
ACTA ARITHMETICA
LXXX.4 (1997)

Gipoteza Rimana dl� nekotoryh qaste$i funkcii ζ(s)
i nova� formula dl� π(x)

�n MOZER (Bratislava)

1. Glavny$i rezul~tat. Pust~ (sr. [1], (7), (21); 2Pβ < lnP0)

(1) P = (lnP0)1−ε, β = [(lnP0)2ε/3], P0 =

√
T

2π
,

gde ε – skol~ ugodno maloe polo�itel~noe qislo. Pust~ dalee (p –
prostoe qislo)

(2)

ζ1(s) =
∏

p≤P

β∑

k=0

1
psk

=
∑

n<P0, p≤P

1
ns

=
∑′

n<P0

1
ns
,

ζ2(s) =
∏

p≤P

β∑

k=0

1
p(1−s)k =

∑

n<P0, p≤P

1
n1−s =

∑′

n<P0

1
n1−s ,

ζ3(s) = χ(s)ζ2(s),

gde (sm. [2], str. 23)

(3) χ(s) = πs−1/2Γ ((1− s)/2)
Γ (s/2)

, s 6= 2k + 1, k = 0, 1, 2, . . . ,

i s = σ + it probegaet ploskost~ Gaussa C.
Opredelim funkci� ζ̃(s) sledu�wim obrazom:

ζ̃(s) = ζ̃(s;P, β) = ζ1(s) + ζ3(s)(4)

=
∑′

n<P0

1
ns

+ χ(s)
∑

n<P0

1
n1−s , s ∈ C, s 6= 2k + 1.

Tak kak

ζ̃(1− s) =
∑′

n<P0

1
n1−s + χ(1− s)

∑′

n<P0

1
ns

i (sm. [2], str. 23)

χ(s)χ(1− s) = 1,

[297]
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to

ζ̃(s) = χ(s)ζ̃(1− s), s ∈ C, s 6= 2k + 1.

Zam eq a ni e 1. Funkci� ζ̃(s) udovletvor�et toqnomu funkcio-
nal~nomu uravneni� i, sledovatel~no, eë nuli raspolo�eny sim-
metriqno otnositel~no kritiqesko$i pr�mo$i σ = 1/2.

Poskol~ku (sr. [2], str. 94)

χ(1/2 + it) = e−i2ϑ(t),

to iz (4) sleduet sootnoxenie

eiϑ(t)ζ̃(1/2 + it) =
∑′

n<P0

ei{ϑ(t)−t lnn}
√
n

+
∑′

n<P0

e−i{ϑ(t)−t lnn}
√
n

(5)

= 2
∑

n<P0

1√
n

cos{ϑ(t)− t lnn}

= Z1(t;P, β).

Nuli funkcii Z1(t), t.e. nuli ζ̃(s) na kritiqesko$i pr�mo$i, izuqa-
lis~ nami v rabote [1].

Pust~

(6) D = D(T,H,K) = {s : σ ∈ 〈−K,K〉, t ∈ 〈T, T +H〉},
K > 1, T > 0, H ≤

√
T .

Spravedliva sledu�wa�

TEOREMA. Imeet mesto otnoxenie

(7) ζ̃(s) 6= 0, s ∈ D, σ 6= 1/2

dl� vseh dostatoqno bol~xih T , t.e. dl� ζ̃(s), s ∈ D, T → ∞ sprave-
dliv analog gipotezy Rimana.

Napomnim pribli�ennoe funkcional~noe uravnenie Rimana–
Hardi–Littlvuda ([2], str. 82, 85; x = y =

√
|t|/(2π) = t′):

(8) ζ(s) =
∑

n≤t′

1
ns

+ χ(s)
∑

n≤t′

1
n1−s +O(|t|−σ/2)

i formulu Rimana–Zigel� (sr. (5))

eiϑ(t)ζ(1/2 + it) = Z(t)(9)

= 2
∑

n≤t′

1√
n

cos{ϑ(t)− t lnn}+O(t−1/4)
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= 2
∑

n<P0

1√
n

cos{ϑ(t)− t lnn}

+O(T−1/4) +O(HT−3/4),

gde t ∈ 〈T, T +H〉.
Z am eq a ni e 2. Sravnenie formul (4), (8) utoqn�et termin

«qast~ funkcii ζ(s)» i uslovie H ≤ √T v (6) sv�zano s formulo$i
(9).

