ACTA ARITHMETICA
LXXVIIL.2 (1996)

Distribution of values of Euler’s function
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1. Introduction. Let ¢(n) be Euler’s function and let A(z):=3__,,)<,1-
Erdds and Turan [5] established the asymptotic relation

(1.1) A(z) ~ Az (z — o0)
with

A::H<1+(p1_1)> =1.9435.. .,

p

where p ranges over all prime numbers. Using analytic methods, Bateman [2]
proved that for any € > 0 the error term of (1.1) is

(1.2) < vexp{—(1/v2 —¢)y/logzlog, z}.

In 1989, Balazard and the first author [1] gave an elementary proof of (1.2).
As it seldom occurs that an elementary result reaches the degree of accu-
racy of the best known analytic method, we may say that this elementary
method is effective. Very recently we succeeded, using the same argument, in
generalizing Bateman’s theorem to the case of algebraic number fields [13].

In this paper, we shall further develop this method to investigate distri-
bution of values of Euler’s function over integers free of large prime factors.
Let P(n) be the largest prime factor of the integer n > 1, with the conven-
tion that P(1) = 1. Defining, for z > y > 2,

A,y) = >, 1,
p(n)<a, P(n)<y

we are interested in the asymptotic behaviour of this function. In view of
(1.1), we could expect that A(z,y) ~ A¥(z,y) holds under suitable condi-

tions on x and y, where
U(z,y) = Z 1

n<z, P(n)<y

[139]



140 A. Smati and J. Wu

denotes the number of positive integers < x and free of prime factors > y.
The latter has been extensively studied by various authors. An excellent
survey, including an exhaustive bibliography, has been written by Hilde-
brand and Tenenbaum [9]. For =,y > 2, we shall systematically use the
notation u := log z/logy. This quantity will play a pivotal role in the study
of the asymptotic behaviour of A(x,y). Denote by log, the k-fold iterated
logarithm.

Our principal result is as follows.

THEOREM 1. For any € > 0, the asymptotic relation

13 Alwy) = W(x,y>{A+ oe(log“fjggz y10g3y>}

holds uniformly in the range

(1.4) y>2, 1<u<exp{et/logy}.
From Theorem 1, we immediately deduce the following result.
COROLLARY 1. In the range (1.4), we have A(z,y) ~ A¥(z,y) if y — oo.

Let o(u) be Dickman’s function, which is defined as the unique solution,
which is continuous at v = 1 and differentiable for u > 1, of the difference-
differential equation

ug(u) = —plu—1)  (u>1)

with initial condition g(u) =1 (0 < u < 1). The following formula, due to
de Bruijn [3], describes the asymptotic behaviour of log o(u):

for u > 1. Combining Theorem 1 with a well-known theorem of Hildebrand
(cf. Lemma 2.3 below), we immediately get the following statement.

COROLLARY 2. For any € > 0, the asymptotic formula

Az, y) = IQ(U){A 1+ 0. <log“ + logy ylogs y) }
logy

holds uniformly in the range (1.4).

For proving Theorem 1, we approximate, as in [1], Euler’s function ¢(n)
by

pnz)=n [[ G-pY) (:22)

pln, p<z
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and we consider the sum
A(z,y,z) == Z 1 (x>y>2z2>2).
@(n,z)<z, P(n)<y

Let w(n) be the number of distinct prime factors of the integer n. We have
w(n) < logn/log2. In addition, for p(n) < x we find that n < zlog, z and
logn < {1+ o0(1)}logx (x — o0). Hence we can deduce that

p(n,z) = p(n) = p(n.z) [T (1=p7") = e(n,2)1 - 271"

pln,p>z
> p(n, 2)(1 —logn/(zlog2)) = ¢(n, 2)(1 —w(n)/z)
> 90(7% Z)(l - 310g11?/2’),
which implies the following simple bounds:
x
1. A <A <Al —————— .
(16) (020:2) < Alw) < A g

