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On double 
overs of the generalized alternating groupZd o Am as Galois groups over algebrai
 number �eldsbyMartin Epkenhans (Paderborn)Let Zd o Am be the generalized alternating group. We prove that alldouble 
overs of Zd o Am o

ur as Galois groups over any algebrai
 number�eld. We further realize some of these double 
overs as the Galois groupsof regular extensions of Q(T ). If d is odd and m > 7, then every 
entralextension of Zd o Am o

urs as the Galois group of a regular extension ofQ(T ). We further improve some of our earlier results 
on
erning double
overs of the generalized symmetri
 group Zd oSm.1. Introdu
tion and notations. Serre's formula on tra
e forms [15℄,[16℄ relates the obstru
tion to 
ertain embedding problems1! Z2 ! eG ! G ! 1of a �nite group G to invariants of the tra
e form of a �eld extension. Usingthis, N. Vila [19℄ realized the unique 
overing group eAm of Am;m � 8;m �0; 1 mod 8 as the Galois group of a regular extension of the rational fun
tion�eld Q(T ). J. F. Mestre [11℄ extended this result to all m � 4. FollowingMestre's ideas, J. Sonn [18℄ improved one of his previous results on 
overinggroups of the symmetri
 group Sm. We 
an summarize these results asfollows.Every �nite 
entral extension of Sm and of Am, m � 4, is realizable asthe Galois group of a regular extension of Q(T ).Vila, Sonn and S
ha
her [19℄, [20℄, [17℄, [13℄ used trinomials f(X) =Xm+aX l+ b with Galois group Sm, resp. Am. We know the tra
e form ofa trinomial [15℄, [3℄. The tra
e form of a trinomial with square dis
riminantdepends only on l. It is not always possible to 
hoose l < n su
h that theobstru
tion vanishes. This explains why Vila's results are not 
omplete.1991 Mathemati
s Subje
t Classi�
ation: Primary 12F12.[129℄



130 M. EpkenhansMestre gave a one-parameter deformation of a polynomial of odd de-gree to an irredu
ible polynomial with the same tra
e form. V�olklein [21℄obtained Mestre's result on eAm without tra
e form 
onsiderations.In a previous paper [4℄ we realized some of the double 
overs of thegeneralized symmetri
 group Zd oSm as Galois groups over K(T ), where Kis an algebrai
 number �eld whi
h 
ontains the dth roots of unity.In this paper we investigate double 
overs of the generalized alternatinggroup as a Galois group over number �elds and over rational fun
tion �elds.Using Ishanov's theorem we prove that all double 
overs of Zd o Am and ofZd o Sm o

ur as the Galois groups over any algebrai
 number �eld. If dis odd, then the unique non-trivial double 
over of Zd o Am o

urs as theGalois group of a regular extension of Q(T ).Kotlar, S
ha
her and Sonn [8, Theorem 6℄ redu
ed the question whethera 
entral extension of Sm is a Galois group over K to 
ertain pull-ba
ksof stem 
overs of Sm with 
y
li
 groups. Following their arguments weshow that all 
entral extensions of Zd o Am are the Galois groups of regularextensions of Q(T ) if d is odd and m > 7.Let us �x some notation. Let G be a �nite group. Then G0 denotesthe 
ommutator subgroup of G and M(G) is the S
hur multiplier of G. Let�1 : H1 ! G; �2 : H2 ! G be homomorphisms of groups. Then H1 �G H2is the asso
iated pull-ba
k.Let K be a �eld. Then K denotes an algebrai
 
losure of K. �d � K isthe group of dth roots of unity. Let f(X) 2 K[X℄ be a polynomial. Thendis(f) is the dis
riminant of f(X), and Gal(f) stands for its Galois group.Let T;U; V;X; Y denote indeterminates.2. The embedding problem. Let K be a �eld of 
har(K) 6= 2, Ks aseparable 
losure ofK, and �K := G(Ks=K) the absolute Galois group ofK.Let L=K be a separable �eld extension of �nite degree n, N � L a normal
losure of L=K inside Ks, and G = G(N=K) the Galois group of N=K. ByGalois theory we have homomorphisms % : �K ! G and e : �K ! Sn. Let0! A �! E ! G ! 0be a group extension of G with abelian kernel A. We say the embeddingproblem with abelian kernel de�ned by the diagram�K1 A E G 1%
��

// // // //has a (proper) solution i� there is a (surje
tive) homomorphism ' : �K ! Emaking the diagram 
ommutative. If �(A) � Z(E), the 
enter of E , then



