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The ternary Goldba
h problem in arithmeti
 progressionsbyJianya Liu and Tao Zhan (Jinan)For a large odd integer N and a positive integer r; de�ne b = (b1; b2; b3)andB(N; r) = fb 2 N3 : 1 � bj � r; (bj ; r) = 1 and b1 + b2 + b3 � N (mod r)g:It is known that#B(N; r) = r2 YpjrpjN (p� 1)(p� 2)p2 Ypjrp -N p2 � 3p+ 3p2 :Let " > 0 be arbitrary and R = N1=8�": We prove that for all positiveintegers r � R; with at most O(R log�AN) ex
eptions, the Diophantineequation �N = p1 + p2 + p3;pj � bj (mod r); j = 1; 2; 3;with prime variables is solvable whenever b 2 B(N; r); where A > 0 isarbitrary.1. Introdu
tion and statement of results. For given odd integersN we shall be 
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erned with the solubility of the equation(1:1) N = p1 + p2 + p3in prime variables pj ; this is known as the ternary Goldba
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t to the generalized Riemannhypothesis (GRH hereafter) the number J(N) of solutions of (1.1) satis�es1991 Mathemati
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198 J. Y. Liu and T. Zhanan asymptoti
 formula(1:2) J(N) = �(N) N22 log3N (1 + o(1)):Here �(N) is the singular series, and one has �(N)� 1 for odd N . In 1937Vinogradov [Vi℄ obtained for the �rst time a nontrivial estimate of expo-nential sums over primes, and managed to establish (1.2) un
onditionally.Sin
e 1923, many authors have 
onsidered the 
orresponding problemswith restri
tive 
onditions posed on the three prime variables in (1.1). Oneof these generalizations was given by Radema
her [R℄ in 1926. For a positiveinteger r; de�ne b = (b1; b2; b3) and(1:3) B(N; r)= fb 2 N3 : 1 � bj � r; (bj ; r) = 1 and b1 + b2 + b3 � N (mod r)g:Then, a

ording to Liu and Tsang [LT℄,(1:4) #B(N; r) = r2 YpjrpjN (p� 1)(p� 2)p2 Ypjrp -N p2 � 3p+ 3p2 :Radema
her [R℄ showed, subje
t to GRH, that if r is a �xed positive integer,and J(N ; r;b) the number of solutions of the equation(1:5) �N = p1 + p2 + p3;pj � bj (mod r); j = 1; 2; 3;then we have, for odd N and all b 2 B(N; r);(1:6) J(N ; r;b) = �(N ; r) N22 log3N (1 + o(1)) ;and the singular series �(N ; r) satis�es�(N ; r) = C(r)r2 Ypjr p3(p� 1)3 + 1 YpjNp - r (p� 1)((p � 1)2 � 1)(p� 1)3 + 1(1:7) �Yp>2�1 + 1(p� 1)3�� 1;where p> 2 throughout, C(r)= 2 for odd r, and C(r)= 8 for even r. Follow-ing the work of Vinogradov [Vi℄, several authors established Radema
her'sresult un
onditionally; see for example Ayoub [A℄ and Zulauf [Zu℄.The arguments of [A℄ and [Zu℄ with some minor modi�
ations a
tuallygive (1.6) for all r � logAN; where A > 0 is arbitrary. A natural problemis whether (1.6) is still true for larger r. The purpose of the present paperis to give a result in this dire
tion. We prove that (1.6) is true for almost



Ternary Goldba
h problem 199all positive moduli r � N1=8�" and all b 2 B(N; r): Pre
isely speaking, wehave the followingTheorem 1. Let N be a �xed large odd integer , " > 0 arbitrarily smalland R = N1=8�":Let also A > 0 be arbitrary. For a positive integer r; de�ne B(N; r) as in(1.3). Then for all positive integers r � R; with at most O(R log�AN)ex
eptions, the Diophantine equation (1.5) with prime variables is solvablewhenever b 2 B(N; r); and the number of solutions is given by (1.7).The above result is a 
onsequen
e of the following mean-value theorem.Theorem 2. Let N be a �xed large odd integer , " > 0 arbitrarily smalland R = N1=8�":Let also A > 0 be arbitrary. For a positive integer r; de�ne B(N; r) as in(1.3). Then(1:8) Xr�R r maxb2B(N;r) ���� XN=n1+n2+n3nj�bj (mod r) �(n1)�(n2)�(n3)� �(N ; r)N22 ����� N2 log�AN;where �(n) denotes the von Mangoldt fun
tion.Rema r k. If the r's in the theorems are restri
ted to primes, then theexponent 1=8 
an be improved to 3=20: This improvement is useful in study-ing the ternary Goldba
h problem with the three prime summands restri
tedto a thin subset of primes. This problem has been investigated in anotherpaper [Li℄.Sin
e the derivation of Theorem 1 from Theorem 2 is immediate, we giveit here.P r o o f o f Th e o r em 1. Let E(R) be the set of positive integers r � Rfor whi
hmaxb2B(N;r) ���� XN=n1+n2+n3nj�bj (mod r) �(n1)�(n2)�(n3)� r�(N ; r)N22 ���� > r'3(r) � N2logN :Then one dedu
es from Theorem 2 thatXr2E(R) r2'3(r) � log�ANfor arbitrary A > 0; and 
onsequently,



200 J. Y. Liu and T. Zhan#E(R) = Xr2E(R) 1 � R Xr2E(R) r2'3(r) � R log�AN:Sin
e(1:9) r'3(r) � �(N ; r)� r'3(r) ;one sees that (1.6) is true for all r 62 E(R) and all b 2 B(N; r): This
ompletes the proof of Theorem 1.Now it remains to establish Theorem 2.The proof of Theorem 2 is motivated by a paper of Wolke [W℄, whi
h
ontains several new ideas to study the problem under 
onsideration andthe ternary Goldba
h problem with the prime summands restri
ted to athin subset of prime numbers. His method a
tually gave Theorem 2 foralmost all prime moduli r = p � N1=11:The basi
 tool of our proof, as 
an be expe
ted, is the 
ir
le method. Onthe minor ar
s, one needs a nontrivial estimate for exponential sums overprimes in arithmeti
 progressions to every individual and large modulus r:All known results of this kind are, however, nontrivial when the 
hoi
e ofminor ar
s is very \thin". Consequently, the major ar
 is mu
h \larger"than usual. By de�ning the major and minor ar
s in this way, the minorar
s 
an then be treated easily by a result of Balog and Perelli [BP℄ onexponential sums over primes in an arithmeti
 progression (see Lemma 1below). The main diÆ
ulty of the proof 
omes from the major ar
s, wherewe use the following ideas:(a) The starting point is Lemma 2 in x2, where we establish a newformula for Xn�Nn�b (mod r) �(n)e(n�)in terms of Diri
hlet 
hara
ters. It plays a similar role as the formulaXn�N �(n)e�n�aq + ��� = 1'(q) X�mod qG(a; �) Xn�N �(n)e(n�)does in the treatment of the original ternary Goldba
h problem, whereG(a; �) is the Gaussian sum de�ned asG(a; �) = kXn=1�(n)e�ank �:Consequently, a generalization of the Gaussian sum, namely G(b; f;m; �g ; k)de�ned as in x2, o

urs. We need upper estimates for G(b; f;m; �g ; k); andthese are established in x3.