In order to evaluate A(z,y,z), we observe that

(1.7) A(z,y,z) = Z @<SDEUn),y, z) + A(z, 2),

p(n)<z/z, P(n)<z
where
Oz, y,z) ={n<z:p|ln=2z<p<y}
With the aid of a theorem of Saias (see below Lemma 2.1), we can derive
a precise estimate for A(x,y, z) (see Lemma 3.6 below). Finally, Theorem 1
follows from a suitable choice of z.
As for applications of Theorem 1, it seems interesting to consider the

sums
> 1/P(n), Y logP(n),
p(n)<z p(n)<z
which can be regarded as analogues of > _ 1/P(n) and ), ., log P(n).
In 1986, Erdds, Ivi¢ and Pomerance [6] obtained -

(1.8) Zp(ln) —xa(x){1+o<<lﬁj“i:;)l/2>},

n<zx

where 6(x) := S; o(log z/logt)t=2 dt. Using (1.5), they proved that

1 —2—log2
(1.9) 5(:B):exp{—\/2logfclog2m<1—|—Og?’x o8

2logy x

-} (i21))}
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In 1990, Tenenbaum ([14], Exercise II1.5.3) showed that, for any € > 0,
Z log P(n) = Azlogz — A(1 — 7)z + O.(z exp{—(log )*/7¢})
n<x

with X =1 — (% o(t)t "2 dt = 0.6243 . ..

We have the following results.
THEOREM 2. For x > 2,
1 1 1/2

Z —— =zd(x){ A+ 0O 62T :
P(n) log x

p(n)<z

THEOREM 3. For x > 2,

Z log P(n) = Az logz + O(z log, x logs x).
p(n)<z

Acknowledgement. The authors would like to thank A. Ivi¢ who sug-
gested them to study this problem.

2. Notations and auxiliary lemmas. For u > 1, we define { = £(u) as
the unique positive solution of the equation e¢ = 14 wué, with the convention
that £(u) = 0 (0 < u < 1). For z,y > 2, let @« = a(z,y) be the unique
solution of the equation

logx = Z logp

0'_1'
pSyp
For z,y,2 > 2 and d > 1, we set
log log 2 E(u
wem (BT BE g g g)im1 - S
log y log y logy

1 d
Uq = O?(Eg;/y)a Qaq 3:(1(279); ﬁd :6<27y>

Denote by ¢ a sufficiently small positive number and put L.(y) :=

exp{(logy)?/°=¢}. We use ¢, ¢z, . .. to denote positive absolute constants.
Next we shall cite some known results, which will be needed in the

proofs of Theorems 1 and 2. The first lemma is an immediate consequence of

Théoreme 7 of Saias [12], which precisely describes the asymptotic behaviour
of O(z,y, 2).

LEMMA 2.1. Under the condition (1.4), the asymptotic formula
8(x7y7 Z) = W(.f,y) H(l _pia>{1 + 05(7“67(1727“) logu + 6*1/7")}

p<z

holds uniformly for 2u < z < y'/2.
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The following result is due to de Bruijn [4] and Hildebrand [7]. Here we
take this in the form of [9].

LEMMA 2.2 (][9], Theorem 1.2). For any € > 0, the asymptotic formula

(2.1) log(¥(z,y)/x) = {1+ O(1/Lc(u))} log o(u)
holds uniformly in the range
(Re) r>2  (logz)'* <y <o

Moreover, the lower bound in (2.1) holds uniformly for all x >y > 2.
The third lemma is an important result of Hildebrand [7] about ¥(z,y).
LEMMA 2.3 ([7], Theorem 1). For any € > 0, the asymptotic formula

VU(x,y) = Hfg(u){l 1+ 0. (bg(“m> }

logy
holds uniformly in the range

(He) y>2 1<u<exp{(logy)®° ).

