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A stationary phase formula for exponential sums
over 7Z/p™Z and applications to GL(3)-Kloosterman sums

by

RomMuALD DABROWSKI and BENJI FISHER (New York, N.Y.)

0. Introduction. One reason for studying the classical Kloosterman
sums

(0.1) S(a,b;c) = Z e2milaztby)/c
zy=1 (mod c)

is that they can be used to express the Fourier coefficients of the Poincaré
series for the group GL(2, Q). As Kloosterman [KIl] pointed out, estimates of
the Kloosterman sums lead to bounds for the Fourier coefficients of modular
forms (see also Selberg [Se]). To estimate S(a,b;c) one easily reduces to
the case ¢ = p™ and ptab, with p prime. Salié [Sa] explicitly calculated
S(a,b;p™) when m > 1 and Weil [W1] proved that [S(a,b;p)| < 2,/p as a
consequence of his proof of the Riemann hypothesis for curves.

Thanks to Deligne [D], we now have efficient techniques for estimating
exponential sums such as S(a, b; p). Paradoxically, the simpler case of expo-
nential sums over Z/p™Z with m > 1 is in some ways less well understood.
Smith and Loxton [Sml, Sm2, Lo-Sml] generalized Salié’s methods and
Katz [K1] interpreted such results as a stationary phase formula. We take
Katz’s point of view, proving and generalizing his statement in Section 1.
Our statement is very convenient for applications, and in many cases it gives
sharper bounds than those of Smith and Loxton. We give several examples
to illustrate the use of our theorem.

The theory of Poincaré series for GL(3,Q) was developed by Bump,
Friedberg, and Goldfeld [B-F-G] and extended to GL(N, Q) independently
by Friedberg [F] and Stevens [S]. The Fourier coefficients of these Poincaré
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2 R. Dabrowski and B. Fisher

series can be expressed in terms of certain exponential sums, which are there-
fore called GL(N, Q)-Kloosterman sums. Following [S], we will denote these
sums Kl(wt, 1, 1"), where w is in the Weyl group of G, t is a diagonal matrix,
and 1, 1" are characters of the group U(Q) of unipotent upper triangular
matrices, trivial on U(Z). The GL(N, Q)-Kloosterman sum is a product of
local GL(N, Q,)-Kloosterman sums Kl,(wt, 1,v"); we will usually omit the
subscript p.

Fix N = 3 and let wg be the long element of the Weyl group. For w # wy,
sharp bounds for Kl(wt,v,1’) are given in [B-F-G] and [L]. For w = wy,
the bound

IK1(wot, 1, ") < Cypyr (1 + 1) (s + 1)plrretmin{rsh)/2.
(0.2) P

for the local Kloosterman sum is given in [S, Theorem 5.1]. In Section 2
we find a fairly explicit expression for these long-element Kloosterman sums
and in Section 3 we improve the bound (0.2).

A more detailed description of our results follows.

Stationary phase. Following Katz [K1], we describe our results in the
language of schemes. While we have tried to present the material in a way
that will be comprehensible even to those unfamiliar with this language, we
fear that the language (and the level of generality) may obscure the fact that
we have made one or two substantial improvements over previous results.
We will therefore consider first the simplest case in which our improvements
come into play.

Let f be a polynomial with coefficients in Z, (or Z or Z/p™Z) and
consider the exponential sum

pm
So(f) = Z e2mif (z)/p™ — Z e2mif(x)/p™
r=1

TEL/P™T

The basic idea, which goes back at least to Salié [Sal, is to use the Taylor
expansion

Fla+p"y) = f2) +p" 7 f @)y + 502D @)y +
If 2(m — j) > m (and p is odd) it follows that
. 1 2mi f (x4 m—j )/p™
Sm(f) =5 2. D e

xc€Z/p™L yEL/PIL

. m 1 ;! j

o 2mif(x)/ . 2mif’(z)y/p’

= E e P - E e e
z€Z/p™7Z YEL/PIZ
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The inner sum vanishes unless f/'(x) =0 (mod p’), leading to

Sm(f) = Z 2mif (@)/p"™
x€Z/p™Z, f'(x)=0 (mod p7)
which we interpret as a sum over the approximate critical points of f.

In the simplest case, f”(x) is a unit for every approximate critical point x
of f and there are one-to-one correspondences D(F,) = D(Z/p'Z) =
D(Z,), where we let D(A) := {x € A : f'(z) = 0} be the set of critical
points in A. In particular, the number of critical points is at most the de-
gree of f’. Following Katz, we focus on the p-adic critical points and rewrite

the above equation as

S (f) = Z Z e2mif (z+p’y) /p™
z€D(Zyp) yeL/p™~IL
Taking one more term in the Taylor expansion, one identifies the inner
sum as a power of p times a Gauss sum times e2™*f(#)/P™ the value of
the exponential at the exact (p-adic) critical point.

Our main new idea is what to do when f”(z) is not a unit for some ap-
proximate critical point z. Katz does not deal with this point; Smith [Sm2]
and Loxton—-Smith [Lo-Sm1] introduce some new ideas to estimate the num-
ber of approximate critical points; and for each such point they estimate the
local term (a Gauss sum). We assume that j is sufficiently large, then ap-
ply Hensel’s Lemma to lift the approximate critical points to exact ones.
More precisely, assume that f”(z) = p/(unit), where x € D(Z/p’Z) and
Jj > 2h + 1. Then there is a unique exact critical point ¢ € D(Z,) such
that z = zo (mod p?~"). Now we group together all the terms coming from
x' € D(Z/p’Z) that correspond to the same z¢ € D(Z,), to get one local
term for xq. This allows for further cancellation; since our local term is still
a Gauss sum, we are able to realize this possibility. This is why we get better
bounds, when j is sufficiently large, than those of Loxton—Smith. Our main
result is unfortunately complicated since we need to allow the possibility of
a different value of h for each approximate critical point (and it is certainly
not sufficient to consider the value of f”(x) for the exact critical points)
but the examples show that this is rarely a problem.

When everything is worked through, we find that (with notation as
above, and still assuming p # 2) our method works if m > 3h + 2. In
order to get this same result when dealing with sums in several variables,
we need a slight improvement (our Lemma 1.20) on the usual n-dimensional
version of Hensel’s Lemma (e.g., the one in Bourbaki [B, Chapter III, § 4.5,
Theorem 2]): basically, looking at the Jacobian determinant is too sloppy.
Although we only state this lemma for Z,, it clearly holds more generally (*).

(*) One of us has worked out a more general version in [Fi].
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Finally, let us say where we still fall short of previous results. Loxton
and Smith have reasonable results for all values of m, whereas our method
works only for m sufficiently large. They also have results [Lo-Sm2] (only
for one-variable sums, as considered above) when there is a multiple root of
the derivative: that is, f”(z¢) = 0 for some exact critical point zo € D(Z,).

Let us now state our results in more generality.

Let V' be a smooth, n-dimensional variety over Z, and f a regular func-
tion on V. If the Hessian determinant of f is a unit at every critical point
of f (mod p) then, for all m > 1,

(0.3) S =S8V, f)= Z e2mif(=)/p™
€V (Z/p™Z)

can be expressed as a sum, over the critical points z of f, of pn™/2¢2mif(x)/p™
times a root of unity; this is the statement in [K1]. This is closely analogous
to the classical stationary phase formula for estimating oscillatory integrals:
we can think of S as p™ times fV(ZP) 2™t (@) dy with t = 1/p™; then m > 1
means that ¢ is large (p-adically).

We have generalized Katz’s statement by weakening the hypothesis that
the Hessian determinant of f be a unit: we assume only that it is non-zero
at every (approximate) critical point of f. (In fancy language, Katz assumes
that the locus of critical points of f is étale over Z,; we assume that it is
étale over Qp.) In [Lo-Sm1] the hypotheses are similar to ours, but only the
case of affine space (V' = A") is considered. If the Hessian determinant is not
a unit then [Lo-Sml]| gives bounds on |S| for all m > 1; our result applies
only for m sufficiently large, but then it leads to sharper bounds. Our main
result is

THEOREM 0.1. Let S be defined by (0.3). For sufficiently large m,
S = prm/2 Z 2@ QL (H,),
2€D(Zyp)
where D is the scheme of critical points of f, H, is the Hessian matriz of f

at z, and G, (Hy) is the normalized Gauss sum defined in Definition 1.2.

The hypotheses are stated precisely in Theorem 1.8.

By way of example, we apply our results to Gauss sums, Kloosterman
sums (recovering the results of [Sa]), and the n-variable Kloosterman sums
considered in [Sm1] and (later) in [L] (for n = 3) and [F].

GL(3)-Kloosterman sums. In Section 2 we evaluate the GL(3)-Klooster-
man sum Kl(wgt, 1, 1)’), for the long element

1
Wy = -1
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of the Weyl group,

p° 1 > =z
t — prfs 1/} 1 y — 6271'1‘(1/1:t—|—112y)7
1

and
1 = =z

1 y|= 62ﬂi(uiz+uéy).

1

For simplicity, we will assume here that vy, g, 1], and v are units in Z,.
Our first result, Theorem 2.4, is a slightly more explicit formula than what
is given in [S]. Our formula involves classical Kloosterman sums, as in (0.1),
and sums of products of Kloosterman sums, similar to (0.4) below.

The Kloosterman sum Kl(wgt, 1, 1’) is defined as the sum of ¥ (u)y’ (u')
over pairs u € U(Z,)\U(Q,), v' € U(Q,)/U(Z,) such that

wwot! € X (wot) = U(Z,)\U(Qp)wotlU (Q,) N GL(3,Z,) /U (Z,).

In order to calculate Kl(wgt,1,v"), one first breaks up X (wot) into smooth
strata. We use the same stratification as Stevens, but we associate each
stratum with one of the cells of the Iwahori decomposition of GL(3,%Z,). We
hope that this approach will be helpful in the case of other reductive groups.

The rest of Section 2 is an elaborate bookkeeping exercise (one that
would be greatly simplified if we assumed in Section 2, as we do here, that
v1, V2, v}, and v are units). We express our results in terms of the sum of
products

(0.4) P(v;Z/p"Z) = > S(1,z;p")S(1,7(2); p°),
z€(Z/p"Z)*
p)[ (az+b)(cz+d)

¢/

where v(z) = (ax + b)/(cx + d) is a linear fractional transformation with
a,b,c,d € Z, and v,(ad — bc) = s —r. A simplified version of Theorem 2.11
is

THEOREM 0.2. Assume that s > r > 2 and let

o = vou] 0
m pr72m —psirl/ll/é .
If r=s then

1
Kl(wot, 1, 9") = p" [p +1+ > p " Plymi Z/p’”Z)] :

1<m<r/2

If r < s then the Kloosterman sum vanishes if r is odd; if r is even then
Kl(wot, 1, 9') = "> P(7,/2: Z/p" ).
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In Section 3 we analyze the sums P(v;Z/p™Z). Using the stationary
phase results of Section 1 and the l-adic techniques developed by Deligne
and Katz [D, K2, K3|, we estimate these sums in most cases. (We do not
deal with v = (2 %) if v,(b/3) = v,(c) < m.) Our results show that almost
all of the terms of the sum in Theorem 0.2 telescope or vanish. A simplified
version of Theorem 3.7 is

THEOREM 0.3. Assume that p > 3 and s > r > 2; let v, be as in
Theorem 0.2 and let € = v,(v1vh + vor). If r = s then

Kl(wot, ¥,') = p"[ Y. p7" PO Z/p"2) + T,

meM
where
_fr+1l r—er r+1r _JO ir>3e+2,
M_{ 3 72,2}“2“[3’2]’ ‘{pW?’J ifr<3c+2,

and |x| denotes the greatest integer in x. As r — oo, |Kl(wgt,9,9")| =
O(p°/*) unless vy +var) =0 (or e = 00), in which case |Kl(wot,,V")| =
O(p*/3). If r < s then |Kl(wot,v,¢")| < 6pBrt2)/4 if 1 is even; if r is
odd then the Kloosterman sum vanishes.

As promised, this represents an improvement over (0.2). There is little
room left for cancellation, so our bounds should be sharp (with the exception
of the constant O(1) in Theorem 3.7 when p = 2 or 3).

Open problems. Our work suggests the following problems; the third
seems fairly manageable.

1. Globalize the explicit formulae for the GL(3,Q))-Kloosterman sums
to obtain formulae for GL(3,Q)-Kloosterman sums. Stevens notes in [S]
that improved estimates for Kl(wot,1,") will not yield a larger region of
convergence of the Kloosterman zeta function. It is possible, however, that
our fairly explicit formulae will be useful in the study of the zeta function.

2. Describe a smooth stratification of Kloosterman sets in the case of
GL(N,Qp), N > 3 (more generally, in the case of an arbitrary algebraic
reductive group over a local field). We hope that a refinement of our method
of breaking up the Kloosterman sets according to the Iwahori decomposition
will yield such a stratification (2).

3. Extend Deligne’s theory of exponential sums over F, to handle sums
over Z/p™Z by using Witt vectors to replace n-dimensional varieties over
Z/p™Z with nm-dimensional varieties over [F,,. Prove a stationary phase
theorem in this context. This should lead to a uniform method for estimating
the sums P(v;Z/p™Z); in this paper, we use different methods, depending
on v and m.

(%) Some work along these lines has already been completed: see [D-R].



Stationary phase and GL(3)-Kloosterman sums 7

4. Use the ideas described above to remove the hypothesis that the
scheme of critical points be generically étale, leading to a generalization
of the work of Smith, Loxton, and Vaughan [Lo-Sm2, Lo-V] on one-variable
sums (the case V = Al).

1. Stationary phase method for p-adic integrals. In this section, we
discuss a p-adic analogue of the classical stationary phase method (see, e.g.,
[H, Section 7.7]) for finding asymptotics of integrals of the form
fqb(m)ezmtf(x)d:p as t — oo. This analogue turns out to be very handy
for estimating exponential sums over Z/p™Z when m > 1. (When m = 1,
one uses Deligne’s theory [D].) We have tried to present this material in a
way that will be easy to use and we give several explicit examples.