Ternary Goldba
h problem 201(b) The treatment of the major ar
s eventually redu
es to the followingform of mean-value estimates for exponential sums over primes:Theorem 3. For any A > 0, there exists a 
onstant E = E(A) > 0 su
hthat if(1:10) 1 � K � x1=3L�E ; � = K�3L�E ;thenXq�Kmaxy�x max(a;q)=1maxj�j�� ����Xn�y�(n)e�n�aq + ���� �(q)'(q) Xn�y e(n�)����� xL�A:In x4, a general result (Theorem 4) 
ontaining this theorem is established.These mean-value estimates play important roles in the proof of Theorem2, and the exponent 1=8 results from them.It should be mentioned that Maier and Pomeran
e [MP℄, Balog [B℄ andMikawa [Mi℄ studied the distribution of prime twins with one of them inarithmeti
 progressions. Their methods 
an deal with the binary Goldba
hproblem with one of the summands in arithmeti
 progressions, but we 
annotapply them to the problem 
onsidered in the present paper.We use standard notations in number theory. In parti
ular, the letter rin the sequel stands always for positive integers, while L for logN ex
ept inx4 where L = log x: The letter Æ denotes a suÆ
iently small positive number,whose value may vary in di�erent o

urren
es. For example, we 
an writeN ÆL5 � N Æ; N ÆN Æ � N Æ:The expression r � R means 12R < r � R: A Diri
hlet 
hara
ter � mod qwill be written as �q if ne
essary.2. Outline of the proof of Theorem 2. Let(2:1) R � N1=8�";and(2:2) P = R2L3C ; Q = NR�2L�4C ;the 
onstant C will be spe
i�ed later. For ea
h positive integer r � R, themajor ar
 of the 
ir
le method is de�ned asE1(R) = [q�P q[a=1(a;q)=1 �aq � 1qQ; aq + 1qQ�:Sin
e 2P < Q; no two major ar
s interse
t. The minor ar
 is de�ned asE2(R) = � 1Q; 1 + 1Q��E1(R):



202 J. Y. Liu and T. ZhanWrite � 2 [0; 1℄ in the form(2:3) � = a=q + �; 1 � a � q; (a; q) = 1:It follows from Diri
hlet's lemma on rational approximations thatE2(R) = f� : P < q � Q; j�j � 1=(qQ)g:Let �(n) be the von Mangoldt fun
tion, e(�) = e2�i� as usual, and(2:4) S(�; r; b) = Xn�Nn�b (mod r) �(n)e(n�):Then the statement of Theorem 2 is equivalent to that, for arbitrary A > 0;Xr�R r maxb2B(N;r) ���� 1\0S(�; r; b1)S(�; r; b2)S(�; r; b3)e(�N�) d� � �(N ; r)N22 ����� N2L�A:It thus suÆ
es to prove(2:5) Xr�R r maxb2B(N;r) ���� \E1(R)S(�; r; b1)S(�; r; b2)S(�; r; b3)e(�N�) d�� �(N ; r)N22 ����� N2L�A;and(2:6) Xr�R r maxb2B(N;r) ��� \E2(R)S(�; r; b1)S(�; r; b2)S(�; r; b3)e(�N�) d����� N2L�A:The estimate of S(�; r; b) with (b; r) = 1 on the minor ar
s is given inthe following lemma.Lemma 1. Let A > 0 be arbitrary and � 2 E2(R): If C is suÆ
ientlylarge, then(2:7) S(�; r; b) � Nr logAN ;uniformly for r � R:P r o o f. We need the following result of Balog and Perelli [BP℄: ForM � N and h = (r; q);(2:8) Xn�Mn�b (mod r) �(n)e�aq n�� L3� hNrq1=2 + q1=2N1=2h1=2 + N4=5r2=5 �:



Ternary Goldba
h problem 203(A similar result was also obtained by Lavrik [La℄.) Now the desired estimate
an be easily derived from (2.8) via partial summation.We 
an now giveP r o o f o f (2.6). It follows from Lemma 1 that the integral over E2(R)is\E2(R)S(�; r; b1)S(�; r; b2)S(�; r; b3)e(�N�) d�� max�2E2(R) jS(�; r; b1)j� 1\0 jS(�; r; b2)j2 d��1=2� 1\0 jS(�; r; b3)j2d��1=2� N2r2LA+1 ;uniformly for r � R: Hen
e the quantity on the left-hand side of (2.6) is� N2L�A; whi
h proves (2.6).Theorem 2 now redu
es to (2.5), whi
h will be established in the followingfour se
tions.The starting point of the proof of (2.5) is Lemma 2 below, whi
h trans-forms the exponential sum S(�; r; b) into 
hara
ter sums. To state thelemma, we need some more notations.Let d; f; g; k;m be �xed positive integers, and �g a Diri
hlet 
hara
termod g: De�ne(2:9) G(d; f;m; �g ; k) = kXn=1(n;k)=1n�f (mod d) �(n)e(mn=k):Obviously, this is a generalization of the Gaussian sum G(m;�).For positive integers r and q; let(2:10) h = (r; q):Then r; q and h 
an be written asr = p�11 : : : p�ss r0; (pj ; r0) = 1;q = p�11 : : : p�ss q0; (pj ; q0) = 1;h = p
11 : : : p
ss ;where �j ; �j and 
j are positive integers with 
j = min(�j ; �j); j = 1; : : : ; s:De�ne(2:11) h1 = pÆ11 : : : pÆss ;where Æj = �j or 0 a

ording as �j = 
j or not. Then h1 jh: Write(2:12) h2 = h=h1:



