = an)i and K = ngH, where
n—m—1

T =1+ 3 trgga i, , 6
J=0 0ERu_m—;

First we consider a special situation:
LEMMA 2. Suppose that N = én) and K = Q,(,m) and put I =

Gal(N/K). Let v be a generator of the character group I let1<rp<pnm
and put v = vp(r).

(a) For any x € Z with v # vy(x) < n —m we have
Eyr, Iy Cx =0.
(b) There exists T, € Ryy—m—, such that for all 0 € Ry—m—y,
v p” if o =
Er P — TT(C ) 'lfO' = Tr,
(¢) If 1 <o" <p"=™ with v,(r') = v such that Eyr kry # Eyr gy, then
Ty 7 Tpr.

Proof. If m = n, we have K = N, v = 0, I'1 = Ry = {id} and the
lemma reduces to trivialities. So assume that m < n.
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(a) Let My = Ql(,nfy) be the subfield of N which is fixed by (") =
{yeTI|¢(y) =1} and My = Q,(¢%) = Q" **): 50 K ¢ M; C N.

If vy (x) < v then M; g M, and ey, contains the trace from N to M,
as a factor, which annihilates ¢* (here the lower bounds for m are vitall).

If v,(z) > v then M, ; M; and the restriction of ey, to My is 0 by
Lemma 1(b) of [5].

(b) Let = € Z with v,(z) = v. The automorphism ¢y pm : ¢ s ¢1HP”
generates I, and without restriction we may assume that ¢ (o14pm) = (P .

First we consider the case v > n—2m. We have K,,_,,,_, = ](Dn_m_u) C
K, R, _m_, corresponds to Gal(@é"fm*y)/(@p) and for any k € N,

(1 +p™)* = z(1 + kp™) mod p™.

So we obtain
T T ]_ —rp™ T myk
Eyr ki (" = yr 1§ =5 > R

n—1m
0§k<pn77n

n—m

_ 1 ¢ Z =Pk {C” if z =r mod p ,

pn—m 0 else.

0<k<pn—m
If o runs through R, _,,_.,, we have a((py) = (P"* with ¢ running through
Z/(p"~™~7)*. Thus the above calculation yields Lemma 2(b) in this case.
Now we consider the case 0 < v < n — 2m, which yields K,,_,,—, = K
and R,_.,—, corresponding to Gal(K/Q,). For any k € N with v,(k) >
n — 2m — v one has

z(1 + kp™) mod p" if p> 3,
) w1 +p")" = { 2(1+ kp™ + kp®™1) mod p" if p = 2.
Put QﬁzGal(Q(n e V)/K) Forj € Z we have
Z o(¢7) = ‘ 1fC]:€K,
prhTImevel if (9 e K.

oce®
Now we can calculate

gwr7K[’1Cw = Z E(Qpr)a’FlCz

oe®
_ 1 Z <$(1+pm)k Z A (e
n—m
p O§k<pn—m O'e@
n—m
p 0<k<p™—"™
vp(k)>n—2m—v
1 1 m jpn—27n—V iom—m—v
= pm-‘ru Z Cx( ") C P :

0<j<pmtv
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Using (2), we obtain for p > 3,

]. —r s MN—M — UV
EvrrnC’ = S C > e

O<j<p'm+u
_ {Cﬂ” if z = r mod p™*Y,
0 else.

For p = 2 we arrive at

]. on—m—uv on—v—1 iomM—m—V
gd)r,KIHCw _ T Z Cz(1+j2 +72 )C rj2

0<j<2mty
1 _ 2n—m—u»
ST D DI IS
0<j<2m+v

_ {CI if x = r mod 2™,
0 else.

The proof now concludes as in the first case.

(¢) There is some ¢ € R;,—pm—, which does not induce the identity on
K, _m_u, such that SW’,KH = Eyrye,k 1, - Applying o to the result of part
(b) we see that 7, # 7.

Now we consider the situation where K is an arbitrary subfield of N =

én) and I’ = Gal(N/K) can be written as I' = A x [ with I} =
Gal((@(n)/@(m)) and |A| = e, where e | (p — 1) for p > 3 and e < 2 for
= 2. Choosing generators, we write the character groups as I'=Ax Fl

<W> x ().

LEMMA 3. Let x = wyY" € T with 1 <r<p" " 1< s < e and put
v = vp(r).

(a) For any x € Z with v # v,(x) < n —m we have

ey, r¢* = 0.