NOTATION 1.1. We will use the following notation throughout this sec-
tion: p is a prime, v, is the valuation on the field Q, of p-adic numbers,
V is a smooth scheme of dimension n > 1 over Z,, f : V — Al = A%p
is a Zy-morphism, and D C V is the scheme of critical points of f. (Since
we are familiar with it, we use the language of schemes. It should not be
hard to translate into other languages—see the Explicitation subsection.)
Let H, = H, ¢ denote the Hessian matrix of f at = (cf. the Explicitation
subsection) and let H,(z) denote the quadratic form H,(z) = ‘2H,z. We
let m be an integer greater than 1 and let

(1.1) S=Smvy= S @
z€V(Z/p™Z)

so that fV(Z ) e2mif(@)/P™ dr can be interpreted as p~™™S.
P

Statements. Before stating any version of the stationary phase formula,
we will discuss the Gauss sums that occur. For the usefulness of our nor-
malization, see both Proposition 1.3 below and (for the case n = 1) Exam-
ple 1.13. We will use the Gauss sum Gj(A;v) only when v =0 or h = 1.

DEFINITION 1.2. Let A be a symmetric, n X n matrix with entries in Z,
and let v € Zy. For h > 1, we define the normalized, n-dimensional Gauss
sum associated with A and v to be

Gh (147 U) _ p—nh/2 Z eﬂi(twAw)/ph e27riv~z/ph;
(1.2) ©€(Z/ph L)
Gn(A) = Gn(4;0);
with the convention that mi(*zAz)/p" means 2ri(*z - 1 A-x)/p" if p is odd;

and if p = 2 then it means 27i(*zAx)/p" ' —note that, since A is symmetric,
tx Az makes sense as an element of Z /217 if x € Z/2"Z.
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PROPOSITION 1.3. Let A be as above.

(a) Assume that det A # 0 and that h is large enough that A’ = ph A~1
has entries in Z,. If p = 2, also assume that the diagonal entries of A’ are
even. Then G, (A) is pU»(dt /2 times a fourth root of unity (unless p = 2,
in which case it may be an eighth root of unity). This root of unity depends
only on whether h is even or odd; that is, G (A) = Gpy2(A).

(b) If v = Au then Gr(A;v) = e‘”t“A“/thh(A). If p is odd then
Gr(A,v) # 0 if and only if v = Au for some u.

(c) Let r denote the rank of A, thought of as a linear transformation on
. Either G1(A,v) =0 or it is p("=")/2 times a root of unity as in (a).

Proof. (a) Think of (Z/p"Z)™ as Z'/p"Z? and note that, for any y €

n — h : n n _
A'Zy, we have *(z 4+ y)A(z +y) = *zAz (mod 2p"). Since A'Zy D A'AZy =
phZ;} with index pv»(d¢t4) we find

pnh/2Gh(A) — Z eﬂ'i(thz)/ph — pvp(det A) Z ewit:t(pth)m'
x€Zy [ph Ly z€Zy JA'LY

Note that Z; and A'Zy; are duals with respect to the inner product on Qy
defined by (z,y) = ‘z(p~"A)y, that (z,z) is even for all z € A'Z!, and
that |Z7/A'Z| = pUedet AY) = prh—vp(det ) Thyg the last sum above is
pUr(det AN/2 times Weil’s invariant v, (p~"A) of the form (,). (Cf. [W2] or

[M-H, Appendix 4], for example.) Checking the powers of p, one finds that
(1.3) Gp(A) = prrldet A)/Q’yp(pth).

Since v, gives a homomorphism from the Witt group W (Q,) to C* and
W (Q,)| = 4 (except that |[W(Q2)| = 8), 7,(p~"A) is a root of unity, as
stated. For any P € GL,(Q,), 7 (4) = v,(*PAP); thus v,(A4) = v,(p*A)
(taking P = pI,,) and so 7,(p~"A) depends only on the parity of h.

(b) Replacing = by x + y in (1.2), one obtains

Gi(A;v) = emvAv/P" 2mivulp G (A 4 Ay).

If v = Au then, taking y = —u, we get the desired formula. Now assume that
pisodd. If Gy (A;v) # 0 and Ay = 0 € (Z/p"Z)" then v-y = 0 € (Z/p"Z)".
Now the trick is to diagonalize A as a linear transformation: by the theory
of elementary divisors, we can find invertible matrices P and ) with entries
in Z, such that P71AQ is diagonal. If P71 AQy = 0 then AQy = 0, so
tvQy = v - Qy = 0; it follows that ‘vQ = *ugP~1AQ, whence v = Au with
U = tP_l’U,O.

(c) We will defer this proof until after Remark 1.14. (There is no circu-
larity: Example 1.13 and Remark 1.14 rely on Theorem 1.8(b), which uses
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only part (a) of this proposition.) Unfortunately, we cannot simply quote
[Lo-Sm1] because their result is incorrect when p =2. m

Note that the condition that p" A~! have entries in Z,, is equivalent to
each of the following: there is an A’ with entries in Z,, such that A’A = p/[,,;
AZy 2 pth; p™ kills Zy | AZy . These conditions all make sense if we replace
Z, with Z/pNZ with N > h. Furthermore, h > v,(det A) is good enough,
by Cramer’s rule. For a direct calculation of the Gauss sum G} (A), see
Remark 1.14.

In [K1, p. 110], Katz states the following theorem, without proof:

THEOREM 1.4. Suppose that f is a “Morse function”: that is, assume
that the scheme D of critical points of f inV is finite étale over Z,. Then
S =0 if D(Z,) is empty. In general,

(1.4) S=pm/2 N @G (H,)
z€D(Zy)
and
1 if m is even,
(15)  Gm(Hz) =} Gi(H,) = pnl/z > e AP i m s odd.
ze(Fp)m

Remarks 1.5. (1) Since G,,(H,) is a root of 1, |S| < |D(Z,)|p"™/?.

(2) If D is not étale then it is still closed in V. We can apply the first part
of the theorem to V' =V — D and conclude that the sum over V(Z/p™Z) is
the same as the sum over V(Z/p™Z) \ V'(Z/p™Z). This is not the same as
the sum over D(Z/p™Z). Consider, for example, V = G,,, = Spec Z,|[t, ¢t~ ]
and f(t) =t+t~'. Then D = SpecZy[t,t~*]/(1 —t2) (which is not étale if
p=2) and V' = SpecZ,|t, 1/t(t* — 1)]. Therefore V(Z/p™Z) = (Z/p™Z)*
and V(Z/pmZ) ={x € Z/p"Z : © # 0,1,—1 (mod p)}; and D(Z/p™Z) =
{1,-1} if pis odd, D(Z/p™Z) = {1,1 +p™ L, -1, -1 +p" 1} if p=2.

(3) Katz interprets S as p"™ times the integral fv(zp) 2™ iF @) /P dy. but
our interest is in the sum itself. Katz states the theorem for a slightly more
general integrand: e2™/(®) with ¢ € Q, and v,(t) = —m. Since we are
not interested in the variation with ¢, we absorb it into the function f:
tf(z) = (p"t)f(x)/p™ and, since p™t € Z,, the new function (p™t)f is still
defined over Z,.

(4) We will prove the finer version of stationary phase given below. (The
case j = 1 of Theorem 1.8(a) follows from Katz’s version, cf. (2) above, as
does the case h = 0, k = 1 of Theorem 1.8(b).) Note that Corollary 1.10 can
be interpreted as a stationary phase formula for fV(Zp) P(z)e?™ F@)/P™ dg,

where ¢ : V(Z,) — C is any locally constant function. (Presumably, the
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stationary phase formula still holds for fV(Q ) B (x)e2™@)/P™ dg where ¢
V(Qp) — C is locally constant and compactly supported.)

DEFINITION 1.6. Let x € D(Z/p*Z). We will say that x is an h-étale
critical point of f if h < k and H, divides p"I,; that is, if there is a matrix
H' (with entries in Z/p*Z or in Z,) such that H'H, = p"I,. If p = 2 and
one can take H' with even diagonal entries then we will say that x is strictly
h-étale.

Remarks 1.7. (1) If z is a 0-étale critical point of f then the Hessian
matrix is invertible at z, and so z is an étale point of the scheme D of
critical points of f. (Cf. the Explicitation subsection, below.) Thus h-étale
is a weakening of étale.

(2) By Cramer’s rule, H, divides p"I,, with v = v,(det H;).

(3) Assume that z € D(Z/p*Z) is h-étale. Then x is also h'-étale if
h<h<kjandifk <k andy € D(Z/pk/Z) reduces to x then y is h-étale.
If p=2and h+ 1 < k then z is strictly (h + 1)-étale.

THEOREM 1.8. Let m and j be positive integers, with 7 < m. Let S
be as in (1.1) and, for T € V(Z/p'Z), let Sz represents the sum over all
x € V(Z/p™Z) that reduce to T, so that S =) —Sz.

(a) If 25 < m then Sz = 0 unless T € D(Z/p’Z). Now let m = 2j or
2j +1 and let x € V(Z/p™Z) map to T € D(Z/p’Z). If m = 2j then

SE — pnm/2627rif(m)/pm‘
If m =25+ 1 then
Sz = p" 2T WP Gy (H,, p grad f(x)).
In particular, if we let s denote the mazimum value of n — ranky, Hz for
7 € D(Z/PZ) then |S| < |D(Z/p Z.)|pmm+s)/2,

(b) Assume there are positive integers h and k, with h < k, such that
every T € D(Z/p*7Z) is an h-étale critical point of f; if p =2 and m — h
s even then also assume that all such T are strictly h-étale. If m > 3h + 2
and m > 2k then
(1.6) S= > S5 Sy=pmlmIOTG (H,),

z€D(Zp)
where T denotes the image of x € D(Z,) in D(Z/pZ), with j = | (m—h)/2].
In particular, if we let s denote the mazimum value of vy(det Hy) for x €

D(Z,) (so that s < nh) then |S| < |D(Z,)|p"m+5)/2,

Remarks 1.9. (1) Examples 1.15 and 1.16 show that the bounds on m
are sometimes necessary, at least when h = 1.
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(2) It seems to us that most of the power of the stationary phase method
is in Theorem 1.8(a) (which follows from the fact that the sum of a non-
trivial character over a finite group vanishes). For example, it leads to the
bound |S| < |D(Z/p?Z)|p™*(™~7). If D is étale then this is the “right” bound
when m = 2j and it is close when m = 25 + 1.

(3) The main disadvantage of Theorem 1.8(a) is that it is hard to es-
timate the number of points in D(Z/p’Z); this is done (in the case V =
A™) in [Lo-Sml]. There may also be cancellation among the terms Sz for
7 € D(Z/p’Z); this is why part (b) leads to sharper bounds. In some cases,
such as Example 1.17, there is enough control over the critical points to get
reasonably good bounds from part (a).

COROLLARY 1.10. Keep the notations of Theorem 1.8(b) and let ¢ :
V(Z/pZ) — C be any function; also let ¢ denote the compositions
V(Z/p™Z) — V(Z/p°Z) — C and D(Z,) — V(Z/p’Z) — C (by abuse
of notation). Let

S(@) = Y Pla)lTIER

€V (Z/p™Z)
Then
S(@)=p" > G(a)er DG (H,).

x€D(Zyp)

Ezxplicitation. First, let us reassure those who are unfamiliar with the
language of schemes that the notation V(Z,), where V' C A™ is the scheme
defined by equations f; = 0, denotes the set of solutions = € Zj to f;(z) = 0.
Similarly for V(Z/p™Z) (or V(R), where R is any Z,-algebra).

So far, we have been vague about the definition of D, simply referring
to it as “the scheme of critical points of f”. (Katz refers to D as “the
subscheme ... of V defined by the vanishing of grad(f)”. We avoid this
description because of Example 1.12.) Now we will be more precise.

First, recall the Jacobian criterion for smoothness. (Some standard refer-
ences are [M, Section III.10], [D-G, Section 1.4.4], and [SGA].) A scheme V'
over Z,, is smooth if, locally, V' = Spec A with A = Z,[t1, ..., t~n]/(91,-- -, 9r)
and the 7 x 7 minors of d(¢1,...,9,)/0(t1,...,tN) generate the unit ideal
in A. Equivalently, N = n + r (where n is the dimension of V" over Z,) and
the Jacobian matrix has rank r at every point of V. In particular, V/Z,
is étale (i.e., smooth of dimension 0) if and only if it is locally of the form
V = Spec A, where A = Zy[t1,...,tn]/(g1,-..,gn) and the Jacobian matrix
9(g1,---,9n)/0(t1,...,tn) is invertible.

The simplest case is when V is affine space A™ = A%p (or an open
affine subscheme of A™). Then the Z,-morphism f : V — Al is simply
a polynomial (or a rational function with denominator a unit on V). The
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gradient of f is the n-tuple grad f = (9f/0t1,...,0f/0t,) of polynomi-
als (or rational functions) and D C V is the closed subscheme defined by
Of/0t1,...,0f/0t,. The Hessian matrix of f is H = (9°f/0t;0t;), which
is also the Jacobian matrix of grad f. For a Zj,-valued point z € V(Z,),
the Hessian of f at z is H, = (0 f/0t;0t;|,), a matrix with entries in Z,.
By the Jacobian criterion, D is étale at x if and only if x € D and H, is
invertible. (Equivalently, det H, € Zy; or H is invertible as a matrix with
entries in the local ring Oy ;.)

In practice, V is often an affine variety; in general, this is true locally.
So suppose that V' = Spec A with A = Zy[t1,...,tn]/(91,--.,9r); We can
use the Jacobian criterion to check that V' is smooth. The Z,-morphism
f:V — A! can be thought of as a polynomial in ¢;,...,ty. We want D to
be the scheme of “singular points of the level sets of f”, so we define D by
the condition that f,g1,..., g, do not define a smooth scheme:

D :=Spec A/I,

where I is the ideal generated by the (r+1) x (r+ 1) minors of the Hessian
O(fyg1,---,9r)/0(t1,...,tn). That is, grad f should be a linear combination
of grad g1, grad go, . . ., grad g, at every point of D. According to the method
of Lagrange multipliers, D can be interpreted as the scheme of “critical
points of f”.