204 J. Y. Liu and T. ZhanThen(2:13) h1h2 = h; (h1; h2) = 1; � rh1 ; qh2� = 1:Lemma 2. Let a; q; r be positive integers, and h, h1, h2 de�ned as in(2.10), (2.11) and (2.12) respe
tively so that (2.13) holds. ThenS�aq + �; r; b� = 1'(r=h1)'(q=h2) X�mod r=h1 �(b) X�mod q=h2G(h; b; a; �; q)� Xn�N ��(n)�(n)e(n�) +O(L2);where G(h; b; a; �; q) is de�ned as in (2.9).P r o o f. It is easily seen thatS�aq + �; r; b� = qX
=1(
;q)=1 e�a
q � Xn�Nn�b (mod r)n�
 (mod q) �(n)e(n�):The inner sum is empty unless 
 � b (mod h); we 
an therefore add therestri
tion 
 � b (mod h) to the sum over 
: On the other hand, under the
ondition 
 � b (mod h); the simultaneous 
ongruen
esn � b (mod r); n � 
 (mod q)are equivalent to n � b (mod r=h1); n � 
 (mod q=h2)a

ording to (2.13). And 
onsequently,S�aq + �; r; b� = qX
=1(
;q)=1
�b (modh) e�a
q � Xn�Nn�b (mod r)n�
 (mod q) �(n)e(n�)= qX
=1(
;q)=1
�b (modh) e�a
q � Xn�Nn�b (mod r=h1)n�
 (mod q=h2) �(n)e(n�):Introdu
ing the Diri
hlet 
hara
ters � mod r=h1 and � mod q=h2, one hasS�aq + �; r; b� = 1'(r=h1)'(q=h2) qX
=1(
;q)=1
�b (modh) e�a
q � X�mod r=h1 �(b)



Ternary Goldba
h problem 205� X�mod q=h2 �(
) Xn�N ��(n)�(n)e(n�) +O(L2)= 1'(r=h1)'(q=h2) X�mod r=h1 �(b) X�mod q=h2 G(h; b; a; �; q)� Xn�N ��(n)�(n)e(n�) +O(L2):This proves the lemma.3. The generalized Gaussian sum G(d; f;m; �g ; k). Let d; f; g; m; kbe �xed positive integers, and � mod g a Diri
hlet 
hara
ter. The purposeof this se
tion is to give upper estimates for the sum G(d; f;m; �g ; k) de�nedas in (2.9).The main result of this se
tion is the followingLemma 3. Let d j k, g j k and (m; k) = (f; k) = 1: Let also � mod g beindu
ed by the primitive 
hara
ter �� mod g�: ThenjG(d; f;m; �g ; k)j � g�1=2:In the spe
ial 
ase g = k; de�ne(3:1) G(d; f;m; �) = G(d; f;m; �k; k) = kXn=1n�f (mod d) �(n)e(mn=k):Then Lemma 3 is a 
onsequen
e of the followingLemma 4. Let d j k and (m; k) = (f; k) = 1: Let also � mod k be indu
edby the primitive 
hara
ter �� mod k�: ThenjG(d; f;m; �)j � k�1=2:Now we derive Lemma 3 from Lemma 4.P r o o f o f L emma 3. Let �0k be the prin
ipal 
hara
ter mod k: Then�g�0k is a 
hara
ter mod k; and 
onsequently,G(d; f;m; �g ; k) = G(d; f;m; �g�0k):The desired result follows from Lemma 4 on noting that �g�0k mod k is alsoindu
ed by the primitive 
hara
ter �� mod g�:It remains to prove Lemma 4. To this end, we investigate G(d; f;m; �)for some spe
ial 
hara
ters � mod k in the following Lemmas 5{7. The proofof Lemma 4 will then be given at the end of this se
tion.



206 J. Y. Liu and T. ZhanLemma 5. Let d j k; and � mod k be primitive. Then(3:2) G(d; f;m; �) = kd � 1�(�)e�mfk �G�kd ;�m; f; ��;and 
onsequently ,(3:3) jG(d; f;m; �)j � k1=2:Here and in the sequel �(�) is de�ned by�(�) = kXn=1�(n)e(n=k):P r o o f. Making the substitution n = jd+ f; one sees thatG(d; f;m; �) = k=dXj=1�(jd + f)e�m(jd + f)k �(3:4) = e�mfk � k=dXj=1 �(jd+ f)e�mjk=d�:Now we appeal to the identity�(a) = 1�(�) kXn=1�(n)e�ank �;whi
h holds for the primitive 
hara
ter � mod k: Therefore,k=dXj=1 �(jd+ f)e�mjk=d� = 1�(�) kXn=1�(n)e�fnk � k=dXj=1 e�njdk �e�mjk=d�= 1�(�) kXn=1�(n)e�fnk � k=dXj=1 e� (n+m)jk=d �:The inner sum equals k=d or 0 a

ording as n +m � 0 (mod k=d) or not.Hen
e the right-hand side above is equal tokd � 1�(�) kXn=1n��m (modk=d) �(n)e�fnk � = kd � 1�(�)G�kd ;�m; f; ��:This in 
ombination with (3.4) gives (3.2).The inequality (3.3) follows from the well-known fa
t that j�(�)j = k1=2and the trivial estimate jG(k=d;�m; f; �)j � d: This 
ompletes the proof ofthe lemma.



Ternary Goldba
h problem 207Lemma 6. Let d j k, (m; k) = 1 and � mod k be indu
ed by the primitive
hara
ter �� mod k�: If k� satis�esp j k ) p j k�;then(3:5) jG(d; f;m; �)j � k�1=2:P r o o f. From the assumption of the lemma, one dedu
e thatG(d; f;m; �) = kXn=1n�f (mod d) ��(n)e(mn=k):The following argument is divided into 2 
ases.Spe
ial 
ase. We start from the simplest 
ase where k = p� for someprime p and positive integer �: Sin
e k� j k and d j k; we 
an suppose thatk� = p� and d = p
 ; where � and 
 are integers satisfying 1 � � � � and0 � 
 � �. It is obvious that one has either k� j d or d j k�:If k� j d; then on setting n = du+ f the above sum be
omesG(d; f;m; �) = k=dXu=1��(ud+ f)e�m(ud+ f)k �= ��(f)e�mfk � k=dXu=1 e�muk=d�:Sin
e (m; k) = 1; the last sum vanishes, and 
onsequently,(3:6) G(d; f;m; �) = 0:If d j k�; then on making the substitution n = uk� + v one hasG(d; f;m; �) = k=k�Xu=1 k�Xv=1��(uk� + v)e�m(uk� + v)k �;where the double sums over u; v are further restri
ted by the 
onditionuk� + v � f (mod d): The restri
tion uk� + v � f (mod d) is equivalent tov � f (mod d): Therefore the above quantity 
an be written ask=k�Xu=1 e� muk=k�� k�Xv=1v�f (mod d) ��(v)e�mvk �:The �rst sum vanishes unless k = k�; hen
e for k� 6= k one has(3:7) G(d; f;m; �) = 0:



