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1. Introduction. Consider the class of properly discontinuous groups
{Gq}, ¢ integer, ¢=>3. Any @, is generated by the two substitutions:

(1) 8(r) =7+, T(z)=-—1fr, where 2A;=2cos(n/q),

and Im(r) > 0. To each G, belongs an invariant, J,(z), such that (8 (r))
= Jg(T (7)) =J,(r). The functions J,(r) are automorphic with respect
to Gg. Their general properties were studied by Hecke [3]. It is known
that w =Je(r) maps a “friangle” of vertices —exp(—wifg), ¢ and ioco
on the upper w-plane in such manner that

@) Jof—exp(—mnifg)) =0, Jui) =1, Jyfico)=oo.

Moreover, J4(r) has a Fourier expansion, valid at 7 = ioo;

(3) Toft) = D an(q)al, where m, = exp(2miziy).

n=-1
Here J5(v) is the well known modular invariant. Its coefficients an(3)
are known up to # =100 in closed form (cf. [10]) and also for any n as
convergent series (cf. [7]). Jy(r) and J4(v) were discussed in [8] and they
are algebraically related to Jy(r). Finally J(r) belongs to a subgroup
of the modular group, with the relation:

2Ty Joo = (4T c0—1)E.
Such algebraie relations permit an immediate computation of the first
few coefficients of J,,J, Jo from those of Jy(7):
123Jy(t) = o~ 1428- 3. 31 4-22. 33.1823x 4 21. 5. 209947 -+
+2.35. 5- 355.67923 +...,
(4) 28T 4(7) = =14+ 28.134-22.10932 - 212 4792 4 2. 38. 22.9632% + ... ,
22. 33 (1) = =1 42- 3. T4 3% 290+ 25 271aP + 35- 2692° + ... ,
20 o(T) = =1 28.34+22. 8. 230421 22 2. 3. 186728 - ...
where, in each case, # stands for x,, according to (3).

* The author is indebted to Professor Charles Pisot for his interest in the problem
and his suggestions.
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To date, these are the only four known invariants of the class {J,}.
As pointed out in [8], we do not have an arithmetic characterization
of the remaining groups nor of the singularities of their invariants in
a form suitable for caleulations.

If we consider the function inverge to J,(v) and write

(5) 2mitflq = Poldy)

then {@,} is a subclass of inverse triangle functions of Schwarz [9]. An
exhaustive presentation of these functions is found in Carathéodory’s
work, [1].

In [5], J. Lehner shows that, under a particular normalization, the
coefficients of the J,’s are rational numbers.

The purpose of this paper is to obtain the residues a.,(g) and the
coefficients ay(q), for » =0,1,2,3, only, for any ¢, 3 < ¢ < oo, in
closed form. The results are as follows:

@ a_1(g) = exp {rsec(w/g)— 2y (1) +v(} +1/20) +p (}—1/2¢)}

where y(u) = I"(u)/I'(u) = logarithmic derivative of I'(#). Formula (I)
for ¢ finite, may be written

g-1

4o —1) — . 2w k72
(IT) a_y(g) =2+~ ”I Iex {2 —1)cos ="1lo (2—20 s—)}
()] q g Pi2(—1) 7 o8 o8l

’

afg) = (34+ 427,
(1 | B0 = (69086 —48) 300 a0,
() = (27 —1160'+16¢° +64)2-78-9"(a,)"2,
ay(g) = (5601¢°—61.136¢°+166.240¢*—25.856¢%—77.568) 2-23¢~8(a._,)3.

The method is straightforward and perhaps laborious (particularly

for ay(q)), but by checking against formulae (4) a control of errors is
at hand.

2. '.ljhe residues a_,(g). For simplicity, instead of A, @g,Jq, B, We
shall write 2, ,J, ®, respectively. Then the function

(5 2ritA = B(J)

~maps the upper J-plane onto a “triangle” in the upper z-plane with

angles /g, n/2, 0; the preassigned boundary conditions being given by (2).
The formulae for the solution of this mapping problem are given by
Carathéodory ([1], p. 166).

We find, except for a hilinear transformation of Carathéodory’s
formulae:
(6) F*(a;ﬁ:l;J—l) T

27:7:1/}“ ="10gJ+ F(a IS ]_'J‘l) — Tuih
g Bt
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where
1 1) _1(1 1)

@ =33 #=3l+3)
: 3
(®) Flo, B,150) =} aw,

»=0
(9) F¥a, B,1;u) = D o0

y=1
with ’

y g TlenIGty X112
@ e =TErE ey e”“p;: et 7 )

(10) —ib = —2p(1)+p(1—a) +p (1—f)—nsec(x/q) .
Here p(u) = I'"(u)/I"(4). We remark as in [1], pp. 139 & 153, that, since
l—a—f = %,_series (8) and (9) converge also when J = 1.