More intrinsically, the Jacobian criterion implies that (2114 /7, the mod-
ule of differentials, is free (possibly after replacing V' by a smaller neigh-
borhood). If we choose a basis wy,...,w, and let 0y,...,0, be the cor-
responding derivations 0; : A — A then we can let D = Spec B, where
B = A/(O1f,...,0nf); a different choice of basis for 0114/2,, leads to the
same ideal in A. The Hessian matrix H = (0;0; f) should be thought of as
having entries in B; as such, a different choice of basis for Q}q /z, transforms
H into PH 'P with some invertible matrix P.

Assume that x € D(Z/p™Z) (or x € D(Z,)). The Hessian matrix H, of
[ at x is the Jacobian matrix of grad f at @, which presents 2], e the
stalk at x of the sheaf of differentials of D over Z,. Thus D is étale at x if and
only if H, is invertible. More generally, v,(det H,) is the length of 27, [T
as a Zp-module and x is an h-étale critical point of f (Definition 1.6) if and
only if ph_QlD/Zp’w = 0. (If p = 2 then being a strictly h-étale critical point of
is not an intrinsic property of x € D(Z/p™Z).) Note that if D is generically
étale, so that Q, ® “Q/l:)/zp =0, then phﬂb/zp = 0 for some h, so that every
x € D(Z/p™Z) with m > h is an h-étale critical point of f.

Remark 1.11. Let V = Spec A with A = Zplt1, ... tN]/ (01,5 Gr)
and f:V — Al where f = f and §; = ¢; (mod p). Then V is smooth if
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and only if V is and f is a “Morse function” if and only if f is. Furthermore,
the number of critical points will be the same for f and f; if we are only
interested in estimating the sums then we may replace (V, f) with (V, f).
(In the stationary phase formula, the Gauss sums will be the same for f and

fbut the exponentials will, in general, be different.)

EXAMPLE 1.12. Let V = G,, = SpecZ,[z,1/z] and f(z) = ax, with
a € Zyp. If a is a unit then D = () and the sum vanishes; of course, The-
orem 1.4 is just a grand generalization of the fact that the sum of a non-
trivial character over a finite group vanishes. However, if ¢ is not a unit
then D = Spec(Z,/aZy)[z,1/z], which is not étale over Z,, so Theorem 1.4
does not apply. One way to phrase this caution is that if we refer to D as
the scheme defined by “the vanishing of grad f”, we mean “the vanishing
(mod p) of grad f”.

Of course, the sum is p™ — p™~ 1 if v,(a) > m, —p™ 1 if vy(a) = m — 1,
and it vanishes when v,(a) < m — 1 (which often trips up those of us who
are accustomed to the case m = 1). Since D(Z/p’Z) = () when j > v,(a),
Theorem 1.8(a) gives the weaker result that the sum vanishes when m >
2up(a) + 2.

EXAMPLE 1.13. We can recover part of the evaluation of one-dimensional
Gauss sums (as in [Da, Section 2], for example), although we rely on the
case m = 1 for odd p. Let

(1.7) gmla) = D Tl =G, (20)
TzEL/p™Z

for a € ZY and m > 1. (Of course, we could let g, (p’a) = p?gm—;(a) if
j <m.) We have V = A! = SpecZ,[z], f(z) = ax?, f'(z) = 2az, and H, =
f"(x) = 2a so D = SpecZ,[z]/(2z) and Gp,(H,) = G (2a) = p~"™ % g (a).

First consider the case p > 2, so that D is étale and we can apply
Theorem 1.4. We find that D(Z,) = {0} and so (using the known value of

g91(a))
pm/2 if 2 | m,

(1.8)  gm(a) = p(m1)/2gl(a):pm/2<a>i<p1>2/4 if 2¢m > 1.
P

Now consider the case p = 2. We can take h = 1 or 2 (so that m — h is odd)
and k = h + 1 in Theorem 1.8(b). Again, D(Z,) = {0}, and so g,,(a) =
P2 gs(a) if m = 2j > 6, gm(a) = p™ =/ 2g3(a) if m = 2j +1 > 9. One
easily calculates g,,(a) by hand for m = 1, 2, and 3; for m = 4, 5, and 7 one

can either calculate directly or check that the stationary phase argument still
works. In terms of (s = e™/8 = (1+1)/v2 and e(a) = (—1)(¢~V/2 = (=)

a
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(Jacobi symbol) one can state the result as follows:

¢ if 2¢m > 1
1. — 0. gu(a)=2mr2 [ 1 )
( 9) g1 (a) Oa g (a) C;:(a) if 2 ’ m.

These results can be stated more concisely in terms of the normal-
ized Gauss sums G,,(a) = p~™%g,(a/2) (or Gp(a) = p~™FT2/2g, 1 (a)
if p=2). Using the Jacobi symbol—(a/p™) = (a/p)™ if p is odd and
(2™ /a) = (—1)™@*=D/8 if ¢ is odd—one finds

<C;> g_pm if p is odd,
p

2m
— (e if p=2.
<a><8 orp

Remark 1.14. Let A be a symmetric, n x n matrix with entries in Z,
and consider the Gauss sums G, (A). If A = (4 4, ) 1s block-diagonal then
it is easy to see that G,,(A) = G (A1)Gm(A2). It follows from Example
1.13 that G,,(A) is p¥»(det 4)/2 times a root of unity (which depends on the
parity of m) if A can be diagonalized, say

(1.10) Gl(a) =

aj
'tPAP = ,
Qn
and m > vy(a;) for all ¢ (cf. Proposition 1.3(a)). We claim that any sym-
metric matrix can be diagonalized, except that if p = 2 then we have to
allow 2 x 2 blocks. First, factoring out a (scalar) power of p, we may assume
that some entry of A is a unit. If p is odd then the polarization identity,
trAy = (z,y) = 3((z+y,z+y) — (z,2) — (y,y)), shows that we may assume
that the unit entry lies on the diagonal. If p = 2 then it is possible that all
the diagonal entries are even and it is easy to see that this property will
also hold for any similar matrix !PAP. In this case, we may assume that
ai,2 = az, is a unit. In all cases, we may assume that A has the block form

P B
A:<tB D>7

where P is an invertible 1 x 1 or 2 x 2 block. Thus A is similar to

1 0 P B 1 —-P7'B\ [P 0
—tBpp~1t 1 tB D 0 1 “\0 D-tBP !B

and we are reduced to diagonalizing the smaller matrix D —*BP~!B.

To complete this proof of Proposition 1.3(a), it suffices to analyze the
2 x 2 blocks A = (g Z) with entries a, d € 2Z, and b € ZJ . Multiplying the
first row and column by b~!, we may assume that b = 1; and then we may
replace a with (a + 2z + dz?)/(1 + dz)? or d with (d + 2z + az?)/(1 + ax)?,
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for any x € Zs. It is not hard to see that if either a or d is a multiple of 4
then we may assume that a = d = 0 (mod 8); otherwise, we may assume
that a = d =2 (mod 8). Then Hensel’s Lemma (the one-dimensional case of
Lemma 1.20) shows that we may assume that a =d=0o0ra=d =2. It is
easy to see that G, ({ §) = 1 for all m. To show that G,, (3 3) = (—=1)™, one
can either calculate directly for m = 1 and m = 2 and then use stationary
phase (Theorem 1.4) or one can note that

2 1 2 1 2
1 2 1 |issimilarto [ 1 2 and to 0o 1],
10 —2/3 1 0
so that

GmG ;)Gm(—2/3):Gm(2)Gm<(1) é)

(The one-dimensional sums vanish for m = 1, so this case has to be checked
separately.) Note that this example illustrates that the decomposition into
1 x 1 and 2 x 2 blocks is not unique. (One way to see that (f %) and ((1) é)
are not similar is to note that their determinants differ by a factor of —3,
which is not a square in Z,.)

Proof of Proposition 1.3(c). Using the fact that Gj(4;v) =
Gr(*PAP;'Pv) and arguing as above, we reduce to the case that A is a
1 x 1 matrix or (if p = 2) one of the standard 2 x 2 matrices. If p is odd
then we reduce to the case v = 0 by part (b), and this is dealt with in
Example 1.13, above. If p = 2 then, keeping part (b) in mind, one reduces
the problem to a short calculation. m

EXAMPLE 1.15. We can evaluate the Kloosterman sum (a € Z,;)

K(CL; Z/me> — Z 627ri(m+a/x)/pm _ Z e27ri(z+y)/pm
x€(Z/p™Z)* z,ygyZL;ngZ

when m > 1, recovering Salié’s formulae [Sa]. (When m = 1 we have the
Hasse-Weil bound [W1]: [K(a;F,)| < 2,/p.)

The first method is to let V = G,,, = Spec Zp[z,1/z] and f(x) = z+a/x.
The dimension of V is n = 1 and D is defined by 1 —a/2? = 0, or 22 = a. If
x € D(Z,) then f(z) = 2z and, since f”(x) = 2a/z3, the Hessian is simply
the 1 x 1 matrix H, = (2a/23) = (2/x), so Gy (Hy) = G (2/2) = G (22).
Theorem 1.8(b) gives

(1.11) K(a;Z/p™Z) = p™/? ) ™" G (20)

TEZLp

IE2:(1

for all m > 2 if p is odd; and for m = 6 and m > 8 if p = 2.
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Suppose p > 2. Then G,,(2z) = 1 if m is even and, if m is odd,
1y (= 1 ifp=1 (mod4),
Gm(22) =p g1(2) <p> {z if p=3 (mod 4).
Therefore K (a;Z/p™7Z) = 0 if a is not a square; and if a = 22 then
(1.12)  K(a;Z/p™7Z)
2 cos(4dmx /p™) if 2 | m,

/2 2<x) cos(dma/p™)  if 24m, p=1 (mod 4),
p

=p
—2(2) sin(4drx/p™) if 2¢m, p=3 (mod 4).

Now suppose p = 2. We have D(Z/p’Z) = () if j > 3 and a £ 1 (mod 8);
by Theorem 1.8(a), the Kloosterman sum vanishes if m > 6 and a # 1
(mod 8). If a = 1 (mod 8) then let a € Z, be a square root of a; if m
is even then it is convenient to fix the sign by choosing a = 1 (mod 4).
Evaluating (1.11), one finds

(1.13)  K(a;Z/2™Z)

0 if a2 1 (mod 8), m > 6;
4
o(m+1)/2 2COS<$+Z> ifa=0a? a=1 (mod4), 2|m>6;
4
2COS<$+T> if a =a? 2tm > 9.

Calculating K (a;Z/2™7Z) for m < 5 and m = 7 is an easy exercise,
but it is instructive: it shows that the bounds on m in Theorem 1.8(b) are
sometimes needed and that for small m the absolute value of K (a;Z/2™7Z),
and the values of a for which it is non-zero, do not follow the general pattern.
(Besides, Salié does not seem to cover all the cases.) We therefore record
the results. The formula

2 1

(1.14) K(a;Z/2m7) = 2™~ cos(7r(;n+)>
holds for m = 1 and 2; m = 3 and 4, a = 3 (mod 4); and m = 5, a = 5
(mod 8). For m =7,

m _ 21(a+ a/a)
(1.15) K(a;Z/2™7) =2 2cos<2m_1>,
where « =3 if a =1 (mod 16) and = 1 if a = 9 (mod 16). In all other
cases, K(a;Z/2™Z) = 0. Note that |K (a;Z/2™Z)| is 2™~ for m < 4, when
it is non-zero.

The second method is to let V' C A? be defined by zy = a and let
f(z,y) = x +y. The Jacobian matrix associated with V' is (y «); since y
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and z generate the unit ideal in Z, [z, y]/(zy —a), V is smooth. The gradient
of fis (1 1), andso D is defined by zy —a = 0 and 0 = det (111 916) =z—y.
The associated Jacobian matrix is (7{ fl), which has determinant —y — z.
In the coordinate ring Z,[z,y]/(zy — a,z —y) of D, —y —z = —2x and so
vp(det H, ,)) = vp(2). Calculating the Hessian exactly is much like using
the first method.

ExAMPLE 1.16. Consider the 3-variable Kloosterman sum (a € Z,)

K3(a;Z/p™7Z)

= Z e2milatyta/zy) /p™ _ Z e2milzty+z)/p™
©,y€(Z/p™L)* ©,y,2€L/p™L
TYyz=a

When m = 1, Deligne [D] generalizes the Hasse-Weil bound: |K3(a;F,)| <
3p. Larsen estimates these sums for m > 1 in [L], but his bound is not sharp
for p = 3.

Following the first method in Example 1.15, let V' = Spec Z,[z,y, 1/xy],
or V =Gy, X Gy, and f(z,y) = z+y+a/zy. Then D = Spec Zy[z]/(z* —a)
and the Hessian at a point z € D(Z,,) is H, =27 (2 ).

Assume first that p # 3, so that Theorem 1.4 applies. We find

K3(a; Z/p"Z) = p™ Y | ™G (H,).

TELy
z*=a

If p > 3 then one can diagonalize the Hessian (as a bilinear form) and (1.10)
implies that

- (Bex(2)- (2)7) - ()

If p = 2 then one calculates the Gauss sum as in Remark 1.14:

Gttt = (1" = (%):

Thus
m an m mi(3z)/p™
(1.16)  Ks(a;Z/p™Z) = (3)p D ePmEnNPT(p s 3,m > 1),
TELyp
z3=a

In particular, |K3(a; Z/p™Z)| < 3p™.