208 J. Y. Liu and T. ZhanWhile for k� = k one obtainsG(d; f;m; �) = k�Xv=1v�f (mod d) ��(v)e�mvk� � = G(d; f;m; ��);hen
e by Lemma 4,(3:8) jG(d; f;m; �)j � k�1=2:We therefore 
on
lude from (3.6){(3.8) that (3.5) holds for k = p�:General 
ase. We now turn to general k: To this end, we �rst provethat G(d; f;m; �) is multipli
ative with respe
t to k: Let k = k1k2 with(k1; k2) = 1: Then for � mod k there exist a unique 
ouple of 
hara
ters�1 mod k1 and �2 mod k2 su
h that � = �1�2: Therefore, on making thesubstitution n = k2n1 + k1n2; one has(3:9) G(d; f;m; �) = k1Xn1=1 k2Xn2=1�1�2(k2n1 + k1n2)e�m(k2n1 + k1n2)k1k2 �;where the double sums are further restri
ted by(3:10) k2n1 + k1n2 � f (mod d):On noting that d j k; we set d = d1d2 with d1 j k1 and d2 j k2: It follows from(k1; k2) = 1 that (d1; d2) = 1; hen
e (3.10) is equivalent to(3:11) n1 � fk2 (mod d1); n2 � fk1 (mod d2);where k1 and k2 are de�ned by k1k1 � 1 (mod d2) and k2k2 � 1 (mod d1).Now (3.9) be
omes(3:12) G(d; f;m; �)= k1Xn1=1n1�f�k2 (mod d1) �1(k2n1)e�mn1k1 � k2Xn2=1n2�f�k1 (mod d2) �2(k1n2)e�mn2k2 �= �1(k2)�2(k1)G(d1; fk2;m; �1)G(d2; fk1;m; �2):Now let k = p�11 p�22 : : : p�ssbe the 
anoni
al de
omposition of k; where pj stands for primes, and �jpositive integers. A

ordingly, k� and d 
an be written ask� = p�11 p�22 : : : p�ss and d = p
11 p
22 : : : p
ss ;where �j and 
j are integers satisfying 1 � �j � �j and 0 � 
j � �j .It follows that there are primitive 
hara
ters ��j mod p�jj ; j = 1; : : : ; s; su
hthat �� = ��1��2 : : : ��s; and ea
h ��j mod p�jj indu
es �j mod p�jj :



Ternary Goldba
h problem 209Making the substitution n = n1K1 + n2K2 + : : : + nsKs; where Kj isde�ned by p�jj Kj = k; one sees thatG(d; f;m; �) = sYj=1�j(Kj)G(p
jj ; fKj ;m; �j);where Kj satis�es KjKj � 1 (mod p
jj ); j = 1; : : : ; s:It follows thatjG(d; f;m; �)j � sYj=1 jG(p
jj ; fKj ;m; �j)j = sYj=1 p�j=2j = k�1=2:This 
ompletes the proof of the lemma.Lemma 7. Let d j k and (m; k) = (f; k) = 1: Let also �0 mod k be theprin
ipal 
hara
ter. Then for (d; k=d) > 1;G(d; f;m; �0) = 0;and for (d; k=d) = 1; G(d; f;m; �0) = ��kd�e�fmtd �;where t is de�ned by tk=d � 1 (mod d):This is Hilfssatz 2 of Radema
her [R℄ or Theorem 2.2 of Ayoub [A℄.We 
an now giveP r o o f o f L emma 4. Let(3:13) k = k1k2 with (k1; k2) = 1; k� j k1; and p j k1 ) p j k�:Then for � mod k there exist a unique 
ouple of 
hara
ters �1 mod k1 and�02 mod k2 su
h that � = �1�02; where �02 mod k2 is the prin
ipal 
hara
ter.On noting that d j k; we set d = d1d2 with d1 j k1 and d2 j k2: It thereforefollows from (3.12) thatG(d; f;m; �) = �1(k2)�02(k1)G(d1; fk2;m; �1)G(d2; fk1;m; �02):The statement of the lemma now follows from Lemmas 6 and 7.4. A mean-value estimate for exponential sums over primes.Wolke [W℄ was the �rst to study the mean-value estimate as in Theorem 3.He proved that Theorem 3 is true for1 � K = x1=4; � = min(K�4; L�E):A
tually, Theorem 3 was re
ently given by the authors in another joint paper[ZL℄ as an improvement of Wolke's result. Unfortunately, however, there is



210 J. Y. Liu and T. Zhana gap in the proof of [ZL℄: the statement \h00(�) > 0 for 1=2 � � � 1" onp. 365 of [ZL℄ is not always true. The proof therefore needs 
orre
tions.In this se
tion we prove the following general result, whi
h 
ontains theassertion of Theorem 3. One 
an see from the proof of Theorem 2 that thisgeneral theorem is ne
essary.Theorem 4. Let z � 1 be arbitrary. For any A > 0, there exists a
onstant E = E(A) > 0 su
h that if(4:1) 1 � K � z2=3x1=3L�E ; � = z2K�3L�E ;thenXq�Kmaxy�x max(a;q)=1maxj�j�� ����Xn�y�(n)e�n�aq + ���� �(q)'(q) Xn�y e(n�)����� zxL�A:We need some lemmas to establish this result.Lemma 8. Suppose that F (u) and G(u) are real fun
tions de�ned on[a; b℄; and G(u) and 1=F 0(u) are monotoni
.(i) If jF 0(u)j � m and jG(u)j �M; thenb\aG(u)e(F (u)) du �M=m:(ii) If jF 00(u)j � r and jG(u)j �M; thenb\aG(u)e(F (u)) du �M=pr:For the proof of these results, see Lemmas 3.3 and 3.4 in Tit
hmarsh[T℄.Lemma 9. Let N(�; T; �) be the number of zeros % = � + i
 of theDiri
hlet L-fun
tion L(s; �) in the re
tangle � � � � 1;�T � 
 � T:Suppose q � 1 and T � 2: Then, for 1=2 � � � 1; we haveX�mod qN(�; T; �)� (qT )3(1��)=(2��)(log qT )9:This is Theorem 12.1 in Montgomery [Mo℄.Lemma 10. Let an; n = 1; 2; : : : ; be 
omplex numbers and � mod q a
hara
ter. ThenXq�Q X��mod q T\T0 ��� Xn�N an�(n)nit���2 dt� (Q2T +N) Xn�N janj2for arbitrary Q, T0; and T:For this, see Theorem 7.1 in Montgomery [Mo℄.