2. Formuly dl� qaste$i funkcii ζ̃(s). Imeet mesto (sm. (2))

ζ1(s) = B1(s)eiψ1(s), B1(s) = |ζ1(s)| > 0, σ > 0,

gde

(10)

B1(s) =
∏

p≤P
|M1(p; s, β)|, ψ1(s) =

∑

p≤P
arg{M1(p; s, β)},

M1(p) =
1−Qβ+1

1

1−Q1
, Q1 = Q1(p, s) =

1
ps
, |Q1| = 1

pσ
< 1

i, analogiqnym obrazom,

ζ2(s) = B2(s)eiψ2(s), B2(s) > 0, σ < 1,

gde

(11)

B2(s) =
∏

p≤P
|M2(p)|, ψ2(s) =

∑

p≤P
arg{M2(p)},

M2(p) =
1−Qs+1

2

1−Q2
, Q2 =

1
p1−s , |Q2| = 1

p1−σ < 1.

Dalee (sm. [2], str. 81, 94, 383)

(12) χ(s) =
(
t

2π

)1/2−σ
e−i2ϑ(t)

{
1 +O

(
1
t

)}
,

t.e. χ(s) = |χ(s)|eiψ3(s), gde (T →∞)

(13)
|χ(s)| =

(
t

2π

)1/2−σ{
1 +O

(
1
t

)}
, |χ(s)| > 0, s ∈ D,

ψ3(s) = −2ϑ(t) +O(1/t).

Sledovatel~no (T →∞),

(14)
ζ̃(s) = B1(s)eiψ1(s) +B2(s)|χ(s)|eiψ4(s),

ψ4(s) = ψ2(s) + ψ3(s), s ∈ D ∩ {0 < σ < 1}.
Zam eq a ni e 3. Napomnim, qto formula (12) sv�zana s formu-

lo$i Stirlinga dl� lnΓ (z), z ∈ C, kotora�, v svo� oqered~, sv�zana
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s l�bo$i fiksirovanno$i poloso$i −K ≤ σ ≤ K (sm. [2], str. 81,
sr. (6)).

3. Lemmy dl� B1(s), B2(s). Pust~

(15) D1(∆) = {s : σ ∈ 〈1/2 +∆, 1−∆〉, t ∈ 〈T, T +H〉},
gde ∆ ∈ (0, 1/4). Spravedliva

LEMMA 1.

(16) exp
(
−A
∆
P 1/2−∆

)
< B1(s) < exp

(
A

∆
P 1/2−∆

)
,

dl� s ∈ D1(∆), T →∞.

Doka z a t e l ~ s t v o. Imeem (sm. (10))

|M1| =
∣∣∣∣1−

1
p(β+1)s

∣∣∣∣ ·
∣∣∣∣1−

1
ps

∣∣∣∣
−1

=
{

1 +
1

p2(β+1)σ
− 2 cos{(β + 1)ϕ}

p(β+1)σ

}1/2

·
{

1 +
1
p2σ −

2 cosϕ
pσ

}−1/2

= M11 ·M12; ϕ = t ln p.

Sledovatel~no (sm. (1)),

(17)
lnM11 =

1
2

ln
{

1 +O

(
1

pβ/2

)}
= O

(
1

pβ/2

)
,

M11 = exp
{
O

(
1

pβ/2

)}
,

ravnomerno otnositel~no ∆ ∈ (0, 1/4) i, poskol~ku

1/2 +∆ ≤ σ ≤ 1−∆, 1/p2σ ≤ 1/p1+2∆ < 1,

to

lnM12 = − 1
2

ln
(

1− 1
p2σ

)
− 1

2
ln
(

1− 2pσ

p2σ + 1
cosϕ

)

=
1
pσ

cosϕ+O

(
1
p2σ

)
,

M12 = exp
{

1
pσ

cosϕ+O

(
1
p2σ

)}
.