Now let p = 3. We can apply Theorem 1.8(b) with h = 1 and k = 2.
Since D(Zs) is the set of cube roots of a in Zg, it is empty unless a = +1
(mod 9); if @ does have a cube root, it is unique and we denote it by z. If
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m > 5, we find

. m — qm 2mi(3z)/3™ 2/x 1/‘/13
Ks(a;Z/3™mZ) = 3Me Gm(l/:z: 2z )"
As before, we can diagonalize the Hessian and express the Gauss sum as a
product of one-variable Gauss sums: we get

2 B\ a1 2 RN E AP
in(2)om(5) =370n (2 (5:) = (5)

since one of m, m — 1 is even and the other is odd. Therefore

3

Calculating the sums for small values of m, one finds that K3(a;Z/3™Z)
=0 if m > 3 unless a = +1 (mod 9). Furthermore,

(1.18)  Ks(a;Z/3mZ)

(1.17)  Ks(a;Z/3™Z) = 3mH1/2¢2mi(32)/3™ <$>z (a =23 m>5).

3m627ri(2a+1/a)/3m if m=2,
gm+1/2,2mi(2a+1/a)/3™ (3;)@ if m=3,a=a3,
gm+1/2,2mi(3x) /3™ 2mi(~a)/3 <§)z it m =4, a = a°.

In all cases, the absolute value is bounded by 3™*1/2 = 3™\/3, an improve-
ment of \/3 over the case p # 3 and a factor of 3 better than the bound in
[L]. The increase in size of the local terms has been more than offset by the
fact that D(Zs) has at most one element.

ExaMPLE 1.17. Similarly, we consider the n-variable Kloosterman sum
(a €Zy)

K, (a;Z/p"Z) := Z 2@t tan)/p"

T1,..., Ty €L/PMZL
T1..Tp=a

recovering the results of [Sm1]. Again, [D] gives |K,,(a;F,)| < np™~1/2 for
m = 1. Just as in Example 1.16, we find that |K,,(a; Z/p™Z)| < np(n—1m/2
if pfn and, for h = vp(n) > 0 and m > 3h +2 (m > 3h+6 if p = 2),
|K,.(a; Z/p™Z)| < (p"2|D(Z,)|)p"~V™/2. Since D(Z,) is the set of nth
roots of a and p/th roots are unique, when they exist, in Ly (unless p = 2,
in which case there are 0 or 2 pth roots), we find that | D(Z,)| < n/pi~vr?).
This leads to |K,,(a; Z/p™Z)| < p»r)=1/2ppn=—1)m/2,
Ifl<m<3h+2(1<m<3h+5ifp = 2) then we use The-
orem 1.8(a). It is easy to see that the Hessian matrix has rank n — 2
on F=1, so |K,(a;Z/p™Z)| is bounded by \D(Z)pZ) |p'/?p—Dm/2 | Let
m = 2j or 2j + 1. Since D(Z/p’Z) is the set of nth roots of a in Z/p’Z and
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(Z/p’Z)* is cyclic (or {£1} times a cyclic group if p = 2) one finds that
|D(Z/pZ)| = 0 or pUr)Hmin{h.j=1=vp(2)}(y 4 1) (where (n,p— 1) denotes
the greatest common divisor). This leads to the bound |K,(a;Z/p™7Z)| <
pvp(2)+min{h,jflfvp(2)}(n’p _ 1)p(n71)m/2

Proofs. There are three steps in the proof of Theorem 1.8. First, we show
that the fibers of the reduction map

(1.19) 0:V(Z/p™Z) — V(Z/P'Z)

are all isomorphic to (p/Z/p™Z)™. This allows us to reduce to the case V =
A"™; as a bonus, we recover the standard fact (a generalization of Hensel’s
Lemma) that D(Z,) — D(Z/p’Z) if D is étale. (This is the only step that
involves the language of schemes. We suppose that there are other languages
that also suffice to express the idea that if V' is smooth and n-dimensional
then every point (modp?) of V corresponds to p™(™~9) points (modp™)
of V.) The second step is to show that Sz = 0if T € V(Z/p'Z) \ D(Z/p’Z)
and the third step is to evaluate Sz when x € D(Z,).

LEMMA 1.18. Let f:V — A', 7 € V(Z/p’Z), and Sz be as in Theo-
rem 1.8. Let xg € V' be the closed point corresponding to T and fiz an isomor-
phism of Oy, 5, with Zy,|[t1,...,t,]] ([D-G, Smoothness Theorem, p. 137] or
[EGA 1V, Proposition 17.5.3]); do this in such a way that T(t;) =0 € Z/pZ
for all i. Let fe I'(V,Ov) correspond to f and (by abuse of notation) also
let f denote its image in Zp(ltr, ..., tn]]. If m > j then

(120) Sf — Z eQTF’if(Z)/p7rL‘
z€(piZ/p™L)"

That is, Sz = g@, where §(—) s the sum corresponding to f: A" — Al (more
precisely, the map corresponding to any polynomial congruent to f modulo
(t1,...,tn)™) and 0 € A™(Z/p’Z). Furthermore, T is a critical point of f
if and only if 0 is a critical point off; if so, the Hessian of f at T is the
same as the Hessian of f at 0.

Proof. A Z/p'Z-valued point Z of V can be thought of as a closed
point z¢g € V and a local homomorphism 7 : Oy, — Z/p’Z. This extends
naturally to a map (also denoted T, by abuse of notation) @V,a:o — Z/p 7.
Thus the expression Z(¢;) in the statement of the lemma makes sense.

Similarly, any « € V(Z/p™Z) that reduces to T can be thought of as a
local homomorphism x : Oy, — Z/p™Z such that Z is the composition of x
with the reduction map Z/p™7Z — 7Z/p’ Z. In other words, the fiber of o over
Z is the set of lifts to Z/p"Z of T : Oy, — Z/p’Z or of T : 5‘/@0 — Z/P L.
Identifying @V,xo with Zp[[t1, ..., t,]], alift z is parameterized by the n-tuple
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T = (2(t1),...,x(tn)) in (P!Z/p™Z)". Since f(z) = f(Z) € Z/p™Z, (1.20)
follows.

As in the Explicitation subsection, choose a basis 01, . . ., 0,, of the Oy -
module Derz, (Ov,zy, Ov,z,) of Zp-linear derivations 0 : Ovz, — Ovy,g,.
Thus 7 is a critical point of f if and only if Z(9;f) = 0 for all i. Then
O1,...,0y is also a basis of Derz, (@V,mm @vao) (as an @V,xo—module). Since
0/0ty,...,0/0t, is another such basis, T is a critical point of f if and only
if af/ Otilo = 0 € Z/P'Z for all i. Similarly, if 7 is a critical point then the
matrices H = (E(@iajf)) and H = ((82f/8ti8tj)\5) are related by H =
tPHP, where P is the change-of-basis matrix. m

COROLLARY 1.19 (Hensel’s Lemma). Let D be an étale scheme over Z,.
The reduction map D(Z,) — D(Z/p’Z) is a bijection for all j > 1.

Proof. Since “étale” means “smooth, of relative dimension 0”, the ar-
gument in the lemma applies (taking n = 0 and “m = ", so to speak). m

Proof of Theorem 1.8(a). We may assume, thanks to Lemma 1.18,
that V. = A" and T € A"(Z/p’Z) = (Z/p’Z)". As z runs over the fiber
0o~ 1(Z) and y runs over (Z/p’Z)", x + p™ 7y runs through the fiber, taking
on every value p™ times. (If we restricted z to a set of coset representatives,
we could count every element of the fiber only once.) Furthermore, since we
are assuming m > 27,

flx+p™Iy) = f(z) +p™ I grad f(z) -y € Z/p™ L.

Therefore,

Sw:p}zj 3 S i 0"

z€o~ ! (z) ye(Z/pIZ)™

= Y i@, pij S i@/
z€~H(T) ye(Z/piz)™

The inner sum vanishes unless grad f(z) = 0 (mod p?), i.e., unless T €

D(Z/p’Z). (Note that for small values of j the fiber o=1() is large and we

break it up into many small pieces; the sum over each piece vanishes unless

7€ D(Z/pZ).)

Now suppose that m = 25 or 2j + 1 and let x € A"(Z/p™Z) map
to T € D(Z/p7Z). The fiber o~ !(Z) is parameterized by z + p’y with y €
A™(Z/p™IZ). If m = 2j then f(z+p'y) = f(z)+p’ grad f(z)-y € Z/p™Z; if
m = 2j+1 then there is an extra term §p* H, (y). In either case, the formula
for Sz follows easily. The estimate on |S| follows from Proposition 1.3(c). m

We now turn to the proof of Theorem 1.8(b). In order to relax Katz’s
hypothesis that D be étale, we start with another version of Hensel’s Lemma.
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This is a simpler, but more explicit, version of [G, §3 Lemma 2]. We could
give a similar proof, which would work over any Henselian discrete valuation
ring, but we prefer to give one along the lines of the usual proof of Hensel’s
Lemma.

LEMMA 1.20 (Hensel’s Lemma revisited). Let fi,..., fn € Zplx1,. .., zp]
and a € Zy. Let J = O(f1,..., fn)/0(w1,...,2,) be the Jacobian matriz;
assume that det J(a) # 0 and let h be large enough that p"J(a)~' has
entries in Zy. If j > h+1 and the column vector F(a) = (fi(a),..., fn(a))

lies in p’ J(a)Z7, say F(a) = p?J(a)b, then there is a unique o € ZJ} such

that F(a) =0 and o = a (mod p?). In fact, « is the unique root of F such
that a = a (mod pt1).

Note that F(a) € p’J(a)Zy is implied by F(a)

= 0 (mod p"*J). By
Cramer’s Rule, the lemma applies with h = v,(det J(a)).

Proof. By the polynomial version of Taylor’s theorem,
F(a+p'z) = F(a) 4+ p’J(a)x (mod p¥).

Letting a; = a—p’b, we find F(a;) =0 (mod p*), so F(ay) = p*~"J(a)b;.
Since j; = 2§ — h > j, we can iterate this process. Taking o = lim,,_,~ an,
we find F(a) =0 and a = a (mod p/).

For the uniqueness statement, suppose F(a) = 0 = F(a + p/x) with
j>h+1and z € Z \ pZy. Then p’J(a)z = 0 (mod p*/), which implies
z =0 (mod p’~"), a contradiction. m

Proof of Theorem 1.8(b). Since m > 3h + 2, we find that j >
h+1 and 3j > m. Let T € V(Z/p’Z). First, note that if j < k and no
7 € D(Z/p*Z) reduces to T then Sz = 0, by part (a). We may assume,
therefore, that Hz divides p"I,. (The awkward condition on h and k in
the statement of Theorem 1.8(b) is intended to insure that this argument
applies.)

Let « € V(Z,) be a representative of Z. By Lemma 1.18, we may assume
that V = A™. Since 3j > m, f(z+p'y) = f(z)+p’ grad f(z) - y+ 5p¥ Ha(y)
(mod p™) and so

Sy = 2mf@/" Y milarad f@)udp He )/
ye(z/pm—iz)n
As in the proof of Proposition 1.3(a), think of (Z/p™ 7Z)" as ZI' /p™ I Z7

and note that HZp O p™ /77, where H) is symmetric and H,H, =
pmHI,. If y € Z' and z € HLZ7 then 3p H,(y + z) = 30 Hau(y)
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(mod p™~7). Therefore
SE — 627rif(z)/pm Z e2ﬂ-i(grad f(ac)~y+%ijw (y))/pmfj
yeZy /H, L7,

% Z e2mi grad f(ac)~z/pm_j’
2€HL L7 [pm—ILT
where Zj; / H; 7 means a set of coset representatives. The inner sum vanishes
unless p™~/ | grad f(x) - z for all z € H,Zj, which implies grad f(x) €
P’ HyZsy .
Assume now that Sz # 0, so that grad f(z) € p’ H,Z;. By Lemma 1.20,
we may assume grad f(z) =0, i.e., z € D(Z,). Therefore

SE — 627rif(z)/pm Z eﬂ'in (y)/p™—2%
yeZ/pm=iz)n

and this sum equals p"j\/ﬁ"(m_Qj)Gm_zj(Hm). Finally, Gp—2;(H;) =
G (H;) by Proposition 1.3. m

2. The GL(3)-Kloosterman sum for the long element of the Weyl
group. In this section, we compute the local GL(3)-Kloosterman sums at-
tached to the long element of the Weyl group. Our first result, Theorem 2.4,
is implicit in [S] (cf. Remark 2.5(2)). The rest of the section is devoted to
expressing our results in terms of sums of products of classical Klooster-
man sums S(u, v;p™) = S(1, uv; p™) where pfuv. Our result, rather messy
for small values of r and s (notation as in Theorem 2.4), is given in The-
orem 2.11. In the case where r = s is large, further analysis of the sums
of products in Section 3 leads to yet another expression for the GL(3)-
Kloosterman sum in Theorem 3.7(a).

Our notation mostly follows [S].

NOTATION 2.1. Let p be a fixed prime and let Q, and Z, denote, re-
spectively, the field of p-adic numbers and the ring of p-adic integers, and
let v, be the valuation on Q,. Let

Ry, =Z,/p" Ly, =7/p"Z (m >1).
We will usually write I, instead of R;. We will let
e(z) =e*™ e, (z) = e(z/p™).

We will use a variation on the Kronecker delta: if P is some condition,

let
5o — {1 if P holds,
P 0 otherwise.
For example, §,,—1 means the same thing as the traditional Kronecker

delta &, 1.
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Let G = GL(3,Q,). Let U C G denote the set of all unipotent matrices

1 r1 X3
u(ry, w2, 23) = [0 1 @
0 0 1

with z1, 22,23 € Qp. Let T" denote the diagonal subgroup of G and W =
N¢g(T)/T denote the Weyl group of G relative to 7. We will identify W
with the symmetric group Ss. Let

0 0 1
wo=10 =1 0] < (13)
1 0 0

be the long element of W.