The next three lemmas, due to Ivié-Tenenbaum [11] and Hildebrand-
Tenenbaum [8], describe the local behaviour of ¥ (x,y).

LEMMA 2.4 ([11], Lemma 2). Under the condition (R.), the asymptotic

formula
U(z/d,y) = Uz, y)d{1 4 0. (10828 | loed
7y - Jy £ 10gy IOgSU

holds uniformly for 1 < d <y.

LEMMA 2.5 ([11], Lemma 3). Under the condition (R.), the asymptotic
formula

w(x/da 3/) <<g W(J’)’ y)dfﬁ‘f’cl/logy
holds uniformly for 1 < d < x, where ¢y is a positive absolute constant.

LEMMA 2.6 ([8], Theorem 3). We have, uniformly for x > y > 2 and
l<e=y,

¥ (cx,y) = ¥(z, y)ca(””’y){l +0 <1 + logy) }
u oy

From (2.10) of [8], we immediately see the following statement.
LEMMA 2.7. Under the condition (R.), the asymptotic formula
o+ 2/2y) = Vo, y){1 + 0.(1/2)}
holds uniformly for 1 < z <wy.

The last lemma, due to Ivié [10], is useful to prove Theorem 2.
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LEMMA 2.8 ([10], (4.1) and (4.3)). For any fized 6 > 0, we have

;S;:P(ln) =1+y 21?@<;,p> = {1+09<(10g136)9>}LSEP:SL+ ;w@,p),

p<xz

where Ly := exp{4/(1/2)log xlog, = (1 & 2log, x/log, )} .

3. Proof of Theorem 1. Before proving Theorem 1, we first prove
preliminary lemmas.

LEMMA 3.1. Defining A(o,z) :== [«
uniformly for z > 2 and 0 < op <o <1,
A(o,z2) = A+ 05, (|1 — | +279).

(I1+(p—1)"7—=p ), we have,

Proof. For any ¢ > 0 we have
P
(3.1) 0<(p—-1)“"—p =0 S o dt<o(p—1)"7"L
p—1
Upon putting A(o) := A(o, ), this inequality allows us to write, for z > 2
and 0 <og <o <1,

(3.2) Ao, z) = A(o) exp {O(G Z(P - 1)_“—1) }

p>z
= A(0) exp{O(277)} = A(0) + Ogy (277).
In addition, (3.1) implies that

A (p—1)=7 —p=)logp+ (p— 1)~ log(1 — 1/p)
A0=-2 I+(p—1)7—p°
; P p
<Y p 7 logp <oy 1.
p

Hence for 0 < 09 < 0 <1 we deduce that
1 /

(3.3) A(a):Aexp{—Si(t)dt} — A+ 0, (1 al).

o

Now the required result follows from (3.2) and (3.3).
LEMMA 3.2. Under the condition (R.), the asymptotic formula

[Ta-r={1+ o) o)

p<z p<z

holds uniformly for 2 < z < min{y, exp{(logy)*/°~¢/£(u)}}.



Distribution of values of Euler’s function 145

Proof. First we observe that
(3.4) Hl_pw e a§ logp_
. = ex o .
1— p_ﬁ p S po -1
p<z B p<z

Since «, f >, 1 in the range (R.) (cf. (7.8) of [8]), Lemma 13 of [8] allows
us to write

(3.5) § 3 plfg_pl do = {1 +0. <L1(Z)> } iit“’ dt do + O (|o — ).

B p<z 81

Using (7.8) of [8] and noticing 2 < z < y, we can find that

oz

(oo =| {5
g1 B

< ) Szl_" logzda) = |217F — 217
B

< Zmax{l—,@,l—a}(log z)]a _ B|

u)/ lo ! 1
< 2/ gy(logz)<L /2(y) i “(logy)2>.
&€

Under the hypothesis 2 < z < min{y, exp{(logy)%/°~¢/¢(u)}}, it is easy to

verify
1 1 log(u + 1)
§(u)/ logy
: (logz)<Le/2(y) " U(logy)2> < Tlogy

This proves that

¢ 1 1 1
5> 08P 4, o lo8(utl)
Bpgzp"—l logy

In view of (3.4), this is equivalent to the desired result.