Sledovatel~no (sm. (10)),

(18) B1(s) = exp
{∑

p≤P

1
pσ

cosϕ+O

(∑

p≤P

1
p2σ

)}
, s ∈ D1(∆),
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ravnomerno otnositel~no ∆ ∈ (0, 1/4). Tak kak ∆ ≤ 1− σ ≤ 1/2−∆,
to ∣∣∣∣

∑

p≤P

1
pσ

cosϕ+O

(∑

p≤P

1
p2σ

)∣∣∣∣ < A
∑

p≤P

1
pσ

(19)

<
A

1− σP
1−σ <

A

∆
P 1/2−∆

i ots�da (sm. (18)) sleduet (16).
Spravedliva

LEMMA 2.

(20) exp(−AP 1−∆) < B2(s) < exp(AP 1−∆),

dl� s ∈ D1(∆), T →∞ pri uslovii

(21) ∆β > ω(T )

gde ω(T ) vozrastaet k ∞ pri T →∞.

Doka z a t e l ~ s t v o. Tak kak v silu (21) (sm. (11))

(1− σ)(β + 1) ≥ ∆(β + 1) > ω(T ),

to, polaga� 1− σ = σ poluqaem, analogiqno sluqa� (18), formulu

(22) B2(s) = exp
{∑

p≤P

1
pσ

cosϕ+O

(∑

p≤P

1
p2σ

)}
.

Tak kak (sm. (15), sr. (19); ∆ ≤ σ ≤ 1/2−∆)
∑

p≤P

1
pσ

+O

(∑

p≤P

1
p2σ

)
= O

(∑

p≤P

1
pσ

)

= O

(
P 1−σ

1− σ
)

= O

(
P σ

σ

)
= O(P 1−∆),

to iz (22) sleduet (20).

Z am eq a ni e 4. Ocenka (20) imeet mesto i v neskol~ko bolee
xiroko$i oblasti

D+
1 (∆) = {s : σ ∈ 〈1/2, 1−∆〉, t ∈ 〈T, T +H〉}.

4. Otsutstvie nule$i v pr�mougol~nike D1(∆0). Pre�de vsego
(sm. (13))

(23) |χ(s)| < A

P 2∆
0

, s ∈ D1(∆).
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Dalee (sm. (14), (16), (20)),

|ζ̃(s)| ≥ B1(s)− |χ(s)|B2(s)(24)

> exp
(
−A
∆
P 1/2−∆

)
− A

P 2∆
0

exp(AP 1−∆)

> exp
(
−A
∆
P 1/2−∆

)
− A

P 2∆
0

exp(AP )

=
{

1− A

P 2∆
0

exp
(
AP +

A

∆
P 1/2−∆

)}
exp

(
−A
∆
P 1/2−∆

)

>

{
1− A

P 2∆
0

exp
(

2A
∆
P

)}
exp

(
−A
∆
P 1/2−∆

)

=
{

1−A exp
(

2A
∆
P − 2∆ lnP0

)}
exp

(
−A
∆
P 1/2−∆

)
.

Tak kak

2∆ lnP0 − 2A
∆
P =

2 lnP0

∆

(
∆2 −A P

lnP0

)

to my polagaem (sm. (1))

(25) ∆0 = ∆0(ε, T ) =
(

2A
P

lnP0

)1/2

=

√
2A

(lnP0)ε/2
.

Poskol~ku (sm. (1), (21))

∆0β > A1(lnP0)ε/6 →∞, T →∞,
to uslovie (21) vypoln�ets�.

Teper~ iz (24) v silu (1), (25) poluqaem ocenku

|ζ̃(s)| > 1
2

exp
(
− A

∆0
P 1/2−∆0

)
> exp

(
− A

∆0
P 1/2

)

= exp
(
−
√
A

2
lnP0

)
, s ∈ D1(∆0), T →∞.

Sledovatel~no, imeet mesto

LEMMA 3.

|ζ̃(s)| > 1

e
√
A lnP0

, s ∈ D1(∆0), T →∞.
SLEDSTVIE 1.