Ternary Goldba
h problem 211Lemma 11. Let �(s) be the Riemann zeta-fun
tion, andF (s) = Xn�U �(n)=ns; G(s) = Xn�U �(n)=ns:Then �� � 0� (s)� F (s)� = G(s)(�� 0(s))� F (s)G(s)�(s)� (�(s)G(s)� 1)�� � 0� (s)� F (s)�:This is Vaughan's identity; for the proof, see [Va℄.Now we 
an, using the idea due to Zhan [Zh℄, give the proof of Theorem 4.P r o o f o f Th e o r em 4. Introdu
ing the Diri
hlet 
hara
ters, the ex-ponential sum under 
onsideration be
omesXn�y�(n)e�n�aq + ���= 1'(q) X�mod q Xn�y�(n)�(n)e(n�) qXh=1�(h)e�ahq �+O(L2);and 
onsequently,(4:2) Xq�Qmaxy�x maxj�j�� max(a;q)=1 ����Xn�y�(n)e�n�aq + ���� �(q)'(q) Xn�y e(n�)����� Xq�Kmaxy�x maxj�j�� max(a;q)=1 1'(q) X�mod q ���G(a; �)Xn�y�(n;�)�(n)e(n�)��� +KL2;where G(a; �) is de�ned as in x3, and�(n;�) = ��(n) for � 6= �0,�(n)� 1 for � = �0.To estimate the sums on the right-hand side of (4.2), one notes that if theprimitive 
hara
ter � mod q indu
es the 
hara
ter � mod k; then q j k; andjG(a; q)j � q1=2 for (a; q) = 1: We now 
ombine all 
ontributions made byan individual primitive 
hara
ter, so that the �rst term on the right-handside of (4.2) is� Xq�Kmaxy�x maxj�j�� max(a;q)=1 Xk�Kqjk q1=2'(k) X��mod q ���Xn�y�(n;�)�(n)e(n�)���� LXq�Kmaxy�x maxj�j�� q1=2'(q) X��mod q ���Xn�y�(n;�)�(n)e(n�)���:
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e the assertion of the theorem redu
es to(4:3) S := Xq�Dmaxy�x maxj�j�� X��mod q ���Xn�y�(n;�)�(n)e(n�)���� zxD1=2L�A�3;with 1 � D � K and K; � satisfying (4.1).The argument leading to (4.3) falls naturally into two 
ases a

ording asD is small or large. For D � LF ; where F is some positive 
onstant, oneuses the 
lassi
al zero-density estimate and zero-free region for the Diri
hletL-fun
tions. While for LF < D � K; one appeals to 
ontour integration,the large sieve inequality and Vaughan's identity.Case 1. D � LF ; where F is a positive 
onstant to be spe
i�ed later interms of A: In this 
ase, it suÆ
es to prove that(4:4) � :=Xn�y�(n;�)�(n)e(n�)� zxL�2F�A�3for y � x, j�j � � and any primitive 
hara
ter � mod d:To estimate �; one appeals to the Siegel{Wal�sz theorem ([D℄, x19):Xn�u�(n;�)�(n)e(n�) = � Xj
j�T u%% + b(�) +O�u(log uqT )2T �where % = � + i
 denotes nontrivial zeros of L(s; �); b(�) is a 
onstantdepending on �; and T � 2 is a parameter. Applying partial summation,we have � = y\y=2 e(�u) d�Xn�u�(n;�)�(n)�(4:5) = Xj
j�T y\y=2u%�1e(�u) du +O�(1 + j�jx)xL2T �:Take T = x2; so that the O-term is a

eptable in (4.4). Sin
e, for u � y;ddu��u+ 
2� log u� = �+ 
2�u � minu�y j
 + 2��ujy ;and d2du2��u+ 
2� log u� = � 
2�u2 � j
jy2 ;we dedu
e from Lemma 8 that the integral on the right-hand side of (4.5) isy\y=2u��1e��u+ 
2� log u� du� min� y�pj
j+ 1 ; y�minu�y j
 + 2��uj�:
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h problem 213Let T0 = 4��x; so that for T0 < j
j � x2 and u � y;j
 + 2��uj � j
j � 2��u � j
j=2:Then (4.5) be
omes� � Xj
j�x2min� y�pj
j+ 1 ; y�minu�y j
 + 2��uj�+O(xL�2F�A�3)(4:6) � Xj
j�T0 x�pj
j+ 1 + XT0<j
j�x2 x�j
j +O(xL�2F�A�3):It is well known that for any � mod q there is a 
onstant 
1 > 0 su
hthat L(s; �) has no zero in the region� � 1� 
1log q + log4=5(jtj+ 2) ;ex
ept the possible Siegel zero. But the Siegel zero does not exist in thepresent situation, sin
e q � LF : Therefore, one has(4:7) x��1 � exp�� 
1 log xlog q + log4=5 T �� exp(�
2L1=5);for some 
onstant 
2 > 0: Hen
e the se
ond sum on the right-hand side of(4.6) is a

eptable.To deal with the �rst term, one notes thatXj
j�T0 x�pj
j+ 1 � xL maxT1�T0 T�1=21 Xj
j�T1 x��1;whi
h is, on applying Lemma 9,� xL maxT1�T0 T�1=21 (log qT1)9 max1=2���1(qT1)(3�3�)=(2��)x��1� xLF+11 maxT1�T0 max1=2���1 exp�� (1� �)L+�3� 3�2� � � 12� log T1�=: xLF+11 maxT1�T0 max1=2���1 f(T1; �);say. Therefore, in view of (4.6), the estimate (4.4) redu
es to(4:8) maxT1�T0 max1=2���1 f(T1; �)� zL�3F�A�20:Suppose �rst 4=5 � � � 1; so that3� 3�2� � � 12 :It follows from (4.7) that(4:9) maxT1�T0 max4=5���1 f(T1; �)� max4=5���1 expf�(1 � �)Lg � expf�
2L1=5g;



214 J. Y. Liu and T. Zhanwhi
h is a

eptable in (4.8). Now we turn to 3=5 � � � 4=5; whi
h ensuresthat 3� 3�2� � � 12 :On noting that log T1 � L+O(1); andmax3=5���4=5�� �(� � 1=2)2� � � = � 370 ;one dedu
es that(4:10) maxT1�T0 max3=5���4=5 f(T1; �)� max3=5���4=5 exp�� (1� �)L+�3� 3�2� � � 12�L�= max3=5���4=5 exp�� �(� � 1=2)2� � L�� x�3=70;and this is also a

eptable in (4.8). Finally, we 
onsider 1=2 � � � 3=5:Now we have 67 � 3� 3�2� � � 12 ;and 
onsequently,maxT1�T0 max1=2���3=5 f(T1; �)� maxT1�T0 max1=2���3=5 exp�� (1� �)L+�3� 3�2� � � 12� log x�� exp���3� 3�2� � � 12� log xT1�:Sin
e T1 � T0 � �x� xL�E ; the above quantity is� max1=2���3=5 exp�� �(� � 1=2)2� � L� exp�� 67E log log x�(4:11) � L�6E=7;whi
h is a

eptable in (4.8) if E � 6F + 2A+ 28:Combining (4.9){(4.11) we get (4.8), hen
e (4.4). This proves (4.3) inCase 1.Case 2. LF < D � K; where F is a 
onstant to be spe
i�ed in thefollowing argument. In this 
ase, we use Vaughan's identity to establish(4.3).