(b) There exists T, € Ry—m—, such that for all 0 € Ryy—pm—, and for all

s with 1 < s < e we have
Erro(C?) = { gws,ATr(Cp“) ng ; :
(c) If 1 < ¢ < p™™ with vy(r') = v such that " and 4" are not

conjugated over K then 7. # 7.

Proof. (a) With ey, r = eus A€yr 1y, this follows from Lemma 2(a).
(b) We have &y kr = cws, Ayr K1y = €ws,A D 5en S(wr)57Q§7,L)F1. Since
€ws,A € Q,A, we obtain for any £ € N,
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1
N ST £ PR LIO))

seA e

There is a one-to-one-correspondence between R,_,,_, X A and the set
Ry —m—v» which we considered in Lemma 2(b). Thus there exist uniquely
determined 0, € A and 7 € R,,—m—. such that for all 0 € R,,—p—r X A we
have

v HTTT(CPV) if o = 0,7,
D — 9
Eyr g (C") { 0 if 0 # 6,7,.

Now an easy calculation yields the claim of part (b).
(c) The same argument as for Lemma 2(c) applies.
After these preliminary results we now prove Proposition 3.
Proof of Proposition 3

CASE I: p > 3. Since Ql(,n) /N is tamely ramified, we can apply Lemmas
4(b) and 6 of [5] to deduce the results for N/K from those for Q]([,") /K. Thus

it suffices to consider N = Q;(,n), the situation dealt with in Lemma 3, and
we take over the notations used there. Let M be the maximal order of K1,
which decomposes as

M-@ M- B B Mo
xe€Tlx Oglyggsg_em CERn—m—v
It suffices to show that
MTN/KION with TN/K: Z Z O'(ij).
j=0 UeRn7WL7]’
If v <n —2m we use Lemma 3(a) in [5] to obtain for any 7 € Ry,—m—v,
M(wswpl’)‘r = OKFgws,z,r’K[v

for some 1 < r < p"~™ with v,(r) = v. Using Lemma 3, we get

@MWS¢TTN/K = @UKF8w5¢T,KF< Z U(va))
s=1

s=1 CERn—m—v

= Poxlew am(CP) = ox ' (¢P")

s=1

and therefore

e

D D Muw)yTyx= @ oxlo(),

s=1TERn—m—v 0ERn—m—v
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which contains all roots of unity of order p"™", since I'Rp_m—» =
Gal(Qy" /Q,).
If n —2m < v <n —m we have for any 1 <r < p"™™ with v,(r) = v,

8w51l1T,KFTN/K = <€WS’A Z g(w”)g,F1>TN/K = 5wS,A5(¢’“)90,F17_T(CpV)
€A

for some gy € A. Using Lemma 3(a) in [5] yields
Mwsw’”TN/K = OKEws’AO(m)Tr(CpV),

therefore we obtain

@MwserN/K = @ 0K5wS,A0(m)Tr(va) = U(m)ATr(Cpu)

s=1 s=1

and

@ @M(wswpy)TTN/K = @ O(m)AO'(CpV).

TERn—m—p s=1 0ERn—m—v

Since ARp—m—p = Gal(@z(,n_m_y)/(@p) one can check that the last sum
contains all roots of unity of order p"”~".
If v =n — m, a simple argument yields

e
s=1
Thus we achieved
n—2am
MTN/K = @ @ UKFU(CPV)

v=0 UeRn—m—V

o b D oA
max{n—2m+1,0} cERn—m—»

= 0N.

CaAsg II: p = 2. 1. A simpler version (without tame characters w®) of
the proof of Case I applies for the situation N = an), K = ng) with
2 <m < n (in this case Proposition 3 also follows from the global results of
[2] or [5]).

2. Now we consider the case N = an)i and K = ng)Jr with2 <m<n
(this includes the case K = @g” = Q2). Let A = Gal(@é")/]\f) = (1) and
In = Gal(@én)/(@gm)) ~ ['. Using Lemma 4(a) of [5] and the result for Case
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1 above we see that .AN/ i is the maximal order, thus

Ak =M=@B O My

v=0 cERn—m—v

where (1)) = I' ~ I. For 1 < 7 < 2"™™ we put v = vy(r) and 7, =
¢ +7(C) = trgem-n (7).
If v <n—2m we use Lemma 2 to obtain

Eyr krTN/k = (5W7Q§m>p1 + 5(W)T’@ém>pl) Z o(¢* +7(¢*))
0ERn—m—v
=7 (1)
and
D MyryTyx= @  oxlam),
CERn—m—v 0ERn—m—v
which contains all conjugates of 7, .

