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1. Introduction. Let r > 2 be a fixed integer and let § = 0.a1as ... be
the r-adic expansion of a real number 6 with 0 < § < 1. Then 6 is said to
be normal to base r if, for any block by ...b € {0,1,...,r — 1},

n"IN(@:by...b;;n) =71+ 0(1)

as n — 00, where N(6,b;...b;;n) is the number of indices i < n —1+1
such that a; = by, a;41 = bo,...,a;4;—1 = b;. Let (m), denote the r-
adic expansion of an integer m > 1. For any infinite sequence {mi, ma, ...}
of positive integers, we consider the number 0.(mq),(mz), ... whose r-adic
expansion is obtained by the concatenation of the strings (mq),, (ma),, ...
of r-adic digits, which will be written simply as 0.mims ... (r).

Copeland and Erd6s [1] proved that the number 0.mqms . .. (r) is normal
to base r for any increasing sequence {mj,ms,...} of positive integers such
that, for every positive ¢ < 1, the number of m;’s up to x exceeds x¢ provided
x is sufficiently large. In particular, the normality of the number

0.23571113... (r)

defined by the primes was established. Davenport and Erdés [2] proved that
the number

0.f(1)f(2)...f(n)... (r)
is normal to base r, where f(x) is any nonconstant polynomial taking posi-
tive integral values at all positive integers.
In this paper, we prove the following

THEOREM. Let f(x) be as above. Then the number
a(f) =0.f(2)fB)f(5)f(7)f(A1)f(13)... (r)
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defined by the values of f(x) at primes is normal to base r. More precisely,
for any block by ...b; € {0,1,...,r — 1}, we have

(1) "_1N(0<(f);b1---bl;n):r‘l+o< 1 >

logn

as n — 0o, where the implied constant depends possibly on r, f, and .

2. Preliminary of the proof of the Theorem. Let a(f) =
0.a1a3...a, ... be the r-adic expansion of the number «(f) given in the
Theorem. Then each a,, belongs to the corresponding string (f(p,)),, where
py is the vth prime and v = v(n) is defined by

v—1 v

i=1 1=1
Here [t] denotes the greatest integer not exceeding the real number ¢. We
put & = x(n) = p,(n), so that

(2) n= Y log, f(p)+O(r(x)) + O(log, f(x))

p<z

_ dx L0 T 7
log r log

where d > 1 is the degree of the polynomial f(¢), p runs through prime
numbers, and 7(x) is the number of primes not exceeding z. We used here
the prime number theorem:

ﬂ@:Lm+O<1:G>

(log )
where G is a positive constant given arbitrarily and
x
dt
Liz={——.
logt

Then we have

N(a(f)ibr...bizn) = > N(f(p);bi...b) + O(x(x)) + O(log, f(x))

p=z
_,Z;ANf@%br-ﬁ0+*j<bgn>

with = 2(n) = py(n)-
Let jo be a large constant. Then for each integer j > jp, there is an
integer n; such that

172 < flng) <!t < g+ 1) <.



Normality of numbers 347

We note that
n; > ri/d

and that n; < n < n;y; if and only if the r-adic expansion of f(n) is of
length j; namely,

(3) (f(n))y =cj_1...c1c0 €{0,1,...,r =1}, ¢;_1 #0.
For any x > r7°, we define an integer J = J(z) by
ny<x<njyi,
so that
(4) J =log, f(z)+ O(1) >< log .
Let n be an integer with n; < n < n;;; and jo < j < J, so that (f(n)),
can be written as in (3). We denote by N*(f(n);b;1...b;) the number of

occurrences of the block by ...b; appearing in the string 0...0c¢j_1...cico
of length J. Then we have J—j

0< Y N*(f(p)ibr-..b) — Y _ N(f(p)ibr...b)

p<z p<z
J—1
< > (T=PE(ngpa) —7(ng)) +O(1)
J=Jjo+1
J—1 J—1 T‘j/d z
< Z W(n]+1)+0(1)<<27 < loo 2
jZjot1 i=1 &

and so

B N i) = SN (kb b+ 0 )

with 2 = 2(n) = py(n)-
We shall prove in Sections 4 and 5 that

“ 2 N (f@)iba .. b) = r'n(x) log, f(z) + 0(10;)

which, combined with (5) and (2), yields (1).
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3. Lemmas

LEMMA 1 ([9; 4.19]). L
| >

) be a real function, k times differentiable,
and satisfying |F*) () t

F(x
> 0 throughout the interval [a,b]. Then
b

Se(F(x))dm‘ < c(k)A~Lk,

Q

LEMMA 2 ([3; p. 66, Theorem 10]). Let
F(t)= ﬁtd—{—oqtd_l + ...+ ag,
q

where h, q are coprime integers and «;’s are real. Suppose that
(logz)” < g < a”(logz) ™7,

where o > 25¢(og + 1) with o9 > 0. Then
> (P )| < eld)zloga)
p<w

as x — oo, where p runs through the primes.