Ternary Goldba
h problem 215Estimation of the sum of type I. We �rst show that�0 := Xd�Dmaxy�x maxj�j�� X��modd ��� Xmn�ym�Mn�N a(m)b(n)�(mn)e(mn�)���(4:12) � zxD1=2L�A�7holds for a(m)� d(m) and b(n)� d(n) with m �M , n � N and(4:13) x�MN � x; M;N � xD�1L�2A�20:Let f1(s; �) = Xm�M a(m)�(m)ms and f2(s; �) = Xn�N b(n)�(n)ns ;where s = � + it is a 
omplex variable. Then one sees that(4:14) f1(s; �)f2(s; �)�M1��N1�� � x1��uniformly for �2 � � � 2: Applying Perron's summation formula (see e.g.Lemma 3.12 in [T℄) and then shifting the 
ontour to the left, one getsXmn�um�Mn�N a(m)b(n)�(m)�(n)= 12�i 1+"+ix2\1+"�ix2 f1(s; �)f2(s; �)uss ds+O(L)= 12�in 1=2�ix2\1+"�ix2+ 1=2+ix2\1=2�ix2+ 1+"+ix2\1=2+ix2 of1(s; �)f2(s; �)uss ds+O(L):By (4.14), the integrals on the horizontal parts are 
learly O(L): Therefore,Xmn�um�Mn�N a(m)b(n)�(m)�(n)= 12� x2\�x2 f1�12 + it; ��f2�12 + it; �� u1=2+it1=2 + it dt+O(L):Now, by partial summation, the inner sum of �0 isy\y=2 e(�u) dn Xmn�um�Mn�N a(m)b(n)�(m)�(n)o= 12� x2\�x2 f1�12 + it; ��f2�12 + it; �� 11=2 + it y\y=2u1=2+ite(�u) du dt+O((1 + j�jx)L)



216 J. Y. Liu and T. Zhan= 12� x2\�x2 f1�12 + it; ��f2�12 + it; ��� 11=2 + it y\y=2u�1=2e��+ t2� log u� du dt+O(�xL);whi
h, by the argument leading to (4.6), is estimated as� x1=2 \jtj�T0 ����f1�12 + it; ��f2�12 + it; ������ dtpjtj+ 1+ x1=2 \T0<jtj�x2 ����f1�12 + it; ��f2�12 + it; ������dtjtj +O(�xL):It therefore suÆ
es to show(4:15) Xd�D X��modd T2\T2=2 ����f1�12 + it; ��f2�12 + it; ������ dt� zx1=2D1=2T 1=22 L�A�8for 1 � T2 � T0; and(4:16) Xd�D X��modd T3\T3=2 ����f1�12 + it; ��f2�12 + it; ������ dt� zx1=2D1=2T3L�A�8for T0 � T3 � x2:The left-hand side of (4.15) is, by Cau
hy's inequality and Lemma 10,� �Xd�D X��mod d T2\T2=2 ����f1�12 + it; ������2 dt�1=2(4:17) ��Xd�D X��modd T2\T2=2 ����f2�12 + it; ������2 dt�1=2� (D2T2 +M)1=2(D2T2 +N)1=2L� fD2T2 +DT 1=22 (M1=2 +N1=2) +M1=2N1=2gL� zx1=2D1=2T 1=22 L�A�8if F � 2A+ 20 and E � 2A+ 20: This yields (4.15).A similar argument gives (4.16). This proves (4.12) subje
t to (4.13).



Ternary Goldba
h problem 217Estimation of the sum of type II. Next we prove that�00 := Xd�Dmaxy�x maxj�j�� X��mod d ��� Xmn�ym�Mn�N b(n)�(mn)e(mn�)���(4:18) � zxD1=2L�A�7holds for b(n)� d(n) with n � N and M;N satisfying(4:19) x�MN � x; M � DL2A+20:Arguing as before, one sees that it suÆ
es to show (4.15) and (4.16)subje
t to (4.19). Here f1(s; �); f2(s; �) are the same as before ex
ept thata(m) = 1 in the de�nition of f1(s; �): Sin
e now M is large a

ording to(4.19), the above approa
h to atta
k the mean value of f1(s; �) does notwork any more; one therefore needs to treat f1(s; �) di�erently.Let w = u+ iv be a 
omplex variable. Then, applying Perron's formulaand then shifting the line of integration as before, one getsf1�12 + it; �� = 12�i 1+"+ix2\1+"�ix2 L�12 + it+ w;��Mw � (M=2)ww dw +O(L)= 12� x2\�x2 L�12 + it+ iv; ��M iv � (M=2)iviv dv +O(L)� x2\�x2 1jvj+ 1 ����L�12 + it+ iv; ������ dv +O(L):Consequently, by Cau
hy's inequality,����f1�12 + it; ������2� � x2\�x2 1jvj+ 1 dv�� x2\�x2 1jvj+ 1 ����L�12 + it+ iv; ������2 dv�+ L2� L x2\�x2 1jvj+ 1 ����L�12 + it+ iv; ������2 dv + L2:It follows thatXd�D X��modd T2\T2=2 ����f1�12 + it; ������2 dt� L maxT4�x2 1T4 Xd�D X��mod d T2\T2=2 T4\T4=2 ����L�12 + it+ iv; ������2 dv dt+D2T2L2



218 J. Y. Liu and T. Zhan� L maxT2<T4�x2 1T4 T2\T2=2�Xd�D X��mod d T4+t\T4=2+t ����L�12 + i�; ������2 d�� dt+ L maxT4�T2 1T4 T4\T4=2�Xd�D X��modd T2+v\T2=2+v ����L�12 + i�; ������2 d�� dv+D2T2L2:Applying the 
lassi
al estimateX��mod q T\0 ����L�12 + it; ������2 dt� qT (log qT )2;the quantity above is� D2T2L3 +D2T2L3 +D2T2L2 � D2T2L3:Hen
e by the argument leading to (4.17), one hasXmn�um�Mn�N a(m)b(n)�(m)�(n)� �Xd�D X��modd T2\T2=2 ����f1�12 + it; ������2 dt�1=2
��Xd�D X��mod d T2\T2=2 ����f2�12 + it; ������2 dt�1=2� (D2T2L3)1=2(D2T2 +N)1=2L1=2� fD2T2 +DT 1=22 N1=2gL2 � D1=2x1=2T 1=22 L�A�8if E � 2A+ 20: This proves (4.15) under the 
ondition of (4.19).A similar argument gives (4.16). This 
ompletes the proof of (4.18)subje
t to (4.19).Appli
ation of Vaughan's identity. By Lemma 11, one sees that the innersum of S in (4.3) is equal toXn�y�(n)�(mn)e(mn�) = S1 � S2 � S3;where S1 = Xmn�ym�U �(m)(log n)�(mn)e(mn�);S2 = Xmn�ym�U2 a(m)�(mn)e(mn�);