Double 
overs of Zd o An as Galois groups 131we 
all it a 
entral embedding problem. An abelian embedding problem overan algebrai
 number �eld has a proper solution if it has a solution (Ikeda'sTheorem [6℄). If the order jAj of A is a prime and if E is a non-trivialextension of G, then every solution of the embedding problem is a propersolution.Let Hm(G;A), m 2 Z, denote the mth 
ohomology group of the G-module A. The group extension 1 ! A ! E ! G ! 1 with abelian kernelA de�nes an element " 2 H2(G;A). Let Br(K) be the Brauer group of Kand let inf : H2(G;A)! Br(K) be the in
ation map indu
ed by % : �K ! G.Hoe
hsmann's Theorem. The embedding problem asso
iated with " 2H2(G;A) has a solution if and only if inf(") = 0 2 Br(K).With the help of Serre's formula we are able to 
al
ulate the obstru
-tion inf(") for some embedding problems. By Kummer theory we knowH1(�K ;Z2) ' Hom(�K ;Z2) ' K?=K?2. For a; b 2 K?, (a; b)K denotesthe generalized quaternion algebra generated over K by i; j and satisfyingi2 = a, j2 = b, ij = �ji. The 
lass of (a; b)K in Br(K) is also denoted by(a; b)K . Let  be a (non-degenerate) quadrati
 form over K. The Hasseinvariant (se
ond Stiefel{Whitney 
lass) is de�ned byw2 := O1�i<j�n(ai; aj)K 2 Br(K);where  'K ha1; : : : ; ani is a diagonalization of  . Here 'K denotes the iso-metry of quadrati
 forms de�ned over K. The determinant of  is denotedby detK  .Now we re
all a de�nition of two 
overing groups of Sn. Sn has a stan-dard presentation with generators t1; : : : ; tn�1 (ti = (i; i+ 1)) and relationst2i = 1; (titi+1)3 = 1; titj = tjti if ji� jj � 2:Let S�n be the group generated by !;et1; : : : ;etn�1 with relationset 2i = 1 = !2; !eti = eti!; (etieti+1)3 = 1; etietj = !etjeti if ji� jj � 2:Let S+n be the group generated by !;et1; : : : ;etn�1 with relationset 2i = !; !2 = 1; !eti = eti!; (etieti+1)3 = 1; etietj = !etjeti if ji� jj � 2:Denote by s�n ; s+n 2 H2(Sn;Z2) the 
ohomology 
lasses asso
iated with thesegroup extensions. The signature homomorphism "n : Sn ! Z2 is the uniquenon-zero element of H1(Sn;Z2) if n � 2. We know H2(Sn;Z2) ' Z2�Z2 =f0; s+n ; s�n ; "n [ "ng if n � 4. Here [ denotes the usual 
up produ
t of
ohomology 
lasses.The tra
e map trL=K : L ! K de�nes a quadrati
 form over K on theK-ve
tor spa
e L by x 7! trL=K(x2). We denote the asso
iated quadrati
spa
e by hLi. This form is usually 
alled tra
e form. The homomorphism



132 M. Epkenhanse : �K ! Sn de�nes a homomorphism e? : H2(Sn;Z2) ! Br2(K), whereBr2(K) is the subgroup of elements x 2 Br(K) with 2x = 0. Now Serre'sformula asserts:Proposition 1 (Serre [15℄). 1: e?(s+n ) = (�2;detKhLi)K 
 w2hLi:2: e?(s�n ) = (2;detKhLi)K 
 w2hLi:3: e?("n [ "n) = (detKhLi;�1)K :Let inf : H2(G;Z2)! H2(�K ;Z2)be the in
ation homomorphism indu
ed by % and letres : H2(Sn;Z2)! H2(G;Z2)be the restri
tion homomorphism indu
ed by the inje
tion G ,! Sn. Thene? = inf Æ res. Combining Serre's formula with Hoe
hsmann's result we getProposition 2. The embedding problem asso
iated with the group ex-tension res(s+n ) (resp. res(s�n )) has a solution i�w2hLi = (�2;detKhLi)K (resp: w2hLi = (2;detKhLi)K):3. The wreath produ
t. The generalized alternating group Zd o Amis the wreath produ
t of Zd and Am. We now re
all the de�nition of thewreath produ
t of groups.Definition 1. Let G be a permutation group on a �nite set 
. Let Hbe a �nite group and set H
 = ff : 
 ! Hg. Then f 7! �f = f Æ ��1,� 2 G, de�nes an a
tion of G on H
 . Now the wreath produ
t H o G of Hand G is the semidire
t produ
t of H
 and G indu
ed by the a
tion above.In the sequel we need the 
ommutator subgroup of a wreath produ
t.Lemma 1. Let G be a permutation group of degree m, and H;H1;H2 begroups.1: If G a
ts transitively , then(H o G)0 = f(h1; : : : ; hm;�) j h1 : : : hm 2 H0; � 2 G0gand (H o G)=(H o G)0 ' H=H0 � G=G0:3: If G0 a
ts doubly transitively , then(H o G)00 = f(h1; : : : ; hm;�) j h1 : : : hm 2 H00; � 2 G00g:3: (H1 o G)�G (H2 o G) ' (H1 �H2) o G:P r o o f. 1. Let �1 : H ! H=H0 and �2 : G ! G=G0 be the 
anoni
alproje
tions. Let [x; y℄ = xyx�1y�1 be the 
ommutator of x; y. Set K =