Let o denote the reduction modulo p homomorphism from G(Z,) onto
G(F,). Let B denote the group of upper triangular matrices in G(F,). Then
B = 07 1(B) is the standard Iwahori subgroup of G. For any 7 € W let

B(t) = BrB  (the Iwahori cell corresponding to 7).

Then

G(Z,) = |_| B(t)  (the Iwahori decomposition)
TEW

since we have the Bruhat decomposition G(F,) = | |, .y BTB.
LEMMA 2.2. Let

a1 Qa2

A= (aiy) € G(Zyp), Az= asr  as2

9

and let B(T) be the Iwahori cell containing A. Then
o 7 =wy if and only if az1, A1z € Z);
1
o T = (1 1) « (132) if and only if az1 € Z, and Ay € pZy;
1
o > < (123) if and only if az1 € pZ, and az1, azz € Z,;;

1
oT = (1 1) « (12) if and only if azi1, azz € pZy, and az € Z,;;

) 1) — (23) if and only if asi, a2 € pZ, and azs € Zy;

[ ]
2
Il

1
e= ( 1 1) — (1) if and only if as1, a2, ase € pZ,.

Proof. The “only if” direction is easily checked. Since the conditions are
mutually exclusive and the Iwahori cells partition G(Z,), the “if” direction
follows. m
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NOTATION 2.3. For any t € T'and 7 € W let
C(wot) = (UwotU) N G(Zy),  X(wot) = U(Z,)\C(wot)/U(Zy),
Cr(wot) = (UwotU) N B(1), X (wot) = U(Zy)\Cr(wot)/U(Zp).
An elementary calculation (c ( 5)) shows that, in order for C(wgt) # 0,
we must have t € diag(p®,p"~*,p™")T(Z,) for some non-negative integers

r and s.
The continuous characters on U, trivial on U(Z,), are of the form

¢V1,V2 (u(xl,mg, .1'3)) _ e27ri(1/1w1—|-l/21:2)7

where 11 and v, are p-adic integers. We say that 1, ,, is reqular if and only
if 1 and v, are non-zero.

Let ¢t € T and fix characters ¢ = 1, ,, and ¢/ = Yyr .y of U, trivial on
U(Z,). The corresponding long-element Kloosterman sum is defined by

Kl(wot, ,9') = ) _ 9 (u)

where uwgtu’ runs over a set of representatives of X (wot). For any 7 € W
let K1, (wot,,1’) denote the corresponding sum, where uwgtu’ runs over a
set of representatives of X, (wgt). Clearly

Kl(wota 77ZJ> ¢,) = Z Kl’r (w0t> 7;[)5 1//)7

TeW

corresponding to the Iwahori decomposition of G(Z,) (or the Bruhat de-
composition of G(F))).

We will evaluate Kl(wgt, 1, v") by computing Kl (wgt, ¥, ") for each .

Symmetries. (Cf. [S], Theorem 3.2.) First, we observe that the above
sums have the following symmetries. Let ¢ and w be, respectively, the auto-
morphism and anti-automorphism of G given by

(g) =wo'g 'wo and  w(g) = wo'gwo.

Note that ¢ and w are of order 2 and they preserve the subgroups G(Z,), U,
U(Zy), B, T, and Ng(T). Therefore + and w induce transformations of W
(also denoted by ¢ and w). One checks that

(21) diag(tl,tg, t3) = L(diag(l/tg, 1/t2, 1/t1)) = w(diag(tg, tQ, tl));
(22) ¢V1,V2 = 77[)112,1/1 oL = T;Z)—Vg,—tq o w;
(23) KIT(th, ¥, w/) = KIL(T) (wOL(t)v Yo, W © [’)

= Klw(q’) (’wot, lb/ o w, w @) w);
(2.4) KL (wot, ¥, ") = Kl (wote, v, L) = Kl (woti(e), e, ¥'),

where € € T(Z,) and ¢ (u) = 1(eue™1). Formulae (2.1) through (2.4) reduce
the problem of calculating Kl (wot, ¥, 1") to the case t = diag(p®,p"~*,p™")
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with r < s; and we will be able to combine the cases 7 = (12) and
= (23).
THEOREM 2.4. Let
P ,
t= pT_S ) w = wul,yw ¢ = wui,yéa TeW.
p—"“

The partial Kloosterman sums Kl = Kl (wot,1,?’) and the sizes of the
Kloosterman sets X, = X, (wot) are given by the following formulae:

Kly, = [Xw,| = 6r=s=0;
°), |X(123)| = 0s>r=0p°(1 — 1/p);
) |X(132)\ = 0r>s=0p" (1 — 1/p);
Kl12) = 0p5505(p°v1, v p") S (v2, p"v15 p°),

|X(12)‘ = 0rs>0pP" ( - 1/19)2,

Kl(23) = 0r 5505 (v1, pva; ") S (p"vo, v1; %),

| X (23)] = 65500 T* (1 — 1/p)?;

Kle - 5r>0 Z p—(a+ﬁ)<1 - 504:7“/17)_1(1 - 65=T/p>_1
1<a,B<r
a+p2>r

A
x > S(p“mA,pBVQ;pT)S<pﬁV27p"‘V1 pewcE— S_r;ps>,
: p —p
AER>
p,‘/pa+[5—‘r'A7ps—T'

|Xe’ = (T - 1)pT+S(1 - 1/]7)3 + 5r=sp2s_1(1 - 1/]7)

In the formula for Kl., we assume r < s. If r > s then switch r < s,
V1 o Vg, VY > Ul

Kl123) = Os>r=05(v2, V1P

T

Kl(132) = 0r>s=05(v1, V53 p

Remarks 2.5. (1) The formulae for | X, (wpt)| follow from those for
Kl (wot, 1, ¢’) by taking 1n = v = v] = v4 = 0. Note that the outer sum
in Kl is empty if » = 0 and the inner sum is empty if » < s and a+ 3 > r.
We will give a more explicit version of the above formula for Kl(wot, v, ")
when r, s > 0 in Theorem 2.11.

(2) Stevens gives equivalent results in [S, (5.10) and (5.11)]. With n =
wot, Stevens’s S, p(n,1,¢") is the term o = s —a, § = r — b in the sum
for Kl if a < sand b < r;if a = s and b < r (so b = max{0,r — s})
then Sq(n,v,9") = Kl23); if @ < s and b = r (so a = max{0,s —r}) then
Sap(n,,¢") = Kl12); and if @ = s and b = r then S, y(n,¢,¥") = Kl123),
Kl(132), or Kly,, depending on whether r = 0 or s = 0. To derive our
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formulae from Stevens’s, one must carefully count the orbits of the T'(Z,)-
action. We prefer to avoid the T'(Z,)-action entirely; besides, we believe
that looking at the Iwahori cells will be useful when considering GL(NV)
with N > 3.

The next lemma will allow us to express the Kloosterman set X, (wot)
as a quotient of an algebraic subset Y, (wot) of RS, = (Z/p™Z)®, with m =
max{r, s}.

LEMMA 2.6. Let C C U. Assume that U(Z,)C = C and that there are
integers i1, ig, i3, m with 0 < 41,129,713 < m and i3 > i1 + 12 such that
piixy, pxe, pBas € Z, whenever u = u(xy,x9,23) € C. Let & : C — R3,
be defined by (u) = (pray,pxg,pa3) (mod p™). Then ¢(C) = H\C,
where H < U(Zy) is defined by

H = {u(xy,x2,3) : p a1, p o, p s € P Ly}
Furthermore, the fibers of H\C — U(Z,)\C each have (U(Zy): H) elements
ond (U(Z,): ) = [B(U(Z,)] = o),

Proof. Left to the reader. m

Proof of Theorem 24. Let A = (a;5) = uwotv’ € G(Z,), with
u=u(x1,z2,3), v = u(z),zh,x5), and t = diag(p®,p"~°,p~"). Then

p’rs pwzxy —p'Cwy plraay —p'TCmiay, +p7
(2.5) A= | p’ze pimex| —p"* pProxh — p'xh
p° pry piay

Let B(7) be the Iwahori cell containing A, so that A € C(wot). The num-
bers that, according to Lemma 2.2, determine 7 are az; = p°, as1 = p°za,
azy = p°z}, and Ay3 = p”. It is not hard to see that A € G(Z,) is equivalent
tor,s >0,
(26) Pr$1a psx% p5$37 psxllv prx/Qv psl‘é € Z;m
and
p’rs - p’ry = p"r1 (mod p°),
pias - piry =p"
p"-p°rs-pirhy —pTwy - pTah +p° =0 (mod p
p’ro - p°ry = p'ay, (mod p?).
Case 7 = wy. By Lemma 2.2 and (2.5), » = s = 0. Then (2.6)
yields u, v € U(Zp). Thus X, (wot) consists of only one double coset and

KL, (wot, ,9') = 1.
Case 7= (123). By Lemma 2.2 and (2.5), s > r = 0. Let

@ : Cr(wot) — Yy (wot) C RS,

U(l‘)wotU@/) = (ga yl) = (xlapsx27psw3vps$/1’xéapsxg) (mOd ps)

(mod p*),

(2.7) )
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One can check that Y;(wgt), the image of @, is given by
Yr(wot) = {(5,7) € RS : oWt = 1, Us¥1 = U1, Yol = a}-
By Lemma 2.6, Y, (wot) is an N-to-1 cover of X, (wot), with N = p?. Thus
1 ] a7
Kl (wot, ¢, ') = 5= Y e<u1y1 + 202 2 véyé)
. p p
(¥,9")€Yr(wot)

= Z es(vals + 1171) = S(ve, V15 p°).
Yoy =1

Case 7 = (132). We reduce this to the previous case, using (2.1)—(2.3).
Case 7= (12). By Lemma 2.2 and (2.5), 7 > 0, s > 0, p°z2 € Z,;, and
p°xy € pZy; it follows that p°z3 € Z). By (2.1)-(2.3) we may assume r < s.
Then (2.7) shows that 1, p*~ "z} € Z,. Thus we let
@ : Cr(wot) — Yy (wot) C RS,
w(@)wotu(z’) — (3,7') = (v1,p 22, p"23,p" "7}, p 75, p°75) (mod p).
One can check that Y, (wot), the image of @, is given by
Y (wot) = {(7,7) € RS : U2, U5 € RY 9" (001 — 1) =0,
YoYs = Y. YsYs = a2 — 1"}
By Lemma 2.6, Y, (wot) is an N-to-1 cover of X, (wot), with N = p2s. If
U1, Ui € Rs, Us, U € RY are given with 7,77 =1 (mod p*~") then 5 and
Y45 are determined and so

KIT(th7 1/}7 wl)
1 _ viTh vaYy Vil
“m Tem ¥ (5F) X (el
V1€R, T,ERL U2ER) Y ERs
Yoy =1 (mod p®~ ")

=p 2 p*-p TS0, v ") - TS (w2, p V1 D7)

Case 7 = (23). We reduce this to the previous case, using (2.1)—(2.3).

Case 7 = e. By Lemma 2.2 and (2.5), r > 0, s > 0, and p°zq, p°z} €
pZy; it follows that p°zz, p*ry € Z). Let a = min{v,(p°zy),s}, B =
min{v,(p°z2), s}. By (2.1)-(2.3) we may assume r < s and a < . Then
(2.7) shows that a+ (3 > r, with equality if » < s; and min{v,(p"z1), s} = «,

min{v,(p"x4), s} = 5. We let C,, g(wot) C Ce(wot) be the set of all matrices
with these properties:

Co.p(wot) = {(a;;) € Ce(wot) : min{v,(asz2), s} = o, min{v,(as ), s} = B}
Ce(wot) = |_| Ca,p(wot);

1<ao,B<s
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and we define
@ : Cy p(wot) — Yo glwot) C RY,
u(@)wotu(z') — (1,7
=" “xy,p" Py, poal) (mod p°).
One can check that Y, g(wot), the image of @, is given by

B

S

s— s
ZT1,pP Z2,p X3,p

{(y7yl> S R? :y?ﬂyé € R;<7a =sor ?17@,1 € R;7ﬁ =sor ?275,2 € R;(7

P @5t = 71) = 0, PP (@ — 75) = 0, sy — p* 7G5 + 7T = 0.
Let X, g(wot) = U(Zy)\Ca,p(wot)/U(Zy), and let Kl, g(wot, 1, ") denote
the sum over X, g(wot). By Lemma 2.6, Y, g(wot) is an N-to-1 cover of
X, 5(wot) with N = p?=r+e+8)_ Given (7,7') € Yo s(wot), let A = 7, 7h;
then one can check that p®™#~"A — p*~" € R} and 7,7, = A(p*TF A —
p*~")~L. Conversely, given these relations there are p®(1 — 1/p)%>=s pairs

(U3, 5) that satisfy (3,7') € Ya,g(wot)-
First assume 3 < s. Then A, ;, and 7} determine 7, and p® choices for

527 Y

1 ny vh Ag;
Kot o) =" 2 3 o 2l
AeR} 7, ERY
p+pa+ﬁ—7‘A7ps—7‘

i /
g, Y1Y%1 Va . A ——1
x > p e(psa+psﬁ ey g IR L
YL ERS

Now N = p?(s=7+e+8) the sum over 7, gives p*~"S(p®vy, p’v4A;p"), the
sum over 7, gives p’S (pa vy, pP ng;ps), and the value of A only
matters (mod p"), so we get

Klawg(wot,’gb,l/)/)
—(a+8) o Bl o P A .
=p o S, phAp)S(p Vi )

A€eRY)
p,fpaw‘»ﬁfrA_psfr

Now suppose 3 = s, which implies 7 = s. If a < s then the above terms
are independent of A but we lose the restriction that A be a unit, so we add
a factor of (1 —1/p)~!. If @ = 3 = s then we also lose the restriction that
Y1, ¥y be units, so we add two more factors of (1 — 1/p)~!, one of which
is canceled by the requirement that y; be a unit. In all cases, the correct
factor is (1 — 1/p)~(Pa=stds=s) g

Next we will give a more explicit expression for Kl(wgt, 1, ¢"). To do this
we have to calculate certain sums of products of the classical Kloosterman
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sums. We will deal with this problem first, and then we will apply the results
to Kl(wot, 1, 1"). We begin by recalling some basic properties of the classical
Kloosterman sums:

Classical Kloosterman sums. Let v, vo be p-adic integers. Then the
classical Kloosterman sums are given by

Z em(izx +ey) ifm>1,
(2.8) S(vy,ve;p™) = €,y€Rm
zy=1 (mod p™)
1 if m=0.

