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Asymptotic behavior of Pascal’s triangle modulo a prime
by

BrAD WILSON (Brockport, N.Y.)

1. Definitions and notation. Let p be a prime and let F},(n) denote
the number of entries in the first n rows of Pascal’s triangle not divisible by
p. In 1947 Fine [1] showed

THEOREM (Fine, 1947).
1
lim Fp(n)/<”;r ) = 0.
Fine made use of the well-known result of Kummer [3]:

THEOREM (Kummer, 1852). The highest power of a prime p that divides
(:1) 18 equal to the number of carries that occur when adding m and n —m
i base p.

The following is a well-known corollary of Kummer’s theorem which we
will need.

COROLLARY (of Kummer’s Theorem). The number of entries in the nth
row of Pascal’s triangle not divisible by p is

271372 p'r

where r; = [{j : nj = i}| for n = (ngng_1...n1ng), is the number of i’s in
the base p expansion of n.

Let # =In3/In2 and
o = limsup Fy(n)/n’, = liminf Fy(n)/n’.

— 00 n— 00

In 1977 Harborth [2] showed
THEOREM (Harborth, 1977). a =1 and § = .812556. ..
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The value of 8 was determined to six decimal places and Harborth con-
jectured that 8 = lim, . ¢, for ¢, = F(n,.)/n? where ng = 1,n; =n; 1 £1
with sign chosen to minimize F(n;)/n?.

More generally, let 6, = In(p(p + 1)/2)/Inp and

ap = limsup Fp(n)/nep, Bp = liminf Fp(n)/nep.
n—00 n—00

In 1989 Stein [4] proved
THEOREM (Stein, 1989). o, = 1.

In this paper we calculate 83, O, . . . , B19 to six decimal places, get upper
and lower bounds on 3, which allow us to show lim, .., 3, = .5, and expand
on Harborth’s conjecture.

2. Lemmas on the behavior of F},(n). We first note some elementary
facts about F,(n).

LEMMA 1. For 1 <a<p—1and 0<b<p",
ala+1)
2
Proof. This is a corollary of [4], Lemma 3. =

Fp(ap” +b) = Fp(p") + (a+ 1) Fp(b).

Lemma 1 allows us to prove that F,(n) = n% for infinitely many well-
chosen n:

LEMMA 2. F,(p") = (p(p+1)/2)" = (p")% for all v € N.
Proof. This was shown in [1]. m
LEMMA 3. For p a prime and n,k € N,
k
pp+1
Rt = (P25 Ry,
and

E(p*n) _ Fyn)
)P

Proof. This is a corollary of [4], Lemma 3. m

LEMMA 4. For n = akpk —|—ak_1pk’1 +...+aptag, ar #0,0<a; <p
we have

Fp(p* +n)

k
2+a, (pp+1) 2+ ay ,
F -1

(W)’““ —(p-1) (p(p2+1)>k + ;Fp(n) ifap=p—1.
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Proof If ap <p—1then 1+ ar < pso
F,(p* +n) = Fp(1 + ap)p® + ap_1p" '+ ... +a1p + ao).
By Lemma 1 this becomes

(24 ap)(1 + azx)
2

B 24 ag ai(2 + ay)

2 2

+ 2+ ap) Fplap—1p" ' + ...+ a1p + ao)
24+ ay
2+ag (ar(l+ ay)

1+ ayg 2
Using Lemmas 1 and 2 this is equal to

k
2+a, (plp+1) 2+ ay k k—1
F, _
5 ( 5 +7 o plapp” + ap—1p"" " + ...+ aip+ ag)

Fp(pk) +(2+ ak)Fp(ak—lpk_l +...+a1p+ ap)

F(p*) + Fy(0")

Ey (%) + (1 + ap)Fy(ar1p" " + ...+ arp + >)

k
— 2—1—2% <p(p2+1)> 4 iizsz(n
Ifap, =p—1then 1-+a; =pso
F,(0" +n) = F,(0" " + ar1p" ' + .+ awp + ao),
which by Lemma 1 is
E,(p"™) + 2F, (ap_1p" 1 + ... + a1p + ap).

With some algebraic manipulation we get

F(* ) = (p— 1) E,(p") + (p— 1) Fo(p") Jrj9 pFy(ar—1p" ' +.. .+ aip+ao)
=F,"") - (p - 1)F,(p")

2 -1 _
+ ]; (p(pQ)Fp(pk) +PFp(ak—1pk L+ a1p + ao))

2 _
=&@“Uf@fD&@ﬂ+5&m%ﬂm“Hmﬂf1+~+wm+%)

k+1 k
plp+1) pp+1) 2
:< . ~- (7)) 4 R, .