Let —nib = log A. By exponentiation of (6) we have x = exp(2wit/1)
= AJtexp(AdoJ 1+ 4;J2+...) where

_ P A | _ 3¢+4

(11) Ay =0 _aﬁ(a+z_2) ~Ho
Consequently

IEIA =d 4 A I 24
and by inversion

S

=242

‘whence
A

(12) =g+

Comparing (12) with (3) we have:

a4(q) = A = exp (~wseo(r/g)— 2p(1) +p(1— &) +¥(L— )}
Because of (7),

cotrna-cotnf = 1/(sinnasinnpf) = 2sec(w/q) .
Then, by the formula u(1—®) = y(x)+wcotnz, we obtain
ay(g) = exp {sec(n/q)—%(l) +w&+ glé) -HU(-i-— —13)}
as in (I). From (12) and (3) also follows that
3¢*+4

=8

ag in (III). Formula (IT) is obtained from (X) by using Gauss’ represen-
tation of y(r) where r is rational (see, e.g. [61).

Ay = a(g)
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Tt is readily verified that formula (I), when g-—+oo gives ay(co) = 278,

From formula (II) we geb

84(3) = ay(4) =27,
as we expect from (4).

3. The coefficients a,(q), @,(q), as(g). The role played by the Schwarzian
derivative in the mapping of § 2 is well known ([1], Part 7, Chapter II).
In our case the function (5') satisfies Schwarz’s equation:

20" -3 _1-(1/g%) + —(1/4) , A/¢)+(1[4)—1

SR 20* T a(J—1p 2 (I —1)
where dashes denote differentiation with respect to J. Inverting the order
of differentiation in (13) we obtain
3(JE—2J'J"  4gJi— (B¢t —4)J - 44" —

7 N VO£ C AV
Here dashes indicate differentiation with respect to = (cf. [2], p. 690).

For the purpose of calculation, write (14) as follows:

(15)  4g2[3(wJ"2—2(2J") (@] ") {x] (2] — @)?
= (@) [4g¥(@d P — (5" — 4) (] ) @ + (4¢* — 4) %]
where & = e, u =2mifl, and

a4(6) =223

276373,

_|..

(13)

(14)

© o0
& = a4 D) anat, al" = o+ 3 wananss),
(16) n=0 - n=1 -
o] = ‘u(—— o+ 2 na,.m"“) , wJ'= /ﬂ(— a_y -+ Z n"a,.w"‘“) .
n=1 n=1
By substituting formulae (16) in the differential equation (15) and com-
paring coefficients, formulae (III) are obtained in the wsual manner.

4. Remarks. Clearly the above results (I), (II) and (III) are only
the first stages of an unsolved problem. Hence remarks, questions and
conjectures of varied levels are in order.

(A) As easily verified from (III),
= (27¢*~ 8¢*—16) (¢~ 4)
= (5601¢°— 38.732¢* +11.312¢* +-19.392) (q*— 4) .

For ¢ = 3, such factorization confirms the result of D. H. Lehmer [4],
that is:

Numerator of a,(g)
Numerator of ay(g)

Op=0(mod5) if =x= +2(mods),

where Oy is the Fourier coefficient of 12%7( (v). It seems reasonable to
conjecture that

Numerators of ax(g) = 0 (mod (¢ —4) i n= £2(modb).

icm°®
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(B) Keeping present the shape of the coefficients (III) let us seb
g = a_y(q) - ¢?Z,. Then from (3)

F T3 Ze) =1)Z,+ ) Aulg
n=0

where An(q) = Ppi1(¢®)/Ry+1. Here Pnyy denotes a polynomal of degree
(n+1) in ¢* and Ry, is an integer. Such an expansion would agree with
the result of J. Lehner [5].

(C) Using formula (II) we find:

=3 e
/B(2 3+21/2
osts) = VIRRVIT gy 29"
.
4,(10) = 212/;3(1-;]5

These numbers are transcendental. The following question arises: Are
there values of g, except those of formulae (4), for which a_,(g) is rational
or algebraic?

(D) (Pisot’s) Besides the four cases of (4) are there other J’s such
that K,-Jo(v) have integral coefficients, with K, = constant?
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