Ternary Goldba
h problem 219S3 = Xmn�ym>Un>U a(m)(log n)�(mn)e(mn�);and a(m) � d(m): Therefore,S = Xq�Dmaxy�x maxj�mod qj X��mod q jS1j+ Xq�Dmaxy�x maxj�mod qj X��mod q jS2j(4:20) + Xq�Dmaxy�x maxj�mod qj X��mod q jS3j:Taking U = DL2A+20 in (4.20) and E � 2A+ 20 in (4.1), we haveU2 = D2L4A+40 � xD�1L�2A�20:Hen
e ea
h of the three terms on the right-hand side of (4.20) 
an be dividedinto O(L4) sums of the form �0 or �00: Now, in view of the 
hoi
e of E;(4.12) and (4.18) are both valid, from whi
h the desired result (4.3) for Case2 follows in the standard way. This 
ompletes the proof of the theorem.5. Preparation for the major ar
s. Let q; r be positive integers and(5:1) (q; r) = h:For (a; q) = 1 and (b; r) = 1; de�ne(5:2) f(r; q; a; b) = 8<: �(q=h)'(rq=h)e�abth � if (q=h; h)= 1, tq=h � 1 (mod h),0 if (q=h; h) > 1.And for S(�; r; b) de�ned by (2.4), letE(r; q; a; b; �) = S�aq + �; r; b� � f(r; q; a; b) Xn�N e(n�);(5:3) E�(r; q) = max(a;q)=1 max(b;r)=1 maxj�j�1=(qQ) jE(r; q; a; b; �)j:(5:4)The purpose of this se
tion is to establish the following mean-value estimate,whi
h plays an important role in proving (2.5), hen
e Theorem 2.Lemma 12. Let R, P and Q be de�ned as in (2.1) and (2.2), while f ,E and E� as in (5.2), (5.3) and (5.4). Then for any A > 0; there exists a
onstant C > 0 su
h thatXr�R Xq�P E�(r; q)� NL�A:This estimate depends on Lemma 13 below, Lemma 3 of x3, and (4.3) ofx4 whi
h implies Theorem 4.



220 J. Y. Liu and T. ZhanLemma 13. Let r and q be positive integers, and h, h1, h2 be de�ned asin (2.10), (2.11) and (2.12) respe
tively so that (2.13) holds. Then for �xedpositive integers r�, q�; one has(5:5) Xr�N1r�jr=h1 Xq�N2q�jq=h2 1'(r=h1)'(q=h2) � d(r�)r�q� log3N1 log2N2:P r o o f. Sin
e n� '(n) log n; one hasXr�N1r�jr=h1 Xq�N2q�jq=h2 1'(r=h1)'(q=h2) � logN1 logN2 Xr�N1r�jr=h1 Xq�N2q�jq=h2 h1r � h2q :For a �xed pair r; h1; we set j1 = r=h1: To estimate the sums on the right-hand side, one needs the number of pairs q; h2 su
h that the quotients q=h2assume the same value j2: Sin
e h2 of these pairs must satisfy h2jr=h1; therequired number is obviously � d(r=h1); where d(n) is the divisor fun
tion.Hen
e the double sum under 
onsideration isXr�N1r�jr=h1 Xq�N2q�jq=h2 h1h2rq � Xj1�N1r�jj1 Xj2�N2(j2;j1)=1q�jj2 d(j1)j1j2 � d(r�)r�q� Xj1�N1 d(j1)j1 Xj2�N2 1j2� d(r�)r�q� log2N1 logN2:This proves the lemma.We 
an now establish the main result of this se
tion.P r o o f o f L emma 12. By Lemma 2 we have(5:6) S�aq + �; r; b�= 1'(r=h1)'(q=h2) X�mod r=h1 �(b) X�mod q=h2G(h; b; a; �; q)� Xn�N ��(n)�(n)e(n�) +O(L2)= I + J +K +O(L2);say, where I; J and K are the sums 
orresponding to(i) � = �0 mod r=h1, � = �0 mod q=h2;(j) � = �0 mod r=h1; � 6= �0 mod q=h2;(k) � 6= �0 mod r=h1respe
tively.