LEMMA 3.3. In the range

(RL) z>2,  (logz)'™ <y <z,
we have
_ log 2z _
so) Tla-roo={iro(2 ) a0
p<z p<z

uniformly for 1 <d <y and 2 < z < exp{e 3(logy)/&(u)}. Further, under
the condition (R¢), we have

(3.7) [[Ta-p") < [Ja-p"

uniformly for 1 <d <z and 2 < z < exp{e3(logy)/&(u)}.
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Proof. In the range (R.) and for 1 < d <y, we have 2 < u < yt—e/?
and 1 <wu/2 <wug < wu. Thus it follows (cf. Lemma 2.2 of [9]) that

_ — log d 1
By = §(u) —&(ua) _ u—uq 08 7
log y ulogy u(logy) log =
Ba =z &(u)/logy | 1
S St“’dtdaSzl_ﬂ(logz)\ﬂd—ﬂ]<< z 08 % c ng7
M log log

since 1 < d <y and 2 < z < y. Now these estimates imply, via (3.4) and
(3.5), the assertion (3.6).
In the range (R.) and for 1 < d < z, we have trivially

6(u) — E(ua) _ &(u)

Ba— B = <
logy logy

<e 17
B
S
B

Combining these estimates with (3.4) and (3.5) leads to the inequality (3.7).

a

= ey 2

§(u)log z

t=7 dtdo < 2" P (log 2)|Bq — B < 25w/ logy
logy

< 1.

LEMMA 3.4. Under the condition (R.), we have
Z So(n)*ﬁer/logy H(l _ pfﬁ) <. e~/
p(n)>y, P(n)<z p<z

uniformly for

2 < z < min{exp{(logy)'/*"/*}, exp{log ylog, y/(2 + €)&(u) }}.

Proof. Let Sy be the quantity to be estimated. By Rankin’s method,
for any n € (0,1/10] we can write

Sy <y~ Z (p(n)—ﬁ+n+01/logy H(l —p ).
P(n)<z p<z

By noticing that, for any ¢ > 0 and z > 2,

(3.8) Y o) [ —p°) = Ao, 2),
P(n)<z p<z
Lemma 3.1 and (3.4) and (3.5) yield that
1—p#h
-7
So K Yy 1:[ 1— p—,3+77+c1/logy
PSSz

B8 z
St_" dtdo + 0377}

B—n—ci/logy 1
1-p+n+c1/ logy(

<y Texp {02

<y "exp{cyz log z)n}
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<y " exp{C4z5(“)/ logy+ntei/logy (1og 2)n}.
Now the required result follows on taking n = 2/ log z.
LEMMA 3.5. Under the condition (R.), we have
Y. ) Ploge(n) [T(1-p") <. logzlog, =
¢(n)<y, P(n)<z p<z
uniformly for 2 < z < exp{e3(logy)/&(u)}.
Proof. Let Y > 2 be a parameter to be chosen later. We define

Sii= > e logen) [T(1-p),

¢(n)<Y, P(n)<z p<z
Sy 1= Z ©(n) Plog o(n) H(l —pP).
Y <p(n)<y, P(n)<z p<z

The relation (3.8) and Lemma 3.1 imply immediately
(3.9) S1 < A(B,z)logY <« logY.

When Y < ¢(n) < y, we easily see that logp(n) < ¢(n)® with § :=
log, Y/log Y, which implies

S< Y e Ja
@(n)>Y, P(n)<z p<z
As in the proof of Lemma 3.4, for any n € (0,1/10] we write
_pB
So <Y ™" H = b < Y exp{eszt P10 (log 2)(6 + 1)}

1 — p—B+o+n
p<z

Taking 7n = 1/ log z leads to the estimate
(3.10) Sy < exp{—logY/logz + 6561/63+126(1 +dlogz)}.