The next lemma says that if we have a lower bound on F,(n)/n% for n
with lead coefficient aj, then we get a lower bound on the quotient where the
lead coefficient of n is incremented by one. The new bound depends only
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on the value of the lead coefficient and not on k (i.e. the power of p it is a
coefficient of).

LEMMA 5. For 1 < ay < p—1 fized, if there is a constant y,(ax) so that
Fy(n)

nfv > ’Vp(ak)

for all n = app® + ap_1p" ' + ...+ a1p + ag, then
F,(p* +n) _ 2+a 1+ay, \ YO\
- > 1+ )
(pF 4+ n)% 2 27, (ak)
i.e., we may take v,(1 + ay) as the right hand side of the inequality.

Proof. By Lemma 4 we have

2+a (plp+1) k+2—|—ak
F,(p"+n) 2 2 1+ ay
(p* + ) (p* + n)f

Using our assumption F,(n) > n%~,(a;) we get

Fp(n)

k
2+a; (plp+1) 2+ak g
(p* + )% (p* + )%

Define

2+a, (po+ D\ 24ar 4
2 ( 2 T e ()

n)=
fm) (p* +n)f
as a function of the continuous variable n (we are interested in showing the
inequality of Lemma 5 only for integral values of n but to do this we will

think of the bounding function f as a function of a continuous variable so
we can use the Calculus). Differentiating gives

24-2% <p(p2+1))k

2+ ag
ﬁi 14 ag
dn (pk + n)fetl

Setting the numerator equal to zero and cancelling common factors we get

k
'Yp(ak)nep—l _ 1 <p + 1>

Yp (ak)‘gpnap - 1pk — 0y

1+ay 2 2
SO

< 1+ ay )1/(9p—1)<(p+1)1/(9p—1)>/f ( 14 ap >1/(9p—1) )
n = —_— = p”.
27p(ak) 2 2'7p(akr)
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As there is only one critical point for n > 0 and it is a relative minimum
as is easily checked by, for example, the Second Derivative Test, it is an
absolute minimum for f(n), n > 0.

Using the definition of f(n) we get

1/(6p—1)
Fp(pk+;zp)>f(n)2f<<l+ak> p’“)

(P* +n) 2 ()

2+ai (p(p+1) k+2+7ak ) 14 ay \ %/
2 2 14a, "% 27p(ar)

1+ak 1/(9p_1)>9p
k k

ot ()

< 27y (ak)

Since p» = p(p +1)/2 we get

4 2w(a) < 1+ ax )9p/(.9p_1)
F,(pF +n) _ 2+ ax ' 1+ ar \ 2v(ax)

(P* + n)P 2 < ( 1+ ay )”“’P”)"P
1+
27p(ak)
- ( 1+ ay >1/(9,,—1)
_ 2+4ar 27y (ak)
2 ( ( 14 ap >1/(9p—1)>9p
1+
2710(“16)
2+ak< < 1+ak >1/(9p_1)>1_9p
= 1+ A |
2 2'Yp(ak)

The next lemma will allow us to get a lower bound on F,(n)/n where
n has k + 1 digits base p given a lower bound on F,(m)/m?% for all m with
at most k digits base p.

LEMMA 6. For n = pFtm 1 L aqupFt™ + 4+ ap™t +b with 0 < b =
bp" + ...+ bip+by <pt and for

() ()25 )

j=it1

and

k
- 2’711 H a; + 1
=1
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with 7y, as in the previous lemma, we have

Fy(pP 1+ app®t + .+ apmt + b)
(pk+7“+1 + akpk+r + ...+ alprJrl + b)ep

A" _ r 1/(6p—=1)\ 1—0p
- p" [n—20b n Ap '
n—>b\ pr (n—b)B

Proof. Using Lemmas 1 and 2 we have

Fp(pk+7"+1 + akkarr L+ alprJrl + b)
(pk+r+1 + akpk—H‘ 4+ ...+ alpr—l—l + b)9p

(p(p;_l)>k+r+1 +2ié <ai(1;ai) (P(P;r 1)>T+i [a +aj)>

J>i

(pk+r+1 + akpk—H’ + ...+ alpr—l—l + b)GP

2( ﬁ 1+ ai))Fp(b)

i=1
+ (pk+r+1 + akpk+r + ..+ alprJrl + b)ep

k+r+1 r+1
+1 k i(l+a; +1
pp+1) toy ai(1+a;) (plp+1) (1 +a)
2 i=1 2 2 j>i
> (pk+7“+1 + akpk+r + .+ alprJrl + b)Hp
u 0
2(TT(+ ax)) 7 (br)>
i=1

+ (pk+r+1 + akpk—H” 4+ ...+ alpT—f—l + b)ep :

Factoring out p™ from the denominator and noting that p’» = p(p 4+ 1)/2
we define
A+ B(b/p")

b) =
f(b) (pF+1 + appk 4 ... + arpt +b/pr)0

SO

Fp(pk—l-r-l-l + akpk+r 4 alpr—H 4 b)
(pk+7’+1 + akpk:—f—'r 4+ ...+ alpr—i-l + b)ep

> f(b).