LEMMA 3 ([3; p. 2, Lemma 1.3 and p. 5, Lemma 1.6]). Let
F(z) = box® + biz®™ 1 + .. 4 bg_12 + by

be a polynomial with integral coefficients and let q be a positive integer. Let

D be the greatest common divisor of q, by, b1,..., and bg_1. Then
q
Z e(F(’ﬂ))' < 3(a/D) p1/dg1-1/d
q
n=1

as ¢ — 00, where w(n) is the number of distinct prime divisors of n.

LEMMA 4 ([6; Corollary of Lemmal). Let F(x) be a polynomial with real
coefficients with leading term Ax®, where A # 0 and d > 2. Let a/q be a
rational number with (a,q) = 1 such that |A —a/q| < q~2. Assume that

(log@)" < ¢ < Q"/(log Q)"
where H > d? + 2%G with G > 0. Then
> eF)| < Quog@)~©
1<n<Q
LEMMA 5 ([7; Theorem)], cf. [8; Theorem 1]). Let f(t) and by ...b; be as
in Theorem. Then
>N - by) =r"ylog, f(y) + O(y)
n<y

as y — 0o, where the implied constant depends possibly on r, f, and .
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4. Proof of the Theorem. We have to prove the inequality (6). We

write
J
SN @b ) =Y Zf(i(ﬁ)),

p<z p<z m=l

where
l l
1 if Zbkr_k <t-[t] < Zbkr_k +r7
1(t) = k=1 k=1
0 otherwise.

There are functions I_(t) and I () such that I_(t) < I(t) < I,(t), having
Fourier expansion of the form

Li)=rT"+£J7 4+ Y Ar(v)e(vt)

VA0
with
|A4 (V)| < min(|v| 7, Jv™2),
where e(z) = €2™* ([10; Chap. 2, Lemma 2]). We choose a large constant
co and put

(7) M = [¢glog, J].
Then it follows that

) D N*(f(p);bi...b)

REEETED IR SRS Sl DorA €y

I<m<dM dM<m<J—M J—M<m<J p<z

= 5+ T )+ 5, 5+ Oe)),

where d is the degree of the polynomial f(z),

== ), D Ix <%)>

I<m<dM p<lzx

22 = Zz(i) = Z Z Ax(v) Z€<lenf(l))>7

dM<m<J-M 1<|v|<J? p<z
14
IS IEED DI SR RO 3 E-3()
J-M<m<J 1<|v|<J? p<lzx

We first estimate ) ,. Suppose that dM < m < J — M. Then, writing
the leading coefficient of the polynomial vr=" f(t) as a/q with (a,q) = 1,
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we have
(logz)” < ¢ < 2%(log )™
with a large constant o, so that by Lemma 2,
v 1 o
S e( 2 iw)) < alloga) 7,
p<z

where og > 3 is a constant. Therefore we obtain
T

2—0’0
(9) > L z(log x) < gz

Next we estimate ) ,. We appeal to the prime number theorem of the
form referred to in Section 2. Then it follows that

S () = e ) ast +0)
(570) o5 e )
) (S) (770) gz + ()
RCOLR S

z(logx)—C

o L (Y2
logz \ r™ (logz)C )’

using the second mean-value theorem and Lemma 1 with |vr=™ f(@ ()] >
|v|r~"™. Therefore we have

0 e ¥t S (M) o)

|
|

<

sup
logz ¢

1<|y|< 2 J—M<m<.J
1 1 x
<K — -m/d 4 O ———
log Z |y|t+1/d Z ' " ((1ng)02>
1<|v|<J? m<J
x
logx

To prove the Theorem, it remains to show that

m(x)

(11) ledM—kO(lO;),

rl
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since this together with (4), (8), (9), and (10) implies

ZN*(f(p);bl...bl) = 7Tfaglv)J—FO(W(:E))

7 _ (@)

i
Piog, 10 +0(( 2,

which is the inequality (6).

5. Proof of Theorem (continued). We shall prove the inequality (11)
in three steps.

First step. Suppose that | < m < dM, where M is given by (7)
with (4). We appeal to the prime number theorem for arithmetic progres-
sions of the following form ([4; Sect. 17]): Let m(z;¢,a) be the number of
primes p < z in an arithmetic progression p = a (mod ¢) with (a,q) = 1
and let ¢(n) be the Euler function. Then

1
m(z;q,a) = —— Liz + O(xe™ V108 7)
¢(q)
uniformly in 1 < ¢ < (logz), where ¢ > 0 is a constant which depends
on a constant H > 0 given arbitrary. (A weaker result O(z(logz)~¢) is
enough for our purpose.) Let B denote the least common multiple of all

denominators of the coefficients, other than the constant term, of f(¢). Then

Zg(‘iﬁ?) = Y Ii<{,(,f)) +0(1)

p<z

Hence we have

T S s () o)

I<m<dM amod Br™
(a,Br)=1



352 Y.-N. Nakai and I. Shiokawa

S k() 5 weoli)

I<m<dM amod Brm b|(a,Br)

() f(a) x
- b T (1Y) pof 2
Sun ¥ os Y () vo(
b|Br I<m<dM a mod Br™

bla

Br 1 bn
—r@) s ) Y o % fi<f£m)>

b|Br I<m<dM 1<n<Brm /b

+O< - )
log z

where p(n) is the Mobius function. Note that Br = O(1).