Double 
overs of Zd o An as Galois groups 133f(h1; : : : ; hm;�) j h1 : : : hm 2 H0; � 2 G0g. Sin
e H=H0 is abelian,H o G ! H=H0 � G=G0 : (h1; : : : ; hm;�) 7! (�1(h1 : : : hm); �2(�))is a homomorphism with kernel K. Hen
e (H o G)0 � K. De�ne fi;a :
 ! H, a 2 H, by fi;a(i) = a, fi;a(k) = 1 if k 6= i. Let i 6= j. Sin
eG a
ts transitively, there is a permutation � 2 G with �(i) = j. Then[(fi;a; id); (1;�)℄ = (fi;a � fj;a�1 ; id). Hen
e f(h1; : : : ; hm; id) j h1 : : : hm =1g � (H o G)0: If hm 2 H0, then (1; : : : ; 1; hm; id) 2 (H o G)0. We get theassertion from (h; id)(1;�) = (h;�).2. If G0 a
ts doubly transitively on 
, then we 
an 
hoose � 2 G0 with�(i) = i, �(j) = k, where i 6= j; k. Then[(fi;a � fj;a�1 ; id); (1;�)℄ = (fk;a � fj;a�1 ; id) 2 (H o G)00:3. De�ne ' : (H1 o G)�G (H2 o G)! (H1 �H2) o Gby ((h;�); (g;�)) 7! ((h1; h2);�), where (h1; h2) : 
 ! H1 � H2 : j 7!(h1(j); h2(j)): Then ' is an isomorphism.In the following two lemmas we study in
ation maps.Lemma 2. Let G be a permutation group of degree m, and let H be a �nitegroup. Let A be a �nite abelian group, 
onsidered as a trivial G-module.Then the in
ation mapinf : H2(G;A)! H2(H o G;A)indu
ed by the 
anoni
al proje
tion % : H o G ! G is inje
tive.P r o o f. An element " 2 H2(G;A) 
orresponds to a 
entral extension ofG with kernel A. The image of " under the in
ation map 
orresponds to apull-ba
k, i.e. there is a 
ommutative diagram1 A E �G (H o G) H o G 11 A E G 1// //������������
��

// //%
��

'
xxqqqqqqqqqq

// // � // //We know inf(") = 0 if and only if the upper sequen
e splits. By the universalproperty of the pull-ba
k this is equivalent to the existen
e of a homomor-phism ' : H o G ! E making the above diagram 
ommutative. We know� : G ! H o G : � 7! (0;�) is a monomorphism. Now '((0;�)) = e gives� = %((0;�)) = id. Hen
e G ' 'Æ�(G) is a subgroup of E . Let x 2 A\'Æ�(G).Then x = '((0;�)) and �(x) = id = � Æ '((0;�)) = � gives x = e. Hen
eE ' A� G.The next lemma redu
es our approa
h to double 
overs of Zd o G, whered = 2f � 1.



134 M. EpkenhansLemma 3. Let G be a permutation group of degree m. Let � : H1 ! H2be an epimorphism of �nite groups H1;H2. Let A be an abelian group withorder relatively prime to the order of ker(�). Then the in
ation mapinf : H2(H2 o G;A)! H2(H1 o G;A)indu
ed by % : H1 o G ! H2 o G : (h;�) 7! (� Æ h;�) is an isomorphism.P r o o f. The sequen
e1! ker(�)m !H1 o G ! H2 o G ! 1is exa
t. Sin
e the order of A is relatively prime to the order of ker(�), weget H1(ker(�)m;A) = H2(ker(�)m;A) = 0 (see [1, II.10.2℄). Hen
e0! H2(H2 o G;A) inf�! H2(H1 o G;A) res�! H2(ker(�)m;A) = 0is an exa
t sequen
e (see [14, VII, x7, Proposition 5℄).4. The restri
tion map res : H2(Smd;Z2) ! H2(Zd o Am;Z2). Theimage of the restri
tion map determines the double 
overs whi
h 
an beshown to be Galois groups by the use of Serre's formula.We know H2(G;A) ' ((G=G0)
A)� (M(G) 
A);with an abelian group A (see [7, 2.1.20℄). In [7, Theorem 6.3.13℄ we founda list of the relevant S
hur multipliers. Together with Lemma 1 we getH2(Zd o Am;Z2) ' �Z2 if d � 1 mod 2,Z2� Z2� Z2 if d � 0 mod 2;and m � 4. We further knowZd o Am = hs1; : : : ; sm�2; w1; : : : ; wm j s31 = s2j = (sj�1sj)3 = 1;1 < j � m� 2; (sisj)2 = 1; 1 � i < j � 1; j � m� 2; wdj = 1;wiwj = wjwi; siwj = wjsi; j 6= 1; 2; i + 1; i+ 2;siwi+1 = wi+2si; i = 2; : : : ;m� 2;s1w3 = w1s1; siw1 = w2si; i = 1; : : : ;m� 2i:Let 1 ! f1; !g ! E ! Zd o Am ! 1 be an exa
t sequen
e. Then eg 2 Edenotes a preimage of g 2 Zd o Am in E . We 
an 
hoose a set of generatorss1; : : : ; sm�2;w1; : : : ; wm of Zd o Am su
h thatE = h!; es1; : : : ; esm�2; ew1; : : : ; ewm j !2 = 1; !esi = esi!; ! ewj = ewj!;es 31 = 1; es 2j = �3; (esj�1esj)3 = 1; j = 2; : : : ;m� 2; (esiesj)2 = �3;1 � i < j � 1; j � m� 2; ewdj = �2; ewi ewj = �4 ewj ewi; i 6= j;esi ewj = ewjesi; j 6= 1; 2; i + 1; i + 2; esi ewi+1 = ewi+2esi; i 6= 1;es1 ew3 = ew1es1; esi ew1 = ew2esii;