Treating f(b) as a continuous function of b we find the only critical point
for f(b) is a relative minimum at

r0p 1/(6,—1)
po (AP .
B(n —b)
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Therefore
E,(p* L 4 app®t " + .+ ap" T+ b) _—
(pk+r+1 + akkarT + ..+ alpTJrl + b)@,,

A"

ApT 0p/(0p—1)
A+ Bl —
i (B(n—b))

n — b Apr 1/(‘91)_1) ‘91)
+
< P (B(n - b)) )

Ay (n—b A\ M=\ 176
sl ) )

Since (n—b)/p" = p**1 +arp® + ... +a1p it is obvious that this lower bound
does not depend on r. =

3. Values of 3, for small p. Using Lemmas 3, 5 and 6 and a fair bit of
machine computation it is possible to approximate the values of 3, to any
number of desired decimal places. In the theorem below we give the values
of By, p < 20, to six decimal places. In the next section we will get some
bounds on 3, and use these to investigate the nature of 3, for large p.

THEOREM 1.
B3 = .T74281 ..., (5 =.758226..., By = .749117..., (11 =.736495...,
B13 = .732663 ..., (17 =.727582..., P19 =.725754...

Proof. We will prove this for p = 5. The other proofs are similar. First
note that
F5(2929687)

292968705 758226 ...

and by Lemma 3,
F5(5% - 2929687) _ F5(2929687)

(5k - 2929687)0s 29296870

This means
F5(2929687)
< = 7
P = 0206870
To complete the proof we must show F5(n)/n% > .758226 for all n. Note
that if F5(n)/n% > .758226 for all 1 < n < 2-5*, then Lemma 5 says
F5(n)

—5— >.802517... forall2-5* <n<3.5"
n5

= .758226. ..



112 B. Wilson

F
527;) > 850443... forall 3-5F <n <4.5
n

F
5&?) > 895474... forall 4-5% <n < 5FF1,
n

Therefore if F5(n)/n% > .758226 for all 1 < n < 2-5F then F5(n)/n% >
758226 for all 1 < n < 5Ft1. We would like to show this is true for all n
so we will extend the region where Fx(n)/n% > 758226 to 1 < n < 2-5F+!
and induct on k.

By Lemma 6, if n = 5*t1 4+ b, b = b,5F + ... 4+ b15 + by, then

F;gm > 784931...> 758226  if by — 4,
F;gfj) > T72610... > 758226 if by, = 3,
F;g” > 758226... > 758226 if by = 2,
F;E,") > 743618... < 758226  if by =0, 1.

Using more information we get better bounds when b, = 0, 1. If by = 1 then
n=>51 4554 b b="0b,_15"1+... 4+ b5+ by. Using Lemma 6 we get

il Zg”) > 780155... > 758226  if by = 4,
£ ng) > 778535... > 758226  if by_q = 3,
FZS:) > TT6573... > 758226 if by_1 = 2,
Fzg”) > 774498 ... > 758226 if by_y = 0, 1.

If by, = 0 then n = 51 + b, b = b_15 "1 + ...+ b5+ by. Using Lemma 6
we get,

il ng) > T72683...> 758226  if by_1 = 4,
Fzg’:) > 768335...> .758226 if by, = 3,
Fzg”) > .763119... > 758226 if by_1 = 2,
F;g") > 57661 ... < 758226  if by_1 =0, 1.

Our two exceptional cases are thus n = 581 4 5%=1 4 b n = 5L L p,
1 < b < 51, We could continue to apply Lemma 6 but at each step we
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would still get two exceptional cases; however, these two values for n can be
shown to satisfy the requisite inequality in another way:
Fy(5M1 4581 4 b)  Fy(sh+1 4501
(5k+1 + 5k—1 4 b)95 > (5k+1 +2. 5k—1)65
_ F5(26)
- 27%

= .886348 ... > .758226

and similarly,

F5(5%+1 +b) F5(5%+1) ~ F5(25)
(5k+1 +b)95 (5k+1 +5k71)95 - 2695

Summarizing: in all cases F5(n)/n% > 758226 for 1 < n < 2. 5F+1
provided it is so for all 1 < n < 2-5F. To start our induction we need to
check all n with 1 <n < 10 (k = 1) since we used at most two digits before
the 5**! to establish the bound for 1 < n < 2- 51, A quick check shows
F5(n)/n% > 758226 for all 1 <n < 10. =

=.936137... > .758226.