Combining (3.9) and (3.10) and taking Y = exp{log z log, z}, we obtain the
desired result.

LEMMA 3.6. In the range

(1.4) y>2, 2<u<exp{e Vlogy},
we have
A(:E7y7 Z) = Lp(x>y){‘4 + 06(R1)}

uniformly for

(ulogy)'** < z < min{exp{(logy)"/***/°}, exp{e > (log y) /& () }},

where

_ log u 10g2y 10g210g2z+Te—(1—2r)logu+ —1/7‘ ers() +7,, 10g233
logy logy log =
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Proof. We start by the expression (1.7). To evaluate the sum on the
right-hand side of (1.7), we divide the range of summation into two parts:
p(n) <y and y < p(n) < z/z. The corresponding contributions S3 and Sy
can be estimated as follows.

From Lemma 2.1, we deduce that

(3.11) S3= > W<me> [T —poeem)

(n)<y, P(n)<z p<z
X{l + O(ref(lfQT)logu + efl/r)}.

Lemmas 3.2 and 3.3 imply

o logu = logz i
— p(n)) = —_
||(1 P ) {1+O<logy+log$>} ||(1 p~ 7).

p<z p<z

Inserting into (3.11) and applying Lemma 2.4 to evaluate ¥(x/p(n),y), we
obtain

Ss=U(x,y) >, e J[a-p?)

¢(n)<y, P(n)<z p<z

xd14+0 logu+log2y+ IOgZ +logg0(n) +T,e—(1—2r)logu+e—1/r )
logy logy  logx log x

In addition, in view of (3.8), Lemmas 3.1 and 3.4 yield that

_ _ logu e _
B B8y — 1/r
E o(n) ||(1 pP) A—H)(logy—l—z +e .

p(n)<y, P(n)<z p<z

Therefore by Lemma 3.5, it follows that

logu lo log z 1o
g i g2y 4 g 2108y 2
logy logy log z

_i_ref(ler) logu + efl/r + eri(U)>}

(3.12) 83 =U(x, y){A + o<

Now we estimate S4. Using Lemmas 2.1 and 3.2, we can show

Sy < 3 W(%y) [T —p )

y<e(n)<z/z, P(n)<z p<z
< X () TIa-sen.
y<o(m)<a/z, Pm)<z NPV pls

In addition, Lemma 2.5 and (3.7) allow us to deduce that
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Sy L U(z,y) Z Sp(n)—ﬁﬂl/logy H(l _p—%(n))
y<p(n)<z/z, P(n)<z p<z
<L U(z,y) Z (p(n)fﬁJrcl/logy H(l _ pfﬁf).
p(n)>y, P(n)<z p<z

Thus applying Lemma 3.4 leads to the inequality
(3.13) Sy < e Vrw(x,y).
It remains to control A(z, z). Since p(n) > cgn/log, n, Lemma 2.7 yields
Az, z) < ¥(crrlogy x, z) < ¥(xlogy , 2).

Putting v’ := log(z log, )/ log z, we have v’ > u/r > 3u. Hence Lemma 2.2
implies
¥ (zlog, , z) < z(logy z)o(u')*/C.
Using the inequalities
(3.14) u < o(u) <umt (u>1)
which are a simple consequence of (1.5), we may deduce that

W(zlogy x, z) < zu' """ /% log, x < a5 /6,5 /6 log, =

< zu” 2 2 Nog, 1 < zo(u)® 17 2 log, .
Thus Lemma 2.2 yields that
(3.15) W (zlogy x, 2) < W(x,y)r®/?log, x < W (x,y)r’ log, .

Combining (3.12) and (3.13) with (3.15), we obtain the desired result.