Double 
overs of Zd o An as Galois groups 135where �2; �3; �4 2 f1; !g (our notation agrees with the notation in [4℄). If dis odd, we 
an 
hoose �2 = �4 = 1. Therefore the one-to-one 
orresponden
ebetween all 
entral extensions of Zd oAm with kernel Z2 and all elements ofH2(Zd o Am;Z2) is given by E 7! (�2; �3; �4) if d is even; and by E 7! �3 ifd is odd. If d is odd, then �3 = ! gives the unique non-trivial extension ofZd o Am with kernel Z2.Let 1 ! f1; !g ! eSn e�! Sn ! 1, n = md, be an exa
t sequen
e. WeknoweSn = h!; et1; : : : ;etn�1 j !2 = 1; !eti = eti!; et 2i = "1; (etieti+1)3 = 1;(etietj)2 = "2 if ji� jj � 2i:If n � 4, we get S�n = (1; !); S+n = (!; !) and S0n := (!; 1). If eSn = S+n ,then e��1(Zd o Am) =: (Zd o Am)+. (Zd o Am)� and (Zd o Am)0 are de�nedsimilarly.Proposition 3. Letres : H2(Smd;Z2)! H2(Zd o Am;Z2)be the restri
tion map, m � 4. Then res 
an be identi�ed with the map("1; "2) 7! ��3 = "1 if d � 1 mod 2,(�2; �3; �4) = ("d=21 "d(d�2)=82 ; 0; "2) if d � 0 mod 2:If d � 1 mod 2, then res is surje
tive, but not inje
tive. If d � 2 mod 4,then res is inje
tive, but not surje
tive.If d � 0 mod 8, then res(S+md) = res(S�md) = (0; 0; !).If d � 4 mod 8, then res(S+md) = res(S�md) = (!; 0; !).If d is odd, then eAm�Am (Zd oAm) is the unique non-trivial double 
overof Zd oAm (see Lemma 2). If m > 7 and if m = 5 and d � 1; 5 mod 6 we getM(Zd o Am) = Z2. Hen
e eAm �Am (Zd o Am) is the unique 
overing groupof Zd o Am. If d is even, then eAm �Am (Zd o Am) 
orresponds to the tuple(0; !; 0) 2 H2(Zd o Am;Z2).5. The main theorems. We are now able to formulate the mainresults of this paper.Theorem 1. Let K be an algebrai
 number �eld. Then all double 
oversof Zd o Am and of Zd oSm are realizable as Galois groups over K.Theorem 2. Let m � 5; d 2 N be integers. Let K be an algebrai
 number�eld.1: The non-trivial double 
over eAm �Am (Zd o Am) of Zd o Am o

urs asthe Galois group of a regular extension of the rational fun
tion �eld K(T ).This is the unique non-trivial double 
over of Zd o Am if d is odd.



136 M. Epkenhans2: Let d = 2f � d0, 2 - d0.(a) If d � 2 mod 4, then (Zd o Am)0 o

urs as the Galois group of aregular extension of K(T ).(b) If d � 2 mod 4 and m is even, then (Zd o Am)+ and (Zd o Am)�o

ur as the Galois groups of regular extensions of K(T ).(
) If d � 0 mod 4 and �2f � K?, then (Zd o Am)+ = (Zd o Am)�o

urs as the Galois group of a regular extension of K(T ). Thedouble 
over whi
h 
orresponds to the tuple (!d=4; !; !) is the Gal-ois group of a regular extension of K(T ).Theorem 3. Let d be odd , m > 7. Then every 
entral extension ofZd o Am is the Galois group of a regular extension of Q(T ).6. Some redu
tion lemmas. First we re
all a fa
t from group theory.Lemma 4. A 
entral extension of an abelian group is nilpotent.P r o o f. Let 1 ! A ! E ! G ! 1 be a 
entral extension with G anabelian group. Then E 0 � A � Z(E). By a theorem of Gas
h�utz (see [5,III.Satz 3.12℄) we know E 0 = E 0 \ Z(E) � �(E), the Frattini subgroup of E .Hen
e E is nilpotent by a result of Wielandt ([5, Satz 3.11℄).Proposition 4. Let K be an algebrai
 number �eld. Let G be a per-mutation group of degree m and let H o G be a wreath produ
t of groups.Suppose 1! A! gH o G �!H o G ! 1is a 
entral extension with1: the preimage N of Hm in gH o G nilpotent and2: the preimage eG of G in gH o G realizable as a Galois group over K.Then gH o G o

urs as a Galois group over K.P r o o f. Consider the semidire
t produ
t N o eG de�ned by 
onjugationof eG on N . Then N o eG ! gH o G : (n; g) 7! ngde�nes an epimorphism. If en 2 N and eg 2 eG, then �(en) = (n; id) and �(eg) =(1; g). We get �(egeneg�1) = (1; g)(n; id)(1; g�1) = (1; g)(n; g�1) = �(eg)�(en):The 
onditions 1 and 2 are the assumptions of Ishanov's theorem [16, Claim2.2.5℄. Hen
e N o eG and its epimorphi
 image gH o G o

ur as Galois groupsover K.Let A = Z2 and H = Zd. Then 
ondition 1 is satis�ed by Lemma 4.This redu
es our approa
h to double 
overs of G. By results of Mestre andof Sonn we are done if G = Am;Sm. This gives Theorem 1.Now we prove a regularity lemma.