(26) ζ̃(s) 6= 0, s ∈ D1(∆0), T →∞.

5. Otsutstvie nule$i v pr�mougol~nike D2(∆0). Pust~

D2(∆0) = {s : σ ∈ 〈1−∆0,K〉, t ∈ 〈T, T +H〉}.
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Otmetim, qto formula (18) spravedliva i dl� vseh σ ∈ 〈1−∆0,K〉
(sm. dokazatel~stvo lemmy 1). Tak kak v naxem sluqae (sr. (19))∣∣∣∣

∑

p≤P

1
pσ

cosϕ+O

(∑

p≤P

1
p2σ

)∣∣∣∣ < A
∑

p≤P

1
p1−∆0

<
A

∆0
P∆0 ,

to imeet mesto ocenka (sr. (16))

(27) exp
(
− A

∆0
P∆0

)
< B1(s) < exp

(
A

∆0
P∆0

)

dl� s ∈ D2(∆0), T →∞.
Dalee dl� ζ2(s) ispol~zuem predstavlenie (sm. (2))

ζ2(s) =
∑′

n<P0

1
n1−s .

Pre�de vsego (sm. (1), (25) i (2) – predstavlenie ζ2(s) proizvede-
niem),

∑′

n<P0

1 = (β + 1)π(P ) = exp{π(P ) ln(β + 1)}(28)

< exp
(
A(ε)

P

lnP
ln lnP0

)
= exp{A(ε)(lnP0)1−ε}

< exp(∆0 lnP0) = P∆0
0

(dl� π(x) ispol~zovana ocenka sverhu Qebyxeva). Dalee (sm. (1),
(13)),

|χ(s)| < A

P 2σ−1
0

, 1−∆0 ≤ σ ≤ K.
Teper~:

(A) v pr�mougol~nike D21(∆0) = D2(∆0)∩{1−∆0 ≤ σ ≤ 1} imeem
(sm. (2), (28); 1− 2∆0 ≤ 2σ − 1 ≤ 1)

ζ3(s) = ζ2(s)χ(s) = O

(
1

P 2σ−1
0

∑′

n<P0

1
n1−σ

)
= O

(
1

P 2σ−1
0

∑′

n<P0

1
)

(29)

= O

(
1

P 1−2∆0
0

P∆0
0

)
= O

(
1

P 1−3∆0
0

)
,

(V) v pr�mougol~nike D22(∆0) = D2(∆0) ∩ {1 < σ ≤ K} imeem

ζ3(s) = O

(
1

P 2σ−1
0

∑′

n<P0

1
n1−σ

)
= O

{
1
Pσ0

∑′

n<P0

(
n

P0

)σ−1}
(30)

= O

(
1
P σ0

∑′

n<P0

1
)

= O

(
1

P 1−∆0
0

)
.
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Sledovatel~no (sm. (29), (30)),

(31) ζ3(s) = O

(
1

P 1−3∆0
0

)
, s ∈ D2(∆0).

Tak kak (sm. (1), (25))

A

∆0
P∆0 =

A√
2A1

(lnP0)ε/2(lnP0)(1−ε)∆0 < (lnP0)2ε/3, T →∞,

to (sm. (14), (27), (31)) v D2(∆0) pri T →∞ poluqaem

|ζ̃(s)| ≥ B1(s)− |ζ3(s)| > exp
(
− A

∆0
P∆0

)
− A

P 1−3∆0
0

=
(

1− exp
{
A

∆0
P∆0 − (1− 3∆0) lnP0 + lnA

})
exp

(
− A

∆0
P∆0

)

>
1
2

exp{−(lnP0)2ε/3} > exp{−(lnP0)ε},
t.e. spravedliva

LEMMA 4.

|ζ̃(s)| > 1
e(lnP0)ε

, s ∈ D2(∆0), T →∞.

SLEDSTVIE 2.

(32) ζ̃(s) 6= 0, s ∈ D2(∆0), T →∞.