4. Behavior of 3, for large p. Another problem of interest is to
investigate the behavior of 3, as p grows. A first step in this direction is
the following bounding theorem. It improves on Stein [4], 5, > 1/p, and on
the easily obtainable bound 3, > 2/(p(p + 1)) mentioned in Volodin [7].

THEOREM 2. For all primes p,

3—10,

2(2 - 6,)2 0

Proof. Since 8, = liminf, o Fj,(n)/n’ Lemma 3 says that 3, < go(p)

for qo(p) = min,—__, F,(n)/n. Define

f(@) = x(x + 1)/2.

9
Differentiating f,(x) we get
dfy _ (2—6p)z+ (1 —6p)

(1 _21/(1—9p))9p—1 S ﬁp <

-----

dx 220
so our lone critical point (a minimum) is at
6, —1

Lmin = 2_(917.

Since there is an integer in [Zmin, 1 + Zmin) We know qo(p) < fp(1 + Zmin)-

This leads to

Bo < fp(1 + Tmin) 30

Tmin) = =
P p 2(2 — 0,)2 0

This establishes the upper bound.
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We prove the lower bound by induction on k. Suppose

F
p(gn) > (1 =2/ =1 for all 1 < n < p.
nVr
Then
ala+1) (plp+1) k
F,(ap* +n) 2 < 2 +la+DE 1)
P _
(ap* +n)f (apk + )
k
a(a;r 1) <p(p2+ 1)> +(at1)(1 = 2V/0-0)y0, =16
>
(ap* + n)%
We define
k
a(a; 1) <10(P2+ 1)) +(a+1)(1 = 21/0=0)y0= 1,0,
fp(n) = (apF + n)o
Treating f, as a continuous function of n we get a single critical point,
21/(1_917)

Nmin = P 1— 21/(17917) .
Evaluating f, at this point we have
F,(ap® +n) _a+1 91/(1=0,) \17f
(apF + )P Jo(nmin) = ==\ a+ 750700,

To determine which value of a minimizes this expression we differentiate
and find the only critical point (a minimum) is at

1
S b~ T ey
min — 2 _ ep .
It can be shown that a3, < 1 so among the values 1,...,p—1, the minimum
for fp(nmin) occurs at a =1, i.e.,
k 1/(1—6,) 1-6p
Fy(ap® +n) S 1+1 2 P — (1= 20001
(ap® + n)%% 2 1 —21/(1=0)

Theorem 2 can be used to say what happens to (3, for large values of p.

THEOREM 3.
lim 3, = .5.

p—0o0

Proof. By Theorem 2 and the Squeeze Theorem it is enough to show
lim (1 —2Y/(=0%)0=1 — 5

p—0o0
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and
3-0
lim ——P
oo 2(2 — 0,)2 0
These are both easily verified. m

=.5.

5. Conjectures. In [2] it was conjectured that (2 = lim, o ¢2(r)
(where g, = Fy(n,)/n% for ng = 1,n, = n,_1 £1 for r > 1, with sign
chosen to minimize ¢.). To generalize this conjecture for an odd prime p,
choose n,(0), n,(1) to minimize F,(n)/n% on {1,...,p} and {p+1,...,p*}
respectively, n,(r) = pn,(r—1)x(p£1)/2 for r > 2 with signs chosen inde-
pendently to minimize F,(n,(r))/ny(r)%. Let g,(r) = F,(ny(r))/n,(r)%.

CONJECTURE 1.

Bp = Tlggo ap(r).-

It was in using such a sequence for p = 5 that led to our checking
F5(n)/n% at n = 2929687 in the proof of Theorem 1. Similarly such se-
quences for p < 20 give the values of 3, at least to 6 decimal places. For the

primes p = 3,5,7,17,19 the choice always seems to be +(p — 1)/2 but the
author has no proof of this at present. More generally, we have Conjecture 2.

CONJECTURE 2. For p an odd prime there exists b such that
-1
np(r) = pnp(r - 1) + p7 for allr > b.

For example the minimum for Fy;(n)/nf for 11¥ < n < 11%+! seems
to be at n = 1455...55(;;) for all k > 3. The base p expansions for the
minima for p = 5,7,11 lead us to Conjecture 3.

CONJECTURE 3.

3\ ! 7% 3\ 7% 59/44
ﬁ5 - <2> 5 57 = <2> 5 ﬁll = (31/22)911 .

By Theorem 1 the values in Conjecture 3 are correct to at least six
decimal places. Volodin [7] conjectured (3 = 28271 = (3/2)17% hut
conjectured incorrect values for 35 and B7. The simple form for the liminf,
B, = (3/2)17% can hold for at most finitely many p by Theorem 2 and the
fact that lim,_, 0, = 2.
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