Double 
overs of Zd o An as Galois groups 137Lemma 5. Let N=K(T ) be a regular Galois extension with Galois groupG. Let M=N be an abelian extension su
h that M=K(T ) is a Galois exten-sion with Galois group H.1: Then M=K(T ) is a regular extension if and only if MH0=K(T ) (themaximal abelian subextension of M=K(T )) and N=K(T ) are regular exten-sions.2: If H is a non-trivial double 
over of G = Zd o Am, m � 5, thenM=K(T ) is a regular extension.P r o o f. 1. Let M=K(T ) be a regular extension. Then N=K(T ) andMH0=K(T ) are regular extensions [9, Corollary 1, p. 57℄. Conversely let K 0be the algebrai
 
losure of K inM . Then K 0\N = K. Hen
e K 0(T )=K(T )is an abelian extension 
ontained in MH0 .2. If G(M=N) < G(M=K(T ))0, then H=H0 ' G=G0. This gives MH0 =NG0 : Now let H be a double 
over of G with G(M=N)\G(M=K(T ))0 = fidg.The number of these extensions is jH2(G=G0;Z2)j = jH2(Zd;Z2)j = g
d(d; 2)(see [7, 2.1.17℄). If H is a non-trivial extension, then d � 0 mod 2, and H
orresponds to the tuple (!; 0; 0) (see Se
tion 4). But then H=H0 ' Z2d,whi
h 
ompletes the proof.Proposition 5. Let K be a �eld. Let G be a transitive permutationgroup of degree m and let H be a �nite group. LetE : 1! A! eG ! G ! 1be a non-trivial 
entral group extension with jAj a prime. Let N=K be aGalois extension with Galois group G.1: Let eN=K and L=K be Galois extensions with N = LU , U = f(t1; : : :: : : ; tm; id) j ti 2 Hg / H o G, su
h that eN � N and with Galois groupsG( eN=K) ' eG and G(L=K) ' H o G respe
tively. Then G( eNL=K) ' eG �GH o G.2: Let K be a Hilbertian �eld of 
hara
teristi
 0 and let H be a groupwhi
h is realizable as the Galois group of a regular extension of K. Supposethere is a Galois extension eN=K with Galois group eG. Then there is a Galoisextension M=K with G(M=K) ' eG �G (H o G).Let A � eG0 and let K be a rational fun
tion �eld. If eN=K is a regularextension, then we 
an 
hoose a regular extension M=K.P r o o f. 1. We prove eN \ L = N . Suppose eN \ L 6= N . Then eN � L,sin
e jG( eN=N)j is a prime. Sin
e G(L=K) ' H o G is a semidire
t produ
tof G(L=N) = Hm and G, there is a subgroup G0 ' G of G(L=K) su
h thatG0\G(L=N) = fidg and G(L=K) = G0 �G(L=N). Set N0 = LG0 . Obviously' : G0 ! G( eN=K) : � 7! �jfN



138 M. Epkenhansis a monomorphism. Now � 2 G(L=K) with �jfN 2 '(G0) \ G( eN=N) im-plies �jN0N = id. Sin
e N0N = L, the sequen
e E splits, 
ontrary to ourhypothesis.2. Set N = eNA. There is a (regular) Galois extension L=K with L � Nand G(L=K) ' H o G (see [10, Satz 1, Zusatz 1, p. 228℄).A � eG0 implies (eG �G (HoG))=(eG �G (HoG))0 ' H=H0�G=G0. Hen
e themaximal abelian subextensions of L=K and of N=K 
oin
ide. Now applyLemma 5.Let H be an abelian group and let G be a permutation group with trivial
enter. Then ' : H o G ! G : (t1; : : : ; tm;�) 7! � is the unique epimorphismfrom H o G onto G. Hen
e G(L=K) ' H o G and N � L with G(N=K) ' Ggives G(L=N) ' Hm.Proposition 6. Let K be a rational fun
tion �eld of 
hara
teristi
 0.Let G be a transitive permutation group of degree m, and let d0; d1 be rela-tively prime integers. LetE : 1! A! E ! Zd1 o G ! 1be a 
entral group extension with g
d(jAj; d0) = 1. Let eN=K be a (regular)Galois extension with Galois group E. Then there is a (regular) Galoisextension M=K with Galois groupG(M=K) ' (Zd0d1 o G)�Zd1oG E :The sequen
e 1! A! G(M=K)! Zd0d1 o G ! 1
orresponds to the image of the sequen
e E under the in
ation map indu
edby the 
anoni
al proje
tion Zd0d1 o G ! Zd1 o G.P r o o f. SetN1 = eNA andN = NU1 , where U = f(t1; : : : ; tm; id)g/Zd1 oG.From [10, Satz 1, Zusatz 1, p. 228 and Satz 1, p. 224℄ we know that there isa (regular) Galois extension N0=K with N0 � N and G(N0=K) ' Zd0 o G.Sin
e d0 and d1 are relatively prime, we getG(N0N1=K) ' G(N0=K)�G(N=K) G(N1=K)' (Zd0 o G)�G G(Zd1 o G) ' Zd0d1 o G:Set M := eNN0 = eN(N0N1). Then M=K is a Galois extension. Sin
eg
d(d0; jAj) = 1, we get eN \N0N1 = N1. Hen
eG(M=K) ' G(N0N1=K)�G(N1=K) G( eN=K) ' (Zd0d1 o G)�Zd1oG E :If eN=K and N0=K are regular extensions, then so is M=K, be
ause d0 andthe order of A are relatively prime.