6. Lemma o raznosti logarifmov. Pust~

(33) D3(∆0) = {s : σ ∈ (1/2, 1/2 +∆0〉, t ∈ 〈T, T +H〉}
i σ = 1/2 + δ, δ ∈ (0,∆0〉. Spravedliva

LEMMA 5.

(34) lnB1(s)− lnB2(s) = O{δ(lnP0)(1−ε)/2}, s ∈ D3(∆0), T →∞.
Doka z a t e l ~ s t v o. V silu (10), (11) imeem

(35) lnB1(s)− lnB2(s) = Y1 + Y2,

gde (|z| = |z|)

Y1 =
∑

p≤P

{
ln
∣∣∣∣1−

p−i(β+1)t

p(β+1)(1/2+δ)

∣∣∣∣− ln
∣∣∣∣1−

p−i(β+1)t

p(β+1)(1/2−δ)

∣∣∣∣
}
,

Y2 =
∑

p≤P

{
ln
∣∣∣∣1−

pit

p1/2−δ

∣∣∣∣− ln
∣∣∣∣1−

pit

p1/2+δ

∣∣∣∣
}
.
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Pust~

x =
1
pσ
, x ∈

〈
p−δ√
p
,
pδ√
p

〉
.

Oqevidno (sm. (1), (25)), qto

δ ln p = O(∆0 lnP ) = O

{
ln lnP0

(lnP0)ε/2

}
→ 0, T →∞,

pδ − p−δ√
p

= O

(
δ

ln p√
p

)
.

Togda, po teoreme o srednem,

ln
∣∣∣∣1−

p−i(β+1)t

p(β+1)(1/2+δ)

∣∣∣∣− ln
∣∣∣∣1−

p−i(β+1)t

p(β+1)(1/2−δ)

∣∣∣∣

=
p−δ − pδ√

p
· d
dx
{ln |1− xβ+1p−i(β+1)t|}|x=x1 ,

x1 =
1
pσ1

, σ1 ∈ (1/2− δ, 1/2 + δ).

Tak kak (ϕ = t ln p)

ln |1− xβ+1p−i(β+1)t| = 1
2

ln(1 + x2β+2 − 2xβ+1 cos{(β + 1)ϕ}),
to (sm. (1))

d

dx
ln | . . . | = 1

2
· (2β + 2)x2β+1 − 2(β + 1)xβ cos{(β + 1)ϕ}

1 + x2β+2 − 2xβ+1 cos{(β + 1)ϕ}
= O

(
β

pσβ

)
= O

(
β

pβ/2−δ/2

)
= O

(
β

pβ/2

)
.

Sledovatel~no,

(36) Y1 = O

(
δ
∑

p≤P

β

pβ/3
· ln p√

p

)
= O

(
δ
β

2β/6
∑

p≤P

1
pβ/6

)
= O(δ).

V sluqae Y2 analogiqnym obrazom poluqaem

ln
∣∣∣∣1−

pit

p1/2−δ

∣∣∣∣− ln
∣∣∣∣1−

pit

p1/2+δ

∣∣∣∣

=
p−δ − pδ

2
√
p
· d
dx

ln(1 + x2 − 2x cosϕ)|x=x2 ,

gde
d

dx
ln(. . .) =

2x− 2 cosϕ
1 + x2 − 2x cosϕ

= O(1),

tak kak

1 + x2 − 2x cosϕ ≥ (1− x)2 > (1− 2−1/2+δ)2 > (1− 2−1/3)2 > 0.
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Sledovatel~no (sm. (1)),

(37) Y2 = O

(
δ
∑

p≤P

ln p√
p

)
= O(δ

√
P ) = O{δ(lnP0)(1−ε)/2}

(ispol~zovano preobrazovanie Abel�, sr. [1], (31), (33)). Teper~ iz
(35) v silu (36), (37) sleduet (34).

7. Bolee toqnoe vyra�enie dl� ln |χ(s)|. Spravedliva
LEMMA 6.

(38) ln |χ(s)| = −(σ − 1/2) ln
t

2π
+O

(
2σ − 1
t

)
, s ∈ D3(∆0), T →∞.