We can now complete the proof of Theorem 1.

When y is bounded, the result follows by trivial arguments. Hence we
may suppose y > yo, where yo := yo(e) is a sufficiently large constant
depending on e.

First we consider the case

y>yo, 2<u<exp{e'y/logy}.

Let z be a parameter to be chosen later which satisfies

(3.16) (ulogy)'™ < =z < min{exp{(logy)'/***/}, exp{e~*logy/&(u)}}.
The relation (1.6) and Lemmas 3.6 and 2.7 allow us to write A(z,y) =
¥ (z,y){A + O:(R2)}, where

_logu  logyy | logzlog, z
~logy  logy log

r&(u) 1
A + 7 logy x + o8t
2

Ry : + 7,67(1727“) logu

> .
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If 2 < u < logy, for the choice z = (ulogy)? we obtain
lo lo
Aley) =W {a+0.(FELET)
logy

When logy < u < (logy)'/¢, we take z = u®. Noticing that &(u) ~ logu
for u — oo (cf. Lemma 2.2 of [9]), it is easy to verify that this value of z
satisfies (3.16). We have

Alz,y) = ¥(z, ){A+O Ggi;)}

If (logy)'/c < u < exp{e~'/Iogy}, the choice z := exp{(2e~* + 1)y/Iogy}
gives the required result.
Next we consider the case

We observe that

dol- D 1=A@) - Y Al/(p-1)

p(n)<z p(n)<z,y<P(n)<z y<p<z
Using (1.1) and (1.2), we easily show that
A(z,y) = Az(1 —logu) + O(z/logy + zR3),

where

Rs = Z ;exp{—\/log(m/p)}.

y<p<z
On the one hand, the prime number theorem allows us to deduce that

. T o=/ log(z/t) J
3 < S tlogt g

On the other hand, the change of variables v := logx — logt yields that

(1-1/u)logz _ o
1 Vv
Ry < —— S 67d0<< Se‘ﬁdv<< .
log = 1—wv/logz log = 3 log =

This proves that

A(z,y) = z(1 —logu) { <logx)}

By noticing that o(u) =1 —logu (1 < u < 2), Lemma 2.3 implies

A@’y):mu){AJrO(logw)} {AJFO(lo;y)}'

This completes the proof of Theorem 1.
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4. Proof of Theorem 2. In view of (1.8), it is sufficient to prove
1 log, x 1/2 1
(4.1 > s = {4 o((B2) ) o
o P(n) log x = P(n)

Put I := [L_,Ly], where L_, L, are defined as in Lemma 2.8. We split
the range of summation into two parts: p(n) < z,P(n) € I, and ¢(n) <
x,P(n) ¢ I. The corresponding contributions are denoted by T) and 7%,
respectively.

We first estimate T5. For p(n) <z and P(n) € I, we write n = P(n)"m

with P(m) < P(n). Since ¢(n) < x implies n < cgzrlogy x, we have v <
(logn)/log P(n) < co(logx)/log P(n). Thus it follows that

n-y Y >

el 1<v<co(log )/ logp L p(m)<a/pr—1(p—1), P(m)<p

1 x
< logx A< ,p>.
pzplogp p—1

In order to estimate the last sum, we decompose it into four parts:

1 T
Toq = A
2157 2 loe (p— 1’p>’

p<M
1 T
Ram Yot )
M<p<L_p gp p
1 x
mom 3 (i)
Lo yme PlogP AP
1 x
s T ()
\/5+1<p§a:+1p &P p

where M := exp{/logx}.

For T3 1, by Theorem 1 we have

Ty1 < Z

= Plogp

Az, M) < A(z, M) < ¥(x, M).