Double 
overs of Zd o An as Galois groups 139Corollary 1. Let K be a rational fun
tion �eld of 
hara
teristi
 0. Letd be an odd number , f 2 N; f � 1, G = Am;Sm.1: If (Z2f o G)+, (Z2f o G)� and (Z2f o G)0 are Galois groups over K, thenso are (Z2f�d o G)+; (Z2f�d o G)� and (Z2f�d o G)0.2: If every double 
over of Z2f o Am o

urs as the Galois group of a(regular) extension of K, then every double 
over of Z2f�d o Am with d oddis realizable as the Galois group of a (regular) extension of K.P r o o f. We know H2(Z2f o Am;Z2) = Z2� Z2� Z2. With the notationas in Se
tion 4 we getinf : H2(Z2f o Am;Z2)! H2(Z2f�d o Am;Z2)is de�ned by (�2; �3; �4) 7! (�2; �3; �4). Now apply Proposition 6. If G =Sm, then see [4, Se
tion 4℄.7. Trinomials, tra
e forms and the Galois group of f(Xd). LetG be a transitive permutation group of degree m. Then the wreath produ
tZd o G appears in a natural way as the Galois group of a polynomial. Forfurther details we refer to [2℄.Proposition 7. Let K be a �eld and let f(X) 2 K[X℄ be an irredu
ibleand separable polynomial of degree m � 4 with Galois group G.1: Let d 2 N be an integer with �d � K? and 
har(K) = 0 or 
har(K) - dand �d � K?.(a) Then Gal(f(Xd)) is a subgroup of Zd o G.(b) Gal(f(Xd)) ' Zd o G if and only if Gal(f(Xp)) ' Zp o G for allprimes p j d.2: Let p be a prime with p 6= 
har(K) and �p � K?. Suppose G ' Am orG ' Sm. If G ' A4;A5, then let p 6= 3. Let N0 be a splitting �eld of f(X).Then Gal(f(Xp)) ' Zp o G if and only if(a) p divides m and (�1)mf(0) 62 N?p0 or(b) p -m, (�1)mf(0) 62 N?p0 and f(Xp) is irredu
ible over the �eldK( pp(�1)mf(0)).If p -m, then (�1)mf(0) 62 N?p0 if and only if Gal(f(Xp)) ' Zp � G orGal(f(Xp)) ' Zp o G. Then Gal(f(Xp)) ' Zp � G i� f(Xp) fa
tors overK( pp(�1)mf(0)) into a produ
t of p prime polynomials of degree m.This is proven in [2, Corollary 1, Theorem 2 and Corollary 7℄.Lemma 6. Let K be an algebrai
 number �eld. Let m; l; d 2 N, s; t 2 Zbe integers with 1 � l < m, g
d(l;m) = 1, ms + tl = 1, g
d(t; d) 2 f1; 2gand �d � K?. Choose u;D 2 K?. SetH(X;U; V ) = Xm +mUm�lV s+tX l + (m� l)UmV t 2 K(U; V )[X℄:



140 M. EpkenhansLet H(X;Y ) 2 K(Y )[X℄ be the polynomial obtained by making in H(X;u; V )the substitution V = � llmDY 2 � l�l if m is odd ,((m� l)DY 2 + ll)�1 if m is even:Suppose �(m� l)u; (�1)(m+1)=2(m� l)Du 62 K?2 if m 6� d � t � 0 mod 2.The Galois group of H(Xd; Y ) over K(Y ) is isomorphi
 to Zd o Sm i�(�1)m(m�1)=2D 62 K?2, and it is isomorphi
 to Zd oAm i� (�1)m(m�1)=2D 2K?2. If t is odd , then the splitting �eld N of H(Xd; Y ) is a regular extensionof K(p(�1)m(m�1)=2D)(Y ).P r o o f. The polynomial Xm + mV s+tX l + (m � l)V t 2 K(V )[X℄ isabsolutely irredu
ible and has Galois group Sm over K(V ) (see [4, Propo-sition 6℄ and [19℄). Set L = K(p(�1)m(m�1)=2D). Let N and Nd bethe splitting �elds of H(X;Y ) and of H(Xd; Y ) over K(Y ) respe
tively.Then N=L(Y ) is a regular extension. From Lemma 1 we get N (ZdoAm)0d =L( dp(�1)m(m� l)umV t; Y ), whi
h is regular over L(Y ) if g
d(t; d) = 1.Now apply Lemma 5.Proposition 8. Let K be a �eld of 
hara
teristi
 0 and 
onsider theirredu
ible and separable polynomial f(X) := Xn + aXk + b 2 K[X℄ witha 6= 0. Set L := K[X℄=(f), d := g
d(n; k), md := n, ld := k. Let d be even.Then the quadrati
 spa
e hLi fa
torizes as follows.1: hLi 'K hn; nk(n� k);�k(n� k)x;�bxi ? n�42 h1;�1i if m is odd ;2: hLi 'K hn;�n � x;�kab; kaxi ? n�42 h1;�1i if m is even,where x = nmbm�1 + (�1)m�1(n� k)m�lklambl�1= (�1)m(m�1)=2dm � dis(Xm + aX l + b):This is proven in [3, Theorem 1℄. There we also �nd a diagonalizationin the 
ase of d odd, whi
h we do not need in this 
ontext.9. Proof of Theorem 2. 1. Mestre [11, Th�eor�eme 1℄ gave a polynomialFT (X) 2 Q(T )[X℄ with Galois group Am;m � 5, su
h that the splitting �eldof FT (X) is a regular extension of Q(T ), 
ontained in a regular extensionwith Galois group eAm and su
h thathQ(T )[X℄=(FT (X))i 'Q(T ) m � h1i:Now apply Proposition 5. Thus eAm �Am (Zd o Am) o

urs as the Galoisgroup of a regular extension of K(T ). If d is odd, then this is the uniquenon-trivial double 
over of Zd o Am (see Lemma 3).2. By Corollary 1 we 
an assume d = 2f � 2.(b) m � 2 mod 4, d = 2. Choose l 2 N with 1 � l < m; g
d(l;m) = 1.