Doka z a t e l ~ s t v o. Tak kak (sm. (3))

|χ(s)| = πσ−1/2

∣∣∣∣∣∣∣∣

Γ

(
1− σ

2
− i t

2

)

Γ

(
σ

2
+ i

t

2

)

∣∣∣∣∣∣∣∣
= πσ−1/2G1(σ, t),

gde G1(σ, t) > 0, s ∈ D3(∆0), T →∞, to

(39) ln |χ(s)| = (σ − 1/2) lnπ + lnG1(σ, t) = (σ − 1/2) lnπ +G2(σ, t)

i G2(σ, t) – analitiqeska� funkci� de$istvitel~no$i peremenno$i σ
dl� l�bogo fiksirovannogo t pri s ∈ D3(∆0), T →∞. Poskol~ku

|χ(1/2 + it)| = 1,

to G2(1/2, t) = 0 i

G2(σ, t) = (σ − 1/2)G3(σ, t).

Teper~ (sm. (39))

(40) ln |χ(s)| = (σ − 1/2){π +G3(σ, t)}, s ∈ D3(∆0), T →∞.
V sluqae (12) imeem

(41) ln |χ(s)| = −(σ − 1/2) ln
t

2π
+G4(σ, t), G4(σ, t) = O(1/t),

pri uslovi�h formuly (40), gde G4(σ, t) – analitiqeska� funkci�
de$istvitel~no$i peremenno$i σ. Tak kak, v silu (40), (41), G4(1/2, t)
= 0, to

(42) G4(σ, t) = (σ − 1/2)G5(σ, t).

Odnako, dl� s ∈ D3(∆0), T → ∞, v silu (42), funkcii G4(σ, t),
G5(σ, t) – odinakovogo por�dka v peremenno$i t. Tak kak (sm. (41))
G4(σ, t) = O(1/t), to i

(43) G5(σ, t) = O(1/t).
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Teper~ iz (41) v silu (42), (43) sleduet (38).

Z am eq a ni e 5. Koneqno, sootnoxenie (38) mo�no poluqit~ i
pr�mo (neskol~ko kropotlivymi vyqisleni�mi).

8. Zaverxenie dokazatel~stva teoremy. Rassmotrim funkci�

lnΛ(s) = lnB1(s)− lnB2(s)− ln |χ(s)|,
dl� s ∈ D3(∆0), T →∞. Poskol~ku (sm. (1), (38), σ = 1/2 + δ)

ln |χ(s)| = −δ ln
t

2π
+O

(
δ

t

)
(44)

= −2δ lnP0 +O

(
δH

T

)
+O

(
δ

T

)
,

to v silu (6), (34), (44) poluqaem

lnΛ(s) = 2δ lnP0 +O{δ(lnP0)(1−ε)/2}+O

(
δ√
T

)
(45)

= δ

(
2 lnP0 +O{(lnP0)(1−ε)/2}+O

(
1√
T

))

> δ lnP0 > 0.

Sledovatel~no,

Λ(s) > 1, s ∈ D3(∆0), T →∞
i (sm. (14))

|ζ̃(s)| ≥ B1(s)− |χ(s)|B2(s) = |χ(s)|B2(s)
(

B1(s)
|χ(s)|B2(s)

− 1
)

(46)

= |χ(s)|B2(s)(Λ(s)− 1) > 0, s ∈ D3(∆0), T →∞
(napomnim, qto po zameqani� 4, B2(s) > 0, s ∈ D3(∆0), T → ∞).
Teper~, v silu (26), (32), (46) i zameqani� 1 poluqaem (7).

V sv�zi s dokazatel~stvom teoremy my ewe poluqim ocenku
snizu dl� ζ̃(s) v D3(∆0). Spravedliva

LEMMA 7.

(47) |ζ̃(s)| > 1
P0

sh
(
δ

2
lnP0

)
, s ∈ D3(∆0), T →∞,

gde δ ∈ (0,∆0).