Ternary Goldba
h problem 221It is easily seen thatI = 1'(r=h1)'(q=h2) X�=�0 mod q=h2G(h; b; a; �; q) Xn�N�=�0 mod rq=h �(n)�(n)e(n�)= 1'(rq=h)G(h; b; a; �0q=h2 )�� Xn�N e(n�) + Xn�N�=�0mod rq=h �(n)(�(n)� 1)e(n�) +O� L2'(rq=h)��= f(r; q; a; b) Xn�N e(n�) +O� 1'(rq=h) Xn�N(�(n)� 1)e(n�)� +O(L2);where we have used Lemma 5 and (5.2). Taking maxima ever �, b and a;and then summing over q and r; one gets(5:7) Xr�R Xq�P max(a;q)=1 max(b;r)=1 maxj�j�1=(qQ) ���I � f(r; q; a; b) Xn�N e(n�)���� Xr�R 1'(r) Xq�P maxj�j�1=(qQ) ��� Xn�N(�(n)� 1)e(n�)��� +RPL2� LXk�P maxj�j�1=(kQ) ��� Xn�N(�(n)� 1)e(n�)��� +RPL2:We pro
eed to estimate J: One sees thatJ = 1'(r=h1)'(q=h2) X�mod q=h2G(h; b; a; �; q) Xn�N �0�(n)�(n)e(n�)= 1'(r=h1)'(q=h2) X�mod q=h2G(h; b; a; �; q) Xn�N �(n)�(n)e(n�) +O(L2):Consequently, one hasXr�R Xq�P max(a;q)=1 max(b;r)=1 maxj�j�1=(qQ) jJ j� Xr�R 1'(r=h1) Xq�P 1'(q=h2)� maxj�j�1=(qQ) X�mod q=h2 jG(h; b; a; �; q)j��� Xn�N �(n)�(n; �)e(n�)��� + P 3=2L3:To estimate the sums on the right-hand side above, one appeals to Lemma3, whi
h ensures that if a primitive 
hara
ter � mod k indu
es a 
hara
ter� mod q=h2; then k j q=h2 and jG(h; b; a; �; q)j � k1=2: We now 
ombine all
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ontributions made by an individual primitive 
hara
ter, whi
h gives(5:8) Xr�R Xq�P max(a;q)=1 max(b;r)=1 maxj�j�1=(qQ) jJ j� Xk�P �Xr�R 1'(r=h1) Xq�Pkjq=h2 k1=2'(q=h2)�� maxj�j�1=(kQ) X��modk ��� Xn�N �(n)�(n;�)e(n�)��� + P 3=2L3� L5 Xk�P 1k1=2 maxj�j�1=(kQ) X��mod k ��� Xn�N �(n)�(n;�)e(n�)��� + P 3=2L3;where we have used Lemma 13 to estimate the sums in bra
es.We now turn to K: One has by the de�nition of K;K = 1'(r=h1)'(q=h2) X�mod r� 6=�0 X�mod q=hG(h; b; a; �; q) Xn�N ��(n)�(n)e(n�)� 1'(r=h1)'(q=h2)� X�mod r=h1� 6=�0 X�mod q=h2 jG(h; b; a; �; q)j��� Xn�N ��(n)�(n)e(n�)���:Working analogously to the argument above, one sees thatXr�R Xq�P max(a;q)=1 max(b;r)=1 maxj�j�1=(qQ) jKj� Xk1�2R Xk2�P(k1;k2)=1 � Xr�Rk1jr=h1 1'(r=h1) Xq�Pk2jq=h2 k1=22'(q=h2)�� maxj�j�1=(k2Q) X��1 modk1�1 6=�01 X��2 modk2 ��� Xn�N �1�2(n)�(n)e(n�)���:By Lemma 13, the quantity in bra
es is� d(k1)k1=22k1k2 L5 � RÆ:Hen
e
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h problem 223(5:9) Xr�R Xq�P max(a;q)=1 max(b;r)=1 maxj�j�1=(qQ) jKj� RÆ Xk1�2R Xk2�P(k1;k2)=1 1k1k1=22� maxj�j�1=(k2Q) X��1modk1�1 6=�01 X��2modk2 ��� Xn�N �1�2(n)�(n)e(n�)���:One thus 
on
ludes from (5.6){(5.9) that(5:10) Xr�R Xq�P E�(r; q)= Xr�R Xq�P max(a;q)=1 max(b;r)=1 maxj�j�1=(qQ) ���E(r; q; a; b) � f(r; q; a; b) Xn�N e(n�)���� Xr�R Xq�P max(a;q)=1 max(b;r)=1 maxj�j�1=(qQ) ���I � f(r; q; a; b) Xn�N e(n�)���+Xr�R Xq�P max(a;q)=1 max(b;r)=1 maxj�j�1=(qQ) jJ j+Xr�R Xq�P max(a;q)=1 max(b;r)=1 maxj�j�1=(qQ) jKj+RPL2 + P 3=2L3� L9R1=2 Xk�U maxj�j�1=(UQ) X��modk ��� Xn�N �(n)�(n;�)e(n�)���+ RÆRU1=2 Xk�UR maxj�j�1=(UQ) X��modk ��� Xn�N �(n)�(n;�)e(n�)���+RPL2 + P 3=2L3;where(5:11) U � P = R2LC :By (4.3) with z = 1, the �rst term on the right-hand side of (5.10) isadmissible if(5:12) U � N1=3L�D; 1UQ � U�3L�D:Taking z = R1=2�Æ in (4.3), we see that the se
ond term on the right-hand



224 J. Y. Liu and T. Zhanside of (5.10) is admissible if(5:13) RU � R1=3�ÆN1=3L�D; 1UQ � R1�Æ(RU)�3L�D:In view of the de�nitions of Q and U (see (2.2) and (5.11)), the optimal
hoi
e of R satisfying (5.12) and (5.13) isR � N1=8�"as stated in (2.1). This proves the lemma.6. The major ar
s. In this se
tion we giveP r o o f o f (2.5). In the 
ourse of the proof, the following elementaryestimate will be used: If Aj = B + C, j = 1; 2; 3; then(6:1) A1A2A3 = B3+C(A21+B2+A1B) = B3+O(jCj � jA1j2+ jCj � jBj2):If � 2 E1(R), then for j = 1; 2; 3;(6:2) S(�; r; bj) = f(r; q; a; bj) Xn�N e(n�) +O(E�(r; q)):Applying (6.1), one hasI1(r) := \E1(R)S(�; r; b1)S(�; r; b2)S(�; r; b3)e(�N�) d�= Xq�P qXa=1(a;q)=1 �f(r; q; a; b1)f(r; q; a; b2)f(r; q; a; b3)e�� aNq �� \j�j�1=(qQ)� Xn�N e(n�)�3e(�N�) d�+O�E�(r; q) \j�j�1=(qQ) ����S�aq + �; r; b1�����2 d��+O� E�(r; q)'2(rq=h) \j�j�1=(qQ) ��� Xn�N e(n�)���2d���:The third integral on the right-hand side above is trivially� N: While these
ond integral, when summed over a; 
an be estimated asqXa=1(a;q)=1 \j�j�1=(qQ) ����S�aq + �; r; b1�����2 d� � 1\0 ����S�aq + �; r; b1�����2 d� � Nr :



Ternary Goldba
h problem 225On using the estimate Xn�N e(n�)� min(N; 1=k�k);one sees that the �rst integral is1=2\�1=2� Xn�N e(n�)�3e(�N�) d�+O� 1=2\1=(qQ) ��3 d��= Xn1+n2+n3=N1�nj�N 1 +O((qQ)2) = 12N2 +O(N2L�C):We thus haveI1(r) = �12N2 +O(N2L�C)��Xq�P qXa=1(a;q)=1 f(r; q; a; b1)f(r; q; a; b2)f(r; q; a; b3)e�� aNq �+O�Nr Xq�P E�(r; q)�:We now 
onsider the singular series1Xq=1 qXa=1(a;q)=1 f(r; q; a; b1)f(r; q; a; b2)f(r; q; a; b3)e�� aNq �:For (q=h; h) > 1; one has f(r; q; a; bj) = 0, j = 1; 2; 3, by (6.2), hen
e theseries 
onverges absolutely to 0. For (q=h; h) = 1; the series redu
es to1'3(r) 1Xq=1(q=h;h)=1 �(q=h)'3(q=h) qXa=1(a;q)=1 �a(b1 + b2 + b3)th � aNq �:It was proved by Radema
her [R℄ that if N is odd and b 2 B(N; r); thenthe above series 
onverges absolutely and equals �(N ; r) de�ned as in (1.7).One therefore hasI1(r)� �(N ; r)N22 � N2'2(r)LC + Nr Xq�P E�(r; q);and 
onsequently,(6:3) Xr�R r max(bj ;r)=1 ����I1(r)� �(N ; r)N22 ����� N2L�A;if C is suÆ
iently large. This proves (2.5), hen
e Theorem 2.
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