Double 
overs of Zd o An as Galois groups 141Step 1. Let a; b; 
; d 2 K? be elements witha2 + 
b2 = (m� l)ll � 
dand �d;�
 62 K?2. SetF (Y ) = (Y 2 + 
)2 + d((Y 2 � 
)b+ 2aY )2:Then F (Y ) 62 Q [Y ℄?2.P r o o f. Assume xF (Y ) = (G(Y ))2 for some x 2 K? and G(Y ) 2 K[Y ℄.Let � 2 K be a root of F (Y ). F (0) = 0 
ontradi
ts�d 62 K?2, and �2+
 = 0gives 
b � a� = 0, hen
e � 2 K, whi
h 
ontradi
ts �
 62 K?2. The formalderivative of F (Y ) isF (Y )0 = 4(Y 2 + 
)Y + 4d((Y 2 � 
)b+ 2aY )(bY + a):From F (�) = F (�)0 = 0 we get(�2 � 
)b+ 2a� = ��(�2 + 
)d(b�+ a)and 0 = F (�) = (�2 + 
)2 + d�2(�2 + 
)2d2(b�+ a)2 ;whi
h gives d(b�+a)2+�2 = 0. Sin
e �d 62 K?2 and � 6= 0, the polynomialG(Y ) = Y 2 + d(bY + a)2 2 K[Y ℄is irredu
ible and has root �, hen
e divides F (Y ). We get(1 + db2)F (Y ) = G(Y )2:Hen
e (1 + db2)F (Y )0 = (G(Y )2)0 = 4(Y 2 + d(bY + a)2)(Y + bd(bY + a));whi
h implies (1 + db2)F 0(0) = �4ab
d(1 + db2) = 4a3bd2: Thus
d + 
b2 = �a2 = (m� l)ll � a2;a 
ontradi
tion.Step 2. We 
onsider (Z2 o G)+ and (Z2 o G)�. Choose s; t 2 Z withms + tl = 1, s � 1 mod 2. Let " 2 f1;�1g. There is a prime q � 1 mod 4su
h that q - lm and1. q 6� �ml mod Q?2p if p j l;2. q 6� �m(m� l) mod Q?2p if p jm and p 6= 2.By [12, 71:19℄ there is an element P 2 Z with P 6= �1; 0; 1 and1. (P;�mlq)Q 
 (�1; "lq)Q = 0,2. P;�lmqP 62 Q?2 :



142 M. EpkenhansUsing the Hasse{Minkowski Prin
iple we see there are elements a; b; 
2 Q with a2 + lmqPb2 = (m� l)ll � P
2:We 
an 
hoose a; b; 
 6= 0. Set V = (ll � (m� l)T 2)�1 andT = (m� l)�1 ((Y 2 � lmqP )a� 2lmqPbY )2(Y 2 + lmqP )2 :Then �lmq;�lmqP 62 Q?2 implies(m� l)V �1 = (m� l)ll � (m� l)2T 2= P
2 + lmqP ((Y 2 � lmqP )b+ 2aY )2(Y 2 + lmqP )2 62 Q [Y ℄?2:Now set F (X2; Y ) = H(X2;�"q; V ) and L = K(Y )[X℄=(F (X2; Y )): Propo-sition 8 givesw2hLi = (�1; "lq)K(Y ) 
 ((m� l)V; 2lmq")K(Y ) = (detK(Y )hLi;�2")K(Y ):Hen
e e?(s�2m) = 0.(b), (
) m � 0 mod 2, md � 0 mod 8. Let l be an integer with 1 � l < mand g
d(l;m) = 1. Choose s; t 2 Z with ms+ tl = 1, s � 0 mod 2. SetV = (ll + (�1)m=2(m� l)Y 2)�1 and u� = �2m(m� l)ld:Then the splitting �eld of F (Xd; Y ) = H(Xd; u�; V ) over K(Y ) is a regularextension ofK(Y ) with Galois group ZdoAm. Set L = K(Y )[X℄=(F (Xd; Y )).Proposition 8 givesw2hLi = ((m� l)V;�2)K(Y ) = (dis(F (Xd; Y ));�2)K(Y ):(
) m � 1 mod 2, d = 2f � 4. Let l 2 N be an element with l 2 Q?2 and1 � l < m, g
d(l;m) = 1. Choose s; t 2 Z with ms+ tl = 1 and t even. SetV = (�1)(m�1)=2llmY 2 � l�l. The splitting �eld ofG(Xd; U; Y ) = H(Xd; (m� l)(U2 � 2); V )over K(U; Y ) is a regular extension with Galois group Zd oAm. By Hilbert'sIrredu
ibility Theorem there are elements u; y 2 K? su
h that G(Xd; u; y)has Galois group Zd o Am over K. Sin
eGal(G(Xd; u; y)) = Zd o Am < Gal(G(Xd; uy�1Y; Y )) < Zd o Am;the polynomial G(Xd; uy�1Y; Y ) has Galois group Zd oAm over K(Y ). Thesplitting �eld of G(((uy�1Y )2 � 2)X;uy�1Y; Y ) over K(Y ) is a regular ex-tension of K(Y ). Sin
e t is even, G(0; uy�1Y; Y ) 62 K(Y )?2. Hen
e thesplitting �eld of G(Xd; uy�1Y; Y ) is a regular extension of K(Y ). SetL = K(Y )[X℄=(G(Xd ; uy�1Y; Y )). Proposition 8 gives