Ifn—-2m <v<n-—m-—2wehave yr kr = €y, + ey, s and
again using Lemma 3(a) of [5], we can calculate

MW‘TN/K = MIWTT(UV) =(1+ T)O(m)TT(C2V)-

Again, one can verify that

@ Mgz ye TN/ = @ (1+7)o™a(¢*)
CERn—m—v 0ERn—m—v
contains all conjugates of 7, .

Ifr=n—m-—1,1ie r=2""""1 we have My Tk = 0KkEyr Ny =
oxny; and if v = n — m, then ¢" is the trivial character and we have
MyrTn/g = oxerl = ox (remember that we deal with the case where
T'n/k has an exceptional form).

Combining all these results, we see that MTy,x contains oy and all
conjugates of 7, for 0 < v <n —m, thus MTy/x = on.

3. The last case to consider is N = Qén) and K = Qém)i with2 <m <n
(and 3<mif K = Qém)_). Let I = Gal(@é")/(@gm)). Then for m < n the
exact sequence 1 — [ — ' — A — 1 splits if K = Qém)Jr
split if K = QY™™

Put A = (1) = Gal(@én)/QénH) in the first case and A = {1,7} C I',
a set of representatives for Gal(@ém) /K), in the latter, and denote the
quadratic character belonging to ém) /K by w. Let (¢) = I}. Then the

, and does not
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maximal order M of K17 decomposes as

n—m

Mi=D D My

v=0 cERn_—m—v
where M’(WV)U is the maximal order of the component K11E v )0 k-
For any 1 < r < 2" ™ with 0 < v = v2(r) < n —m — 2 we obtain from
Lemma 1(b),
ov o
Evrr Tvyie = Eyr gy + € ggon) DL (%) =7 (¢*).
UeRnf'm/fu

If 0 <v <n-—2m we obtain

2
<°Kp[t5°”] © @D MI(W)U)TN/K

Oda 0ERp—m—v
= ( @ OKAOKFIg(w2V)U,K[‘1>TN/K: @ OKAZ—’lO‘((QV).
TCERn—m—v CERn—m—v

Since AINRp—m—r = Gal((@éﬂ)/(@g), the last sum contains all conjugates
of ¢%".

If n—2m < v < n—m — 2 one can calculate that MQZ,T»TN/K =
o™ 7.(¢%"). Therefore

2 m v
<0KF|:t5w7F:| ® @ M/(qﬁ”)d)TN/K: @ 0( )AO'(CQ )’

OKF1
0ERn—m—v 0ERn—m—v

containing again all conjugates of (2.
If v =n—m—1, we have Eyr kr, = €yr, thus

-2 n—m-— n—m-—
ox | Zewr| © My |Tn/x = 05 AC? v _ o(m) 2 1
_t 1 orxIn
If v = n — m, we obtain
2] 2 -
<°KF —€w,r| ® 0K517F1>TN/K =ogA [E%F} ¢2 — o(m)
_t | oxIn t

by Proposition 3 of [14].
Combining all these results, we again arrive at Ay /xTn/k = ON-

4. Proof of Theorem 1. For f € N, n € Ny, let Q;f’n) denote the field

obtained by adjoining all roots of unity of orders p”™ and pf —1 to Qp. Then

z(,f ) /Q, is the composite of the totally ramified extension Qz(glm) and the

unramified extension Qéf 0 of degree f over Q,. Moreover, |~ >0 ng )

is the maximal abelian extension of Q,,.
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Now let N be any finite abelian extension of Q,, K some subfield of
N, and Ny the inertia field of N/K. By Lemma 1 we can find a suitable
f € N such that N = NQéf’O) is the composite of K = KQ](gf’O) which
is unramified over K, and some field N’ which is totally ramified over K.
Let n € N be minimal with N C Qz(;f’n) and put N =Nn le’”) and
K =Kn Qz(,l’n). By Proposition 3(b), oy = Aﬁ/ETﬁ/g.
with Q}()f,o) yields oy = Ay, g1y, by Proposition 1(b). Since K/K is
unramified, oz ~ Ag /K> Which equals the integral group ring. Applying
now the other implication of Proposition 1(b) and Lemmas 5(b) and 6 of
[5], we obtain on' ~ Ay /-, 05 Ay, and oy = An/k.

Being aware that for p > 3, A Jie is maximal, we conclude that the

Composition

associated order is the maximal one for any totally ramified extension; in
particular, Ay, is maximal. Using now Proposition 2(b) we obtain

on ZAN/KEOKF ®F (AN/NOQKFO):OKF ® Moy.
ok lo

ok Io
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