Second step. We shall prove that, for each b| Br,

W Y pm ¥ ()

I<m<dM 1<n<Br™/b
1 f(bn)
- Y gw ¥ u(f5)on
I<m<dM 1<n<BrM /b

If I <m < M, then we have

wa L w(T)=pm ¥ n(TR)

1<n<Br™/b 1<n<BrM /b

so that

W Y pm ¥ ()

I<m<M 1<n<Brm™/b
1 f(bn)
- Y aw X (5

I<m<M 1<n<BrM /b

If d = 1, (14) implies (13). So in what follows we assume d > 2 and M <
m < dM. We have

> ()

1<n<Br™/b

Brm 1 r’m 1 v

=< - _ _— -

S olm) ol 2, 25 )
1<|pv|<J? 1<n<Br™ /b

Brm™ 1

== ‘Tl+O<TJ>+O(rm(1_1/d)J2/dlogJ),
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since, by Lemma 3,

Z e<:1f(bn)> ’ < (r™, p)Ydpm-1/d),

r
1<n<Br™/b

Hence we get

(15) > Blm > Ii<f£bnzl)>:(d_l)rll)M+O(1).

r
M<m<dM 1<n<Br™/b

In the rest of this step, we shall prove the inequality

o T e 3 () o,

M<m<dM 1<n<BrM /b

which together with (15) and (14) yields (13).
Proof of (16). It is easily seen that

(17) > BlM > Ii(fii:z))

r
M<m<dM 1<n<BrM /b

Spw X ¥ (avo(3)

M<m<dM 1<n<BrM /b

+ Y Ai(u)e<:nf(bn)>>

1<|y|< g2
(d—1)M
WY L on
brt +0()
1 1 v
o E wrme E [ 2 (Gwem))
1<|v|<J? M<m<dM ' 1<n<BrM /b

We estimate the last sum. Let H be a large constant. For any v, m, b, we
can choose, by Dirichlet’s theorem, coprime integers a and ¢ = q(v,m,b)
such that

1<q¢<Q%(log@)”, Q=Br"/b
and
Vo4 a (log Q)#
= qQ

(<1/¢%).

g
If
(log@Q) < ¢ < Q%/(logQ)",
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then by Lemma 4,

> e “””)‘ < o < aorg]%f)?‘

1<n<BrM /b

Hence the contribution of these sums in the last term in (17) is

d—1)MlogJ - ——— = O(1).

< (log J)?

e

Otherwise, we have
1<qg<(log@Q)  (>< MM).

In particular, (v/r™)b? # a/q, since m > M. Hence

MH
quM ’

1

qrﬂl -

v.g a

rm q

<

so that
(dM >) m > dM — Hylog M,

with a large constant Hy. From this it follows that

% 7f(bt) >><< td 1 <<J2 —M+HylogM __ 0(1)
rm

throughout the interval [1, Br* /b]. Thus by a van der Corput’s lemma ([9;
Lemma 4.8]) we have

BrM /b
1<n<z:BrM/be<mf(bn)>— § e<7.mf(bt)>dt+0(1)

com < (1)

using again Lemma 1. Hence the contribution of these sums to the last term
n (17) is

< ]:nf(d) 0

<<B%M > > |1(”|>_1/d20(1).

M<m<dM 1<|v|<J?

Combining these results, we obtain (16).
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Third step. It follows from (12) with (13) that

< Br f(bn)
Zl > 7'('(1') (,O(B’I”) Z M Z Z Ii( rm >

b|Br I<m<dM 1<n<BrM/b

VIA

Br 1 f(bn)
CEAeDMICI= SRS DI =)

b|Br I<m<dM 1<n<BrM/b

+O< ’ )
log

We put, in Lemma 5, y = BrM /b, so that log, f(by) = dM + O(1). Then
we have

Z Z I<f7(ff)> - ZN(f(bn);b1...bl)+O(TM)

I<Sm<dM 1<n<BrM /b n<y

=r"'ylog, f(by) +O@™)
_ BrM
=r

dM + O(r™).

Therefore we obtain

w(b) dM x
Zl < (Br) Z b Tﬂ(x) +O<logx>

b|Br

:rldMW(x)—i—O( ° ),
log

which is (11). The proof of the Theorem is now complete.
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