Double 
overs of Zd o An as Galois groups 143w2hLi = ((uy�1Y )2 � 2; 2f )K(Y ) = (dis(G(Xd; uy�1Y; Y )); 2f )K(Y ) = 0;sin
e �1 2 K?2. Hen
e e?(s�md) = 0.Now 
onsider the double 
over (!d=4; !; !) = (0; !; 0) + (!d=4; 0; !) =(0; !; 0) + res(S�md). SetL0 = K(Y )[X℄=(F (X;Y )); L := K(Y )[X℄=(F (Xd; Y ))if m is even and L0 = K(Y )[X℄=(G(X;Y )), L := K(Y )[X℄=(G(Xd ; Y )) ifm is odd. Let N;N 0 be normal 
losures of L=K(Y ), L0=K(Y ) resp. Bythe above N=K(Y ) and N 0=K(Y ) are regular extensions. We further knowG(N 0=K(Y )) ' Am and G(N=K(Y )) ' Zd o Am. Sin
e �1 2 K?2, Propo-sition 8 gives w2hL0i = 0. Hen
e N 0=K(Y ) is 
ontained in a regular Galoisextension eN=K(Y ) with Galois group eAm. By Proposition 5, eNN=K(Y ) isa solution of the embedding problem de�ned by N=K(Y ) and (0; !; 0). Weget inf((0; !; 0)) = 0. From w2hLi = 0 we 
on
lude inf((!d=4; 0; !)) = 0.Hen
e (!d=4; !; !) is in the kernel of the in
ation map indu
ed by F (Xd; Y )resp. G(Xd; Y ).(a) Consider (Z2 o Am)0. If m � 0 mod 2, 
hoose a; b; 
 2 Q? witha2 + b2 = (m� l)ll � 
2and setV = (ll + (�1)m=2(m� l)T 2)�1 and T = (m� l)�1 ((Y 2 � 1)a� 2bY )2(Y 2 + 1)2 :Then (m� l)V �1 = 
2 + ((Y 2 � 1)b+ 2aY )2(Y 2 + 1)2 62 Q [Y ℄?2;sin
e �1 62 Q?2 . Thus ((m � l)V;�1)K(Y ) = 0. Now 
onsider F (X2; Y ) =H(X2; 1; V ).If m � 1 mod 2, then use the polynomial H(X2;�(m� l)(U2 +1); V ), teven, V = (�1)(m�1)=2llmY 2 � l�l and pro
eed as in (
).10. Central extensions of Zd o Am, d odd. The unique non-trivialdouble 
over of Zd o Am, where d is odd and m > 7, is a 
overing groupof Zd o Am. Following the arguments of Kotlar, S
ha
her and Sonn [8℄, we
an redu
e the question whether all 
entral extensions of Zd o Am, d oddand m > 7, are Galois groups over an algebrai
 number �eld to 
ertainpull-ba
ks. This method gives an aÆrmative answer to the problem.The 
entral extension 1 ! A ! E ! G ! 1 is 
alled a stem extensionof G if A � E 0. If in addition A ' M(G), then we 
all it a stem 
over of G.Theorem 6 of [8℄ generalizes as follows.



144 M. EpkenhansProposition 9. Let G be a group satisfying1: G0 = G00.2: G=G0 is 
y
li
 of order d and there is an element � 2 G of order dwhi
h generates G=G0.Let K be a (rational fun
tion) �eld with the following properties.1: If the �nite group H is the Galois group of a (regular) extension ofK, then so is H�A for every �nite abelian group A.2: Every fa
tor group of the Galois group of a (regular) extension of Kis the Galois group of a (regular) extension of K.If for every stem 
over eG of G and every d0 with d j d0 and su
h that p j d0i� p j d the pull-ba
k eG �G=G0 Zd0is the Galois group of a (regular) extension of K, then every 
entral exten-sion of G is the Galois group of a (regular) extension of K.Here eG �G=G0 Zd0 stands for the pull-ba
k of eG and Zd0 along the homo-morphisms eG ! G ! G=G0 and Zd0 ! Zd ' G=G0. We just have to imitatethe proof of Theorem 6 in [8℄.P r o o f o f Th e o r em 3. � = (0; : : : ; 0; 1; id) 2 ZdoAm has order d andgenerates (Zd oAm)=(Zd oAm)0. Hen
e we 
an apply Proposition 9 (see [10,Zusatz 1, p. 226℄). Let d0 2 N be any odd integer with d j d0. By Lemma 3and Se
tion 4 the pull-ba
k eAm �Am (Zd o Am) is the unique stem 
over ofZd o Am. We already know that there is a regular Galois extension L=Kwith Galois group Am, 
ontained in regular Galois extensions eN=K, M=Kwith G( eN=K) ' eAm and G(M=K) ' Zd0 o Am. We get eN \M = L andG( eNM=K) ' eAm �Am (Zd0 o Am). Set Mab = M (Zd0oAm)0 and M0 = MU ,U = f(t1; : : : ; tm; id) j ti 2 ker(Zd0 ! Zd)g. Then G(M0=K) ' Zd o Am. Wefurther get M0 \Mab =MU�(Zd0oAm)0 =M (ZdoAm)00 :The Galois extension eNMab=K has Galois group (eAm �Am (Zd o Am)) �ZdZd0: Referen
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