For any unit z,
(2.9) Sz, ve;p™) = S(vi, vex; p™) = S(va, 125 ™).

Suppose that 11 and v, are units. Then for any non-negative integers Ny
and No,
(2.10)  S(p™Nv, p™2raip™)

= p™M 0N, =Ny <m—1S (w1, v2; p V) + p™ ANy, No;m)
where A is defined in Notation 2.7 below. Observe that, in this formula
for the Kloosterman sum, only one of the two terms can be non-zero;

the possible values of A are 0, —1/p, or 1 — 1/p; and S(vy,ve; p™ M) =
S(1,vivg;pm N1,

NOTATION 2.7. Let

1 1
A(Ny, Noym) = <1 - p>5min{Nl,N2}zm - E(Smfl:min{Nl7N2}<max{N1,N2}
1
= 6min{N1,N2}2m - E(émin{Nl,Ng}Zm—l - 6m71=N1=N2)-

Fix v = (‘é Z), where a, b, ¢, d € Z,, and assume that neither of the rows

of ~ is divisible by p. Set § = v,(dety). Let n > 1 and 1 < m < n+9
be integers. Then v(z) = (ax + b)/(cx + d) gives a well defined map from
{x € R, : pfcx + d} to R,,. If ¢ is a unit then it is convenient to extend ~
to all of R,,, by setting

v(x) =a/c ifp|lcx+d.
Finally, let o : R,, — IF,, denote the reduction map and, for any X C F,,, set
Px(yiRa) = >, S(Lzp")S(14(x);p™).
IER7L\971(X)

If X ={ze€R,:p|lz(ax+b)(cx+d)} then we will write simply P(v; R,,).
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LEMMA 2.8. Assume that m < n+ 9§ and that {x € Fp : cx +d =0} C
X CF,. Then

S S@y@)™)

z€R,\ o~ 1 (X)
= p"Om<sS(1,7(0);0™) = p" om<orr Y S, y(x);p™).
reX
Proof. First, note that for any « € R,, satisfying pfcz + d, and for any
positive integer » < n,
vix+p Ry — y(x) + " Ry,
and all the fibers have min{p™~", p”+5—m} elements. Therefore
(2.11) Y. (W) =" mssirem((x)).
yer“l‘ern
Next, our extension of v to R,, implies that, for m < § + 1,
(2.12) D en(y(@) = pom<sem(7(0)).
z€lF,
We can now compute

> S(Ly(a)p™)

z€R,\ o 1 (X)

=Y /) ) en(ty(@)

teER T€ERL\ 0~ 1(X)
= Z em(l/t)pn_l5nz§6+1 Z em(ty(z))
teR), z€F,\X
=" ot 3 em(L/8) [Pomssem(t1(0) = D em(tr(2))]
teER), zeX
= pn5m§65(177(0)7pm) _pn_15m§5+1 Z S(l’fy(x)7pm) -

zeX
In particular, if 1 < m < n then (taking v(z) = )
(2.13) > S(Lasp™) =—p" om=1 Y S(1z5p).
z€R,\ 0~ 1(X) zeX

PROPOSITION 2.9. Assume that {x € F,, : z(ax+b)(cx+d) =0} C X C
F), and let m = n+ 6. Fiz non-negative integers N1 < No, My < My and let

S= Y SE™pMzp)SEM, pM () p™).
zER,\ 0o~ 1 (X)
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Then
S =51+ 52+ 535+ 94,
where
S1= p2n+m(1 — | X|/p)A(N1, Na;n) A(My, Ma;m),

Sy = p2n+M16n71§M1:M2<m71A(N1’NZ; n)

SutonS(L A0 ") = 2 3 (1,90 5™ Ml)],
:EEX

S3 = — P> 2N, =Namn1<an S (P, P2y (0);p™) Y S(1, a3 p),
reX

S4 = ONy=Nam My =Ma<n—1D"" " Px (73 R n, ).
Remark 2.10. Note that in the formula for .S, at most one term .S; # 0

for given values of N; and M;. By (2.9) the assumption N; < Ny and
M; < M5 is not essential.

Proof of Proposition 2.9. If S # 0 then, by (2.10), we have to be
in one of the following two cases (otherwise S(p™t,p™V2z;p") = 0):
Case 1: Ny >n,or Ny =n—1 < Ns. Then (2.10) gives
S=p" AN, Nosn) Y S, pMr(x);p™)
zER,\o~ 1 (X)
p* AN, Nosn)(1 — | X[ /p) A(My, Moy m)
+ p" MY ANy, Nojyn)dar, = <m—1 Z S(1,~(z);pm M.
z€R,\ 01 (X)
Now Lemma 2.8 shows that S = 57 + S5.

Case 2: Ny = Ny < n — 1. First, suppose that Ms > Ny, so that
S(pMr, pM2y(x); p™) depends only on 2 (mod p" ™M ~1). If N; = n—1 then

S = S(p™, pMy(0);p™) - p™ Z p™MS(1,z;p),

z€F,\X
0 (2.13) shows that S = S3. If Ny <n — 1 then
S = > SM, pM2y(z);p™)

wGRanlfl\g_l(X)
> PSSzt Ny,
YERN, +1

where we choose a representative x € R,, for the inner sum. The sum over y
vanishes by Lemma 2.8.
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Finally, suppose My < Nj. According to (2.10), S(pMt,pM2~(z);p™)
= 0 unless My = M5, in which case

S = pNitiM Z S, 2;p" N S(1, y(x); pm M)
TE€ERR\o™ 1 (X)

= pMNi+M Z S(1,z;p" M)
T€ERn_N; \ 071 (X)
X Y St pr Ny pm M.
yERN,
By (2.11), one sees that the inner sum is pN1dn, <ar, S(1,y(z);p™ M),
which implies S = p*N1 6y, —n, Px (7; Ry n,) = S4. m

THEOREM 2.11. Let

with s > r > 0. (If r > s then apply (2.1)—(2.3).) Also let ¢ = Py, 1,,
P = oy, N1=wvp(v1), My = vp(va), My = vp(v7), Na = vp(vs),

1°V2?
ny = min{Ny, My — (s — 1)}, ng = min{ Ny, My — (s — 1)},
_ (v /pMt 0
Tm = p(rfnlfnz)me _psfrylyé/leJer )

and use Notation 2.7.

(a) If s=1r>mn1 +ng+ 2 then Kl(wot, 1, v’) is given by

1 _
primtne [p +1+ > PP (Ym; Rm):| ONy =M, OMo =N,

1<m<(r—n1—n2)/2

1
r+n1+n26T:ﬂ1+n2+2 |:p(6N1 <My 5M2<N2 + 5N1 >M, 6M2>N2)

-Dp
— Mo— 1
+ S(]-ap Mz MIVQVi;p){ <1 - p>5N1>M16M2<N2
1
- 5(5N1=M15M2<N2 + 5N1>M15M2=N2)

_N.— 1
+S(1up M N2V1Vé;p){(1_p>5N1<M15M2>N2

1
- 5(5N1=M1 5M2>N2 + 6N1<M15M2=N2)}:| .
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(b) If s=7r <mnj+ng+ 1 then Kl(wot, 1,9’ is given by

3
1
p?" (1 — ) min{r — 1,ny,n9,n1 + ne — (r — 1)}
p

1 1
+p2r <1 - > <(5r§n1 + 5r§n2 - )
p p
1

_ 1
—H?QT ! |:<67"Zﬂ1+1 - p57‘2n1+2>5N1M1 + <5T‘Zﬂ2+1 - p51”2n2+2>5M2N2:|

3 1
+ pQT ’ (1 o p) (57’Zn1+2 + 5T2"2+2)'

(¢) If s >r > Ny + Ny + 2 then Kl(wot, 1,9 is given by
pUTINUENDZ Dy R Ny /2) SNy =My OMa = N3 Or =Ny + N (mod 2)

+ pN TN S (pN L pN T s p*) SNy <My OMa > Na Or =Ny 4 Na 42
(d) If r < s and 7 < Ny + Ny + 1 then Kl(wot, 1, ') is given by

5(0,v5;p")S(v2,p vy %) + S(v1, 0;p")S(p v, vy p°)

M M My + M-
+pTA<1+22+T,T;T>A(N1 + My, My + No; T+;+2>
X S(p(T7M1+M2)/21/17p(T+M17M2)/2V2;ps)

X 5T2|M1—M2|+257”EM1+M2 (mod 2)5282T+M1+M2+2
r+s 1 1 ? .
+p 1—-— 1—— ) min{r —1,n1,n2,n1 +no — (r—1)}
p p

1 1 1 1
5 <5N1¢M1—(s—r) - p>57“2n1+2 ) <5M2—(s—r);éN2 - p>5r2n2+2:|

X 5r§n1+n2+16n1,n2 >0

) 1
+p (1 - p) [0 N1 <s=r <M= N2 Os =11+ N2

+ 5M1—N1 >S—T>M2—N255:N1+M2+2]5n1,TLQZO'
Proof. In the notation of Theorem 2.4, Kl(wot, 1, %") = Kl(12) + Kl(23)
+ Kl since we are assuming r, s # 0. If we let © = v1v5A/p™M T2 and
Y = (25), with m =7 — (a + 3+ n1 + n2)/2, then the inner sum in the
expression for Kl. becomes

SOl = N SN p N pn) S (pt M p T My (2); ),
TERY
pT (az+b)(cz+d)
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thanks to (2.9). Applying Proposition 2.9, with X = {z € F, : z(az + b)
X (cz +d) = 0}, we get S*F = 8§77 4 557 4 587 4 5P one must sum
over a and . For i = 2 and 3 there is at most one pair («, 3) for which

Sf“”g # 0 (cf. Remark 2.5(1)) so these terms are easy to sum. The case ¢ = 4
is not hard but the case i = 1 is a bit of a chore. When r = s it is convenient
to note that Sf‘”a:()unlessogf—agnl—i—landOSr—ﬁgng—i—l;
one can sum over @ = r — « and f = r — ( and add a factor of 5&+E<r to
recover the original bound, o + 3 > r. (It helps to note that SI’O = Kl19)

and S?’r = Kl(23).) When 7 < s we have o + 3 = r and it seems simplest
to count the number of pairs (a,3) giving each of the four possible values
of $*F. u

3. Sums of products of Kloosterman sums. In this section we
consider the exponential sums appearing in the expressions for the GL(3)-
Kloosterman sums in Theorem 2.11. Using the stationary phase method of
Section 1 and [-adic cohomology, we can estimate these sums. At the end of
the section, we derive our final estimates for the GL(3)-Kloosterman sums.

NoTAaTION 3.1. Fix a prime p. As in Section 2, let R,, = Z/p™Z =
Ly [p™ Ly, let v, denote the valuation on Q,, and let

Cm (l‘) — 6271'1‘90/]0""

whenever this makes sense: x € C or Z,, or R,,. In this section, we will work
exclusively with

v
(31) i) = SLvip™) = 3 en (a4 7)
acGR,fL
where v is a unit in Z,,.

As in Section 2, if P is some condition then let

5 — {1 if P holds,
s 0 otherwise.

Fix a matrix v = (‘é Z), where a, b, c,d € Z,. Assume that
(3.2) pfaor ptb and pfcor ptd.
Let
ad — be = dety = p’u (ueZy).
Fix m and define A by
h =6+ v,(2) + min{v, (), v,(3c), m}.

With this notation, y(z) = (azx+b)/(cz+d) gives a well-defined element
of R} 5 if x € Ry, and pfax + b, cx 4 d; and (0.4) becomes
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(3.3) P(viBRm)= Y K@ Ry)K((2); Rinss).
p"'aziffzgv—i-d

Outline. The goal of this section is to estimate the sums P(v; R,,). The
sums that come up when evaluating GL(3)-Kloosterman sums all have b = 0,
but we will only assume (in some cases) that v, (b) # v,(3c).

We use different techniques in different cases. Proposition 3.3 deals with
the case ¢ = 0 (mod p™): an elementary calculation expresses P(7; R;,,) in
terms of a classical Kloosterman sum. In the remaining cases, we assume
c¢# 0 (mod p™). Proposition 3.4 deals with the case m = 1, using the l-adic
techniques developed by Deligne and Katz. Proposition 3.5 deals with the
case m > 1, using Katz’s principle of stationary phase, as described in
Section 1. The following theorem summarizes our results, although Propo-
sitions 3.3—3.5 have more precise statements.

THEOREM 3.2. Use Notation 3.1; if m > 1 and m > vy(c) then assume
that vp(b) # v, (3c). Then

|P(v; Rn)| < /7™ (12 6,55 + 1083 8,5 + 2°v/26,—5).

Furthermore, P(v;R,,) = 0 in the following situations (with some extra
conditions if p =2 or 3):

(1) vp(c) > vp(b) =0, m+ 6 > 1, and vy(u® — ad®) # 0;

(2) § > 0 =wp(c) and a/c not a square or § > 0 = v,(b) and b/d not a
square;

(3) v = min{v,(b),v,(3¢)} > 0 and vp(a — d) < min{v,m — 1}; or
0<v<m—1andvy(a—d)#wv.