Doka z a t e l ~ s t v o. Tak kak (sm. (1), (20), zameqanie 4 i (33))

B2(s) > exp(−AP 1−∆0) > exp(−AP ) = exp{−A(lnP0)1−ε}
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i (sm. (44), (45))

|χ(s)| > P
−(2+ε)δ
0 , Λ(s) > P δ0 ,

to (sm. (46))

|ζ̃(s)| > exp{−A(lnP0)1−ε}
P

(2+ε)δ
0

(P δ0 − 1)

> 2
exp{−A(lnP0)1−ε}

P
(3/2+ε)∆0
0

· sh
(
δ

2
lnP0

)
>

1
P0

sh
(
δ

2
lnP0

)
,

t.e. (47).

9. Zameqani� o funkci�h π(x), R(x). Pust~

D(∆0) = D(∆0, T,H,K) = {s : σ ∈ 〈1/2 +∆0,K〉, t ∈ 〈T, T +H〉},
∆0 = A/(lnP0)ε/2.

Mo�no dokazat~, qto imeet mesto

FORMULA 1.

ln ζ̃(s) = s

P\
2

π(x)
x(xs − 1)

dx− π(P ) ln
(

1− 1
P s

)
+O(e−Aβ),

s ∈ D(∆0), T →∞,
gde O(e−Aβ) – ocenka veliqiny

∑

p≤P
ln
(

1− 1
ps(β+1)

)
+ ln

(
1 +

χ(s)ζ2(s)
ζ1(s)

)
= Ω1(s;P, β)

v ukazanno$i oblasti.
Tak kak

π(x) =
x\
2

du

lnu
+R(x) = U(x) +R(x),

to iz formuly 1 poluqaets�

FORMULA 2.

ln ζ̃(s) = s

P\
2

R(x)
x(xs − 1)

dx−R(P ) ln
(

1− 1
P s

)
+O(e−Aβ),

s ∈ D(∆0), T →∞,
gde O(e−Aβ) – ocenka veliqiny

Ω1(s;P, β) +Ω2(s;P )
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i

Ω2(s) = − s
P\
2

( x\
2

dv

v(vs − 1)

)
dx

lnx
− U(P ) ln

(
1− 1

2s

)

=
∞∑
n=0

1
n+ 1

P\
2

dx

x(n+1)s · lnx

= O

(√
lnT
T

)

v ukazanno$i oblasti.
Itak, slo�ilas~ sledu�wa� obstanovka. Funkci� π(x), x ∈

〈2, P 〉, �vl�ets� rexeniem integral~nogo uravneni� (pri l�bom fi-
ksirovannom s ∈ D(∆0))

(48) ln ζ̃(s) = s

P\
2

Φ(x)
x(xs − 1)

dx− Φ(P ) ln
(

1− 1
P s

)
+Ω1(s)

i R(x), x ∈ 〈2, P 〉 – rexeniem vozmuwennogo integral~nogo uravne-
ni�

(49) ln ζ̃(s) = s

P\
2

Φ(x)
x(xs − 1)

dx− Φ(P ) ln
(

1− 1
P s

)
+Ω1(s) +Ω2(s).

Zam eq a ni e 6. Tot fakt, qto funkcii π(x), R(x) udovletvor��t
blizkim integral~nym uravneni�m (48), (49) (oqen~ maloe vozmuwe-
nie perevodit odno iz nih v drugoe) sootvetstvenno, �vl�ets� so-
verxenno novym faktom, kotory$i ne imeet analoga v teorii fun-
kci$i π(x), R(x) osnovanno$i na dzeta-funkcii Rimana.

Napomnim, qto funkcii π(x), R(x) vedut seb� kaqestvenno raz-
liqnym obrazom: π(x) ∼ x/ lnx, x → ∞, a R(x) pri x → ∞ besqi-
slennoe qislo raz men�et znak (Littlvud, 1914 g.), pri �tom, am-
plituda oscill�ci$i R(x) neograniqenno vozrastaet pri x→∞.

Vero�tno za �tim povedeniem funkci$i π(x), R(x) pri x → ∞
kroets� (sr. Zameqanie 6) nekotora� forma neusto$iqivosti soot-
vetstvu�wih rexeni$i integral~nyh uravneni$i (48), (49).
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