Hence Lemma 2.2, (3.14) and (1.9) imply that

(4.2) T < SCQ(\/]OE)M‘5 < xe_(2/5)\/@1052 =
xd(x) 1 1
(log x)? < (log x)? ; P(n)’

The sums T3 5 and T3 3 can be estimated as follows: Applying Theorem 1,
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Lemmas 2.6 and 2.8, we see that

1 x 1 T
4.3 Tho < w(,p> < w(,p>
(4.3) b o > e G > S

M<p<L_ M<p<L_

1 1
< {loga)? Z P(n)

and

44) Tp< Y. 1¢< fl,p><< > 1?(2,1))

Ly <p<yz+1 p p Ly<p<yz+1

1 1
< > :
2
(log2)? 2= P(n)
It is very easy to estimate 75 4:

1
(4.5) Tou<z Y <« VT

Viticncpsy P~ Dplogp  (logz)?

1 1
< Toga® 2= Plo)

Combining (4.2)—(4.5) leads to the inequality
1 1
(4.6) Ty Y =
log z = P(n)

Next we evaluate T3. For this, we write

(4.7) lez:; > 1+Z; oo

pel p(n)<z pel p(n)<=z

P(n)=p, p|n P(n)=p,p*n

1 1 1
Yy oyl oy oyl oy
pel = p(m)<z/(p—1) pel = p(m)<z/(p—1) pel p(n)<z

P(m)<p P(m)=p P(n)=p,p*In

Denote by T4,1,T1,2,T1,3 the three sums on the right-hand side of (4.7),
respectively. For p € I, it is easy to verify that x/(p — 1),p satisfy the
condition (1.4). Thus Theorem 1 and Lemma 2.7 yield immediately that

ra= () = o () )5 ()

pel pel

~{avo((2) s L) e (2a)

pel
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Therefore Lemma 2.8 implies

- freof () N

By Theorem 1 and Lemma 2.6, we have

1 x
T | —Al ———=
o <logz ) o <<p—1>2’p>

pel
1 1
<logz ) W<27P> <logz ) “7(362729)
p \(p-1) p \p
pel pel

and

1 x
T173 < logxz A<7p
o \pp—1)

1
<<10ng < ),p <<longpw<;;,p).

For p € I, we easily see that f(z/p,p) = 1+ O(logy z/+/logx) > 1/2. Thus
Lemmas 2.4 and 2.8 yield that

S (er) < e (r) < e S

pel pel n<zc

Inserting these estimates in (4.7), we obtain

w9 mefaso((=) Ny L

n<z
Now the desired result (4.1) follows from (4.6) and (4.8).

5. Proof of Theorem 3. Let U be the sum to be evaluated. We have

xT

(5.1) U=Az)logz— Y g dy:A(x)logx—gA(x,y)‘S/.

o(m<z Pin) 7 i

To estimate the last integral, we decompose it into two parts:

exp{(elogy z)*} dy z dy
Uy = S A(z,y) —, Uz := S Az, y) —
Y 2 Y

i exp{( log, 7)2}

Using the trivial inequality (see Theorem IIL.5.1 of [14])

Az, y) < ¥(zlog, z,y) < z(log, x)e™ /2,
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we can find that

(5.2)

U, <. zexp{—(logz)'~¢}.

For U,, Corollary 2 allows us to write Uy = AzUy + O(2UY'), where

: 1 ,
exp{(clogy )2y~ 2Y/ Y

o x <log:v> log(log z/ logy) + logsy ylogs y @

1 1
exp{(clogy )2} N 07 o8y Y

By the change of variables ¢ := log z/log y, a simple calculation shows that

o
Uy = S o(t)t 72 dtlog x + O.(exp{—(log z)'~¢}),
i
(log )/ (e logy x)?
Uy < | o(t)
i

logt 4 log, x logs x
t

dt < logy zlog; x,

which implies

(5.3)

Uy =A S o(t)t 2 dtzlogz + O(xlogy xlogs x).
1

Inserting (5.2)—(5.3) in (5.1) and using (1.2), we obtain the result of Theo-
rem 3.
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