Before considering P(; R,,) we will recall the bounds on classical Kloost-
erman sums. Suppose that v is a unit and that p is odd, m > 1, or
p =2, m > 8. According to Example 1.15 (or [Sal),

(3.4) K(ViRp) =vp™ Y Gm(20)em(2a),
acL

where G,,,(2a) is the normalized Gauss sum, as in Section 1. In particular,
K(v;p™) =0 if v is not a square; and
(3.5) K (vip™) < 2yp™ @

According to Example 1.15, this bound holds for p = 2 and all m > 2; and
the vanishing statement holds for p = 2 and m > 6. Finally, the Hasse—Weil
estimate [W1] says that (3.5) holds, without the term v,(2), if m = 1.
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PROPOSITION 3.3. Using Notation 3.1, assume that vy(c) > m. Then d
is a unit and

u—p°d® b
P(v; Bm) =pm5<5 ,d;p’”*é)
K(b/d;F,)+ K(=b/a;F,) if 6 =0 = v,(b),
+ Om=1 4 —1 if 0 =0 < v,(b),
K(b/d; R1+s) if 6 >0 =w,(b).

In particular,

[P(3; Bm)| < 4™
Furthermore, the main term vanishes unless v, (b) = v,(u —p°d?) = v, (u? —
ad®) or both v,(b) and v,(u? — ad®) are at least m+ 8§ — 1. If § > 0 (and
m+ 6> 6 if p=2) then the main term vanishes unless v,(b) = 0 and b/d
1S a square.

Proof. The estimate and the vanishing follow from the formula for
P(v; Rp), using (2.10) and (3.5). Since ¢ = 0 (mod p™), d is a unit by
(3.2). Thus

axr +b U b
v(z) = — id = p‘s@x + 5 (mod p" ),
so we may reduce to the case ¢ = 0, d = 1, y(z) = ax + b, so that a =
det v = pu.

Putting the definition (3.1) of the Kloosterman sums into the definition

(3.3) of P(v; Ry,) and switching the order of summation, we find

(3:6) P(v; Bm) = Y em(s Dempst™ +0) D em((s +ut)z)

SERY, zERY,
tER:;+5 p'faw—i—b
_ —1 ~1
= Z em (8™ )emys(t™" 4 bt) Z em((s + ut)z)
SERY TERMm
teRY s
- Z em (5™ Nemyps(t™ +bt) Z em((s +ut)z).
SERY zER,
b
ter%, plz(az+b)

The inner sum in the first term in (3.6) gives p™ if s+ut =0 (mod p™)
and vanishes otherwise. The first term in (3.6) is thus

)
u—p
pmS( - ,b;pm+5>,

the desired main term in P(vy; R,,).
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Now consider the second term in (3.6). If p | z(az + b) then = = py or
py—b/a with y € R,,_1; we only need the second possibility if § = 0 = v,(b)
(i.e., both @ and b are units, in which case u = a). Summing over y, we find

> eml((s+ut)r)

plz(az+b)

= pmil(ss—i—utEO (modp™—1) [1 + QM((S + Ut)(_b/a))65=(]:vp(b)]'

Using this, the second term in (3.6) becomes

1 1
37 —pt > em(8>em+a(t —|—bt>
SER; EER) o
s4ut=0 (mod p™ 1)

- 1 b 1
—p™ 156:0:1;,,(1;) Z €m <8 - as) €m+6 (t)

s,tER,
s+ut=0 (mod p™~1)

(where we have used u = a if § = 0 = v,(b)).

First suppose that m = 1, so that the condition s +ut = 0 (mod p™~1)
is automatic and the factor p™~! is trivial. The sum over s in the first term
of (3.7) and the sum over ¢ in the second term each give —1; by (2.10), (3.7)
gives the desired terms in P(v; R,,).

Now suppose that m > 1; we must show that (3.7) vanishes. In the first
term of (3.7), let s = —ut + p™ 'z, with z € F,; in the second term, let
t = —u"'s+p™ 1z In both cases, the sum over z vanishes. m

PROPOSITION 3.4. Using Notation 3.1, assume that m = 1 and ptc.
Then
[P(1;Fp)| < VB (12 = 20550 — 40pja — 405=00p(ab)-
Furthermore, if 6 > 0 (0 > 5 if p = 2) and a/c is not a square then
P(v;Fp) = 0.

We suspect that 12, the maximal value of the constant, is never best
possible.

Proof. Choose an auxiliary prime [ # p. Let I be the Kloosterman
sheaf on G, ® Fp, as in [K2] and [K3]. Thus K is a lisse Q;-sheaf of rank 2
on G,, that is pure of weight 1, tame at 0, and totally wild with Swan
conductor 1 at oo; and for any a € F} = G,,(F),

trace(Frob, |[K) = —K(a;F)).
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First consider the case 6 = 0. We have
P(y;Fp) = Z K(z;Fp) K (v(2); Fp)
:EG]F;(
p)[aa:+b, cx+d

= Z trace(Frob, |K @ v*K),
xeU(Fp)
where we let
U = SpecF,[t,1/t(at + b)(ct + d)]

(so that U = Gy, \ {—b/a,—d/c} if a is a unit) and let v denote the map
U — Gy, induced by (the matrix) ~.

The sheaf

F=K®yK

is lisse of rank 4 on U, pure of weight 2. We claim that F is geometrically
irreducible. Indeed, K is totally wild at oo, with Swan conductor 1, so it is
irreducible as a representation of the wild inertia group P.,. Similarly, v*K is
irreducible as a representation of P_g/.. Since K is tame at —d/c it is trivial
as a representation of P_g/.; similarly, v*K is trivial as a representation of
Py. Therefore F is irreducible as a representation of P, X P_g/. and, a
fortiori, as a representation of (U ® F,).

Since F is a lisse sheaf and U is affine, H(U ® F,, F) = 0. Since F
is geometrically irreducible, H2(U ® Fp, F) = 0. Therefore, the Lefschetz

Trace Formula gives simply
2

P(v;Fp) = Z(—l)i trace(Frobg, |H.(U ® F,, F))
i=0
= — trace(Frobg, |H} (F)).
By Weil II (i.e., Deligne’s second proof of the Weil Conjectures), HL(F) is
mixed, of weights < 3, which implies that
(38) POy Fp)| < he(F) V™.
Next, we use the Euler-Poincaré Formula to evaluate hl(F):
RUF) = —xe(U®F,, F) = —x.(U @ F,) rank(F) + Z Swan, (F).
z€PI\U
We have rank(F) = 4; —x.(U @ F,) = |(P! — U)(F,)| — 2 = |{0, 00, —b/a,
—d/c}| —2; F is tame at 0 and —b/a and wild at co and —d/c, with
Swan (F) = 2Swan (K) = 2 and Swan_g,.(F) = 2Swan_g,.(v*K) = 2;
SO
htlz(f) - 4(’{07 o0, _b/av —d/C}’ - 2) +2+2=12- 4(6p|d + 5p\ab)'
Using these estimates of hl(F) in (3.8), we get the desired result.
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Now consider the case 6 > 0. If p = 2 then there are no terms in the
sum (3.3) defining P(v;F,) if d is odd and only one term if d is even. In the
latter case, we have P(v;Fy) = K(1;F2) K (y(1); R14s5) = K(v(1); R145); by
(3.5), this implies that |P(y;Fq)| < 2\@2+6. According to Example 1.15,
the Kloosterman sum vanishes if 1+ > 6 and a is not a square.

From now on, assume p > 2. We are assuming that ¢ is a unit, and so a

is also a unit, by (3.2). We will use Salié’s formula for Kloosterman sums in
the form (3.4) to evaluate K (y(z); R1+5). We have

() ar+b a  su 1 aly o 1
" cr+d c pc cx+d c pa cr+d

In particular, vy(z) is a square if and only if a/c is. Therefore P(~;F,) van-
ishes unless a/c is a square, so assume that it is. If a/c = o? € Z, then

1 1 su 1 2
— 21—, — 1 288, d pi+o
V(@) a( P +d “ of 4 cx+d (mod p7)

and so

K(v(z); Riys) = \/ZSHCS Z Grrs(2a)erss <2a<1 - lpég ' : >>

oma/e 2" a cx+d

1+6 U 1
= G 2 2 —a— - .
VB T Guaatzaleas er(a 1)

Since § > 0, ax + b is a unit if and only if cx + d is, and so

(3.9)  P(v:Fp)
:\/JSH(s Z G146(2a)e145(20) Z K(x;Fp)q(—au- L )

a cr+d
a?=a/c 2€FX

pTchrd

The argument so far is similar to the one we will use when m > 1 and
0 > 0; there we will use stationary phase to evaluate the inner sum, but here
we must use [-adic techniques. Let £ = L., denote the standard rank-one
lisse sheaf on AIIFP such that, for all a € F, = A(F,),

trace(Frob, L) = e1(a).

We can use the Lefschetz Trace Formula to evaluate the inner sum in (3.9):
letting

1 *
cr +d

U=Gy,\{-d/c} and F=K® x|—>—ag-
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2
1 . —
Y K(@Fpe (_au ' > = _ trace(Froby, |H (U @ F, F)).
1=0

’ a cr+d
:EEIFP
p'fcm—‘,—d

Since F is lisse and U is affine, H)(F) = 0. Since the pull-back of L is
lisse at oo, F = K as P.-representations, so F is geometrically irreducible
and H2(F) = 0. Since L is pure of weight 0, F is pure of weight 1 and
so H!(F) is mixed of weights < 2 by Weil II. Therefore the inner sum in
(3.9) is bounded by hl(F)p. We use the Euler-Poincaré Formula to evaluate
hi(F):

he(F) =2(|{0,00,—d/c}[ —2) +1+2=5—-26,4

since Swanq, () = Swan, (£) = 1 and they are tame elsewhere.
Since |G1445(2a)| = 1 and the inner sum in (3.9) is bounded by hl(F)p,

IP(viF)| < B2 (5—28,0)p = (10 —46,)/p° ™. u

PROPOSITION 3.5. Using Notation 3.1, assume that m > 1, vy(c) < m,
and vy(b) # v, (3¢). Then

(3.10) |P(v; R)| < /B2 (60,55 + 1083 0,3 + 2°v/2 6,_5).

Furthermore, in order for P(vy; R,,) # 0, we have conditions in the following
cases:

(1) Assume v, (b) > vp(3c) and vy(c) = 0; if p =2 or 3, assume v,(b) >
3;4f p=3, assume m > 5; if p =2, assume m > 36+ 8 or é > 4 and
m+6 # 7. Then au is a cube.

(2) Assume vp(c) > vp(b) = 05 if p = 2, assume vy(c) > 3 and either
m > 35+8 ord >4 and m+6 # 7. Then vy(u?—ad®) =0 and (u?—ad®)/bd
1S a square.

(3) Assume & > 0; if p =2, assume § >3 and m~+ 06 > 6. If v,(c) =0
then a/c is a square; if v,(b) =0 then b/d is a square.

(4) Assume v = min{vy(b),vp(c)} > 0. Then v,(a — d) > v. Assume
also that m > v+ 2; if p =3 and v,(b) > v,(3c), assume that m > v + 5;
if p = 2, assume that m > v + 8. Then vy(a — d) = min{v,(b),v,(3c)}. If
vp(b) > v,(3¢) (and vy(b) > v+3 > 6 if p=2) then (a—d)/3c is a square;
if vp(3¢c) > vp(b) (and vy(c) > v+ 3 > 6 if p = 2) then a(a —d)/d is a
square.

Proof. First assume that m > 3h+ 2; if p = 2 then assume m > 3h +5.
Putting the definition (3.1) of the Kloosterman sum into the definition (3.3)
of P(v; Rin), we get
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1 T Y(T
P(’Y;Rm):ﬁ Z 6m+5<p6<8—|—5>—|—t+ (t )>
z@¢ER;+6

pfaw-i—b,car—i—d

We try to evaluate this sum by the method of stationary phase: let

f(x787t)—p5<s+‘§> +t+7(tx);

5 5
p p'u 5 L v()
df=(2+ 2% (12 1- .
grad f (5 +(cx+d)2t’p< 32>’ 12 >

Letting H be the Hessian matrix, one calculates
—2uxy(x) N pou n (cx+d)° t
(cx + d)3s3t4 ax +b ux s)
At a Z,-valued critical point, we use p’u = ad — bc and t/s = —u/(cx + d)?
and simplify to get
det H = 2p® (unit) (3¢ — b/ (zy(x))).

Since two rows of H are multiples of p°, its adjoint matrix is a multiple
of p? and so we can use h = v,(2) + & + v,(3c — b/(zv(x))), k = h + 1
in Theorem 1.8(b). Thus, for m > 3h +2 (m > 3h + 5 if p = 2), we get
|P(v; Rim)| < \D(Zp)\\/f)gm+h, where D is the scheme of critical points.

Now D(Zy) = {s € ) : u®s* = (as® + b)(cs® + d)*}. Suppose that the
polynomial g(x) = u?z — (az + b)(cx + d)® vanishes; then ac® = bd® = 0, so
by assumption (3.2), either a =d = 0 or b = ¢ = 0. In the former case, the
polynomial does not vanish; we do not deal with the latter case here, since
we are assuming v,(b) # v,(3c), but it is covered by Proposition 3.3. Thus
g(x) does not vanish and |D(Z,)| < 8.

We can say more about D(Z,) in most cases. First, note that D(Z,) =
D(Z,), where D C Al is defined by

D = Spec Zy[s,5]/g(s%) = SpecZ,[s, s 1]/ (u?s* — (as® + b)(cs* + d)?).

For any s € IND(ZP), we have dg(s?)/(ds) = 2 (unit) (3¢ — b/(zy(x))), so
vp(dg(s?)/(ds)) = h — &; let h :== h — 4. Thus D(Z,) is in one-to-one cor-
T A ir ( 741)> by Lemma 1.20. (If
h = 0 then D(Z,) = D(F,).) It follows that |D(Z,)| depends only on the
coefficients a, b, ¢, d modulo p?"*1. For example, if v,(b) > 2h + 1, then
we can replace b with 0; the condition u?z = (az + b)(cx + d)? becomes
u?/a = (cx+d)3 and so D(Z,) has at most 6 points, none at all unless u?/a
is a cube. Similarly, if v,(c) > 2h + 1 then u*z = (az + b)(cz + d) becomes

ar +b = (u?/d*)z and so lND(Zp) has at most 2 points, none at all unless
vp(u? — ad®) = v, (b) and (u? — ad®)/(bd) is a square.

det H = p*

respondence with the image of 15(R2,~L 41) in D(R
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If § = 0 then this proves (1) and (2); if h = 0 then it also proves (3.10).
The rest of the proof consists of dealing with small values of m. Generally
we will use a change of variables to get an étale scheme of critical points.
For p = 2 or 3 and small values of m we will use crude estimates.

Now assume that 6 > 0. If p = 2 then assume 6 > 3 and m + 6 > 8.
Note that ac or bd must be a unit, thanks to the assumptions (3.2) and
0> 0.

As in the case m =1, § > 0 we will use Salié’s formula for Kloosterman
sums, in the form (3.4):

K("}/(JJ), Rm+5) = \/ﬁm+6 Z Gm+5(2t)em+5(2t) (p G 2);
telszX,1+(S
t*=y(z)
if p = 2 then we should replace R, 5 with R s | (and still require t* =
v(z) in Ry45). Now

(x)_ax+b_g 1 U or b L4 uzx
= e rd ¢ pa(ca:—i—d) d pb(ca:—i—d) ’

depending on whether ac or bd is a unit. In particular, v(x) = a/c or b/d
(mod p?), so y(x) is a square if and only if a/c (respectively, b/d) is. If a/c
(respectively, b/d) is not a square then P(v; R,,) = 0; this much is true even
ifp=2,6>3, andm+4§>6.

Assume, therefore, that a/c = o (respectively, b/d = o), with o € Z¥.
Then /() = (1 — p®u/(a(cx +d)))'/? (resp., a(l+piux/(b(cx +d)))'/?)
makes sense as an element of R,,s[x, (cz + d)~!]. Furthermore, we have

v(z) =  (mod 3p°), so 2p~°(y/v(x) — @) makes sense as an element of
Ry [z, (cx 4+ d)~1].

If p = 2 then assume now that § > 4; then Gp45(21/7(2) ) = Gpts(20)

by Example 1.13. Therefore

KO Bass) = V5" 5 Gnsa2a)emsa(2a)en (2315 =2 ).

(Here and below, the sum is over a € Z} such that a® = a/c or b/d.) We
can use this and the definition (3.1) of K(x; R,,) in the definition (3.3) of

P(7v; Ryy):
P(7§ Rm)

= p" T Z Gm+s(2a)em15(2a) Z em (s + % + 2W> .

d
p
a:,sGRf;
pjfar—i-b,c:r—f—d
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We apply stationary phase with

fa,s) =5+ LY
S p

1
grad f = <s +uy(z) Y2 (cx +d) 72,1 — ;)
We calculate

det H =

g {40 L e AW d)?’}
s3/v(x)(cx + d)3 v(z)(cz + d) urs
= (unit)(3c — b/(z(x))),

where the second expression is valid at a critical point.

If p # 3 or if p = 31b then det H is a unit and Theorem 1.4 applies for
all m > 2;if p = 3 and v, (b) > v,(3c) =1 (so that p{c) then Theorem 1.8(b)
applies as soon as m > 5. We conclude that |P(y; R,,)| < \D(Zp)|\/f?3m+h,
where D represents the union of the two schemes of critical points corre-
sponding to the two choices of a. It is easy to see that D(Z,) = ]_N)(Zp), just
as before, so our previous analysis applies.

This proves (3.10) if § >0 (§ >4 and m+3d > 8if p = 2; m > 5 if
p = 3). It also proves (3) and completes the proof of (1) and (2).

Nezt assume that v, (b), v,(3¢) > 0. We dealt with the case p = 3tc just

above, so let v = min{v,(b),v,(c)} and assume that 0 < v < m. Note that
a, d € Z, and so § = 0, thanks to (3.2). In R,

a(z+p™Vz)+0b
cr+d

=(z) —|—pm_”§z.

As x runs through R, and z runs through R,, x+p™ "z runs through R,
p¥ times and so

Y +p™Tz) =

P(v; Rn)

1

=— Y K(@+p™ Yz Rn)K(y(2) +p" Y (a/d)z; Ry)

zER), ,ZzER,
1

= > em(stafsttty@)/t)— Y en((1/s+a/(dt))z).

x,5,tERY, P zZER,
The inner sum vanishes unless as/dt = —1 (mod p”), in which case it

gives pv. Setting s/t = —d/a + p’w, we get

B0 PR = X en(-dfatpules ot | )

—d/a vw | t
z,teR / tp

WERm vy
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The sum over t gives
a—d , ar+b ax Cm
S( . tPw cx+d * —d+praw’’ )
Since v < m and the second argument of this Kloosterman sum is congruent
to ax/d—ax/d (mod p¥), (2.10) shows that the sum vanishes unless v,(a —
d) > v, as claimed. (We will see below that we need v,(a — d) = v if
v<m-—1.)

Assume, therefore, that 1 —d/a = (a —d)/a = p’a, with o € Z,,, and set
b=p", c=p’c. Let s = t(—1+ p’a+ p’w) € Zy[t, w]; alternatively, we
could proceed by using four variables x, s, t, w with the relation as + dt =
pYawt. We have

T T
S—F; +t+ ’Y<t) :p”f(w,t,w)
with
b t 't
Flat,w) = <(a )t 4 22 *&wfd;tc r ) € Zylw t,w, 1/((cx + d)st)]
and so
(3.12) P(v; Ry) = p** Z em—v(f(z,t,w)).
w,tER::LiU
weRm—v
If m—v=1thena=dand s=—tin R,,_, =F, and the sum over w

is elementary: it vanishes unless

t= 7 =
(cx + d)t?

in which case it gives p. Therefore

P(y; Rm) = ™™ Y er(at+ (V//d)t™" = (d/d)t?).

teF,

t
=2 (mod )

We believe that this cubic sum was first estimated using the Riemann hy-
pothesis for curves; it is easily analyzed using l-adic cohomology. First, sup-
pose that v,(b) > v,(3c). With the same notation as in the proof of Propo-
sition 3.4, consider the sheaf F = L, (a¢—(c/a)3) on Gy This F is lisse on
A' and has Swan conductor 3 at co. By the usual arguments, HO(F) and
H2(F) both vanish; by the Lefschetz Trace Formula and the Euler—Poincaré
Formula, one finds that the cubic sum is bounded by 3,/p. Next, suppose
that v,(3¢c) > v,(b) = m —1; since we are assuming v,(c) < m, this can only
happen if p = 3 and v,(c) = m — 1. In this case, F = L., (at4b /dt—(c’ /d)t3)
is lisse on G,,; Swany,(F) = 3 and Swang(F) = 1; in this case, one finds
that the cubic sum is bounded by 4,/p. We conclude that [P(v;R,,)| <

p211+1 4\/1*): 4\/]33m+v-
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Now assume m — v > 1. Ignoring the messy expression for f(x,t, w), we
can calculate

et u z\s v(z) x
df=p(=+—2 _ (1-2)2 41— 1= 2ot
grad f =p <s+(cx+d)2t’< 32>t+ t2 ’( 32>p )’
which shows that D(Z,) = ]_~)(Zp), as before. Further calculation gives, at a
critical point, det H = 2(unit) (3¢ —b"/(xy(z))). If p = 2 (respectively, p = 3
and v, (b) > v,(3¢)) then v,(det H) = 1 and so Theorem 1.8(b) applies for

m—uv > 8 (resp., m — v > 5), giving

|P(7; Rin)| < 92| D(Z,)|/B° "0 < 8"

In all other cases, D is étale and so Theorem 1.4 applies for all m > 2, giving
3m+v
[P(v: Ron)| < |D(Zp)|y/P™

Let s € 5(Zp) and z = s2. The equation u?x = (az +b)(cz +d)? implies
that a®d*ax = V' d*+3ac’d*z? (mod p¥). Thus v,(«) = min{v, ('), v,(3¢)},
ie., vp(a — d) = min{v,(b),v,(3¢)}. If p # 2 then, since x is a square, so is
a’a/(b'd) = a(a — d)/(bd) (if vy(3c) > v,(b)) or aa/(3¢') = (a — d)/(3c) (if
vp(b) > v,(3¢)). The same conclusion holds for p = 2, provided v > 3 and
[0p(8) — v (30)] > 3.

Finally, we will deal with the cases p =2 and p = 3. According to (3.5),
|K (x; Rim)| < 24/p™ if p is odd. Using this in the definition of P(v; R,,), we
find that

(3.13) |P(y: R)| < 4",

If p = 2 then there is an extra factor of v/2 in the bound on the Kloosterman
sum but the sum for P(v;R,,) has (at most) ¢(p™) terms; the factor of
1 — 1/p, which we ignore for most primes p, exactly cancels the two factors
of /2 when p = 2.

Let p = 2. If neither b nor 3¢ is a unit then we have to consider m < v+7.
The trivial estimate of the sum in (3.12) leads to |P(y; Ry,)| < 25/p°" T+
If b or 3¢ is a unit then we have to consider m+40 < 7ord < 3and m < 36+7.
In all these cases, m < 16. Thus (3.13) gives | P(v; Ry,)| < 42 16-\/]33"”6 <
29\& . \/ﬁBm—i-h‘

Now let p = 3. If v,(b) > v,(3¢c) = 1 then we have to consider m < 4.
Then (3.13) gives [P(v; Rpn)| < 4V/3° - /p¥" 0 < 21, /5% If v, (b) >
vp(3¢) and v = vp(c) > 0 then we have to consider m < v 4 4. The trivial
estimate of (3.12) leads to |P(v;Rp)| < p*o(p™ 7)%p™ " < 108v3
% \/233m+v+1. -

We will now apply the results of this section to the GL(3)-Kloosterman
sums we computed in Section 2.
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NOTATION 3.6. Let

1 p°
wo = -1 9 t= pr—s 9
1 p~"
1 = =z 1 = =z
¥ 1 y|= 627ri(1/1x+1/2y)7 ¢, 1 y|= 627ri(1/{x+véy)
1 1

as in Section 2 and assume that vy, vo, vi, and vy € Z, \ {0}. Let ¢ =
min{r, v, (14 + vor))}.

Applying Theorem 3.2 to Theorem 2.11 one can see that if vy v5 4151 =0
and 7 = s > 0 then [Kl(wot, ¥, )| is O(p*"/?); otherwise, it is O(p(2s+37)/4),
Using Propositions 3.3-3.5, we can be more precise. In particular, we will
find a lot of cancellation in the case r = s (too much for coincidence?) from
the terms p~ " P(Ym; Rmm) where m is small enough that Proposition 3.3
applies; and at most five of the terms with m large are non-zero.

THEOREM 3.7. Keep the notation of Theorem 2.11.

(a) If r =5 > mny + na + 3 then, letting 7 = r — ny — na, Kl(wot,1,")
s given by
[p_f/zp(’Yf/z;Rf/z)(Sm

+p TGN 2 Py 323 Brmeto, (3))/2)

x 52|f—a+vp(3)5e>vp(3)5f235+4+3up(48)
+ Z P~ P(Ym; B )0(7—e) 2<m<r /2
(F+1)/3<m<(7F+1) /340, (12)
+ plf/3] 6F§3e+2:| PTG N g ONy =My -
(Note that there are at most 14+v,(12) < 3 terms in the sum.) In particular,
|K1(w0ta¢,¢,)| < [0(1)]97:/452|f
+ O(1)p(1:+€_vp(3))/452|'F—€+v1)(3)56>'Up(3)51:235+4+3vp(48)
+ O(1)(03)541 + Up(12))271:/3_1/66?3354-24-601)(12)
+ pl/3l Sr<aet2]D T TSN v ONy = M »
where O(1) = 66,3 + 3246,—3 + 2'95,_.
(b) If r = 5 = ny4+na+2 then |[Kl(wot, 1, )| < p"r™m2[8pt/2 4141 /p].
(c) If r =5 < ny+ng+1 then [Kl(wot, v, )| < p*" min{n; +1,ns +1}.
(d) If s>r > Ny + Na+ 3 then
|K1(w0t7 ¢7 7/),)’ < O(l)p[2s+3(r+Nl+N2)V45N1=M15N2=M252|T—N1—N27
where O(1) is as in part (a).
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(e) If s >r = Ny + No+2 then

Kl(wot, 1, 9" )| < Gplst3min{Nit Mot 1, Nok Mi+1}1/2
(f) If r<s a/nd T S Nl —|— N2 + 1 then ‘Kl(w0t7 ij/” Z'S bounded by
6p[s+3r+M1+M2]/2 +pr+s|: 1

p2

X 5s§min{N1+M2+2,N2+M1+2}523—T§M1 +M2+1557r§min{M1 Mo}

2
min{r — 1,ny,ne,n1 +na+1—r}+ -+
p

Proof. (a) According to Theorem 2.11, we must evaluate

> TP (Y Run).
1<m<#/2

The terms with 1 < m < 7/3 are given explicitly by Proposition 3.3; this
portion of the sum telescopes, leaving pl7/3 di<3e+2—1—1/p. The remaining
terms are all estimated by Proposition 3.5. According to Proposition 3.5,
condition (4), the terms with 7/3 < m < (¥ + 2)/3 4 v,(12) vanish unless
7 —2m < ¢ and those with (¥ + 2)/3 + v,(12) < m < /2 vanish unless
7 —2m + v,(3) = €. Finally, if 7 is even then there is a term with m = 7/2.

(b) If Ny = My and Ny = M, then we apply Proposition 3.4. Otherwise,
Theorem 2.11 gives

1
[K1(wot, 1, ¢")| < prtritne (1 — 55(1, I/;p)>

for some unit v and the bounds (3.5) of Weil and Salié show that this is at
most 2 prtritnetl/2,

(c) This follows easily from Theorem 2.11.
(d) This follows from Proposition 3.5.

(e) This is similar to (b).

(f) This follows easily from Theorem 2.11. m
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