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1. Introduction

1.1. Our main motivation for considering the class of Dirichlet series in
the title (where @ € R and f(s + 1) is assumed to have a Dirichlet series
expansion absolutely convergent in the half plane o > —\, for some A > 0)
is that the sequences

S C P R (CY

(where as usual o and ¢ denote the sum-of-divisors and Euler’s functions)
both are sequences of coefficients a(n) of such series.

Our goal is to establish explicit expressions for P and E in

(2) Z a(n) = P(z) + E(x) = principal term + error term

n<z

(Theorem 1 in Section 2), and then to obtain O- and (2-estimates for E
(Theorems 2 and 3 in Sections 3 and 4). In Section 5 we derive expression
(2) in the special cases where {a(n)} is a sequence in (1), and infer the
corresponding O- and 2-estimates (Theorems 4 and 5); our results cover all
real values of a and, apart from the cases @ = £1 and a = 0, all supersede
what is known today (and is described in Subsection 1.3). We also deduce
similar results for the sequences {c®(n)} and {¢*(n)} (Corollaries 1-3).

1.2. A selection of other applications. We mention below without proof
some other applications of our theorems. We can apply them to the study
of 3, .. (o(n)/¢(n))*/2. For instance, we have
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0 5 TOVAR) (s + 1) (s 1),

where f(s+ 1) is analytic and has an Euler product absolutely convergent
in 0 > —1/2, and the method we describe in this paper yields

2

(4) T ggjj; = C@)$@)r+ 3 Bulloga) + ),

n<x

e(z) = { O((log 33)4/3(10g log $)8/3)’
2+ ((loglog z)?),

and where the B, are computable real constants.

Another interesting application is to the sum

(6) S 67 (n), where q(n) ==n]] <1 - p)

n<w pln

(and where a is not a prime number in case @ > 0). When «a is a positive
integer and the prime factors of n are all larger than a, then ¢,(n) counts
the number of distinct groups of a consecutive numbers all prime to and
smaller than n. These functions were studied by V. Schemmel in 1869 [14].
For instance, we have

(7) > W =¢o) ] (1 —~ pfﬂ> = ((5)Cal(s + 1)

p

and our method yields
(8) Z $aln) =Cu(2)z + % Bl (logz)" + eq(z)
n a r a 9

n<x r=0

with
©) el = { G080 Gostor )L |

24 ((loglogz)slely  (e=1ifa <0, e =1/2if a > 0).
Similar results on the sum » _ ¢q(n) can now be obtained with the
method described in Section 5 (Corollaries 1-3).

1.3. Former work on the cases a(n) = (o(n)/n)* and a(n) = (¢(n)/n)*

1.3.1. o(n)/n and ¢(n)/n. It was known to Dirichlet in 1849 [4] that
o(n)/n and ¢(n)/n are “on average” respectively m2/6 and 6/72, in the
sense that
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) e SO T
(10) E'(x):=)_ v =o()

and )
(11) H(z) = El”) - %x — o(x).

n<zx

And the fact that E(z) := E'(z) + 3logz + (7/2 + 1) may be written in
the form > . v(n)(z/n)+o0(1) (as in Theorem 1 in Section 2 below) was
known to Wigert [20] in 1914. He also obviously guessed that a truncation
of the sum (producing some extra constant term) might help obtaining es-
timates of type O. Walfisz produced a number of papers since the 1920’s
on that problem and related ones; he published (posthumously) in 1963 [19]
proofs of

(12) E(z) = O((log z)*/?)
and
(13) H(z) = O((log z)*/*(log log z)*/%)

(see “Added in proof”), using Weyl’s and Korobov’s methods for the esti-
mate of exponential sums (and the expansion of 1) as a Fourier series). It is
his argument producing (13) that inspired our Section 3.

On the other hand, the easy fact that o(n+1)/(n+1) —o(n)/n can be
as large as C'loglogn for an infinity of values of n (noticed in 1913-14 both
by Gronwall and Wigert) shows that

(14) E(x) = 2(loglog x).

With a similar (but much more involved) argument Erdds and Shapiro
proved in 1951 [5] that

(15) H(z) = 2(logloglog x)

and then, by averaging H on certain adequately chosen arithmetical pro-
gressions An + B (n < z) of very large moduli A = A(x), that (15) implies

(16) H(z) = 24 (loglogloglog z).
In 1987 Pétermann [10] proved in a similar manner that (14) implies
(17) E(z) = 24 (loglog x).

Codeca [3], in 1984, had a hunch that truncation of the sum in the error
term might also help obtaining estimates of type 2, in conjunction with the
Erdés—Shapiro method; but his results on H and E are not as good as (16)
and (17). His general argument was refined by Pétermann in 1988 [11] and
then yielded (17) as well as the relation

(18) H(z) = 24 ((loglogz)/?),
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first obtained by Montgomery [9] in 1987 by a similar ad hoc argument. Our
Section 4 is based on this method.

1.3.2. (¢(n)/n)*. In 1969 II’yasov [6] extended Walfisz’ argument for
H (z) to the error term H, (z) associated with (¢(n)/n)® (which is the eq (x)
of Section 5) and proved that

(19) H,(z) = O((logz)*3(loglog z)*?) (0 <« < 1).

In his thesis (1979) Sivaramasarma [16] established

(20) Ho(x) = O((logz)* ™"/ (loglog z)*?) (1 < a),

thus improving and completing the old result of Chowla ([2], 1930) H,(z) =
O((log z)*), proved for positive integral values of a. The case « = —1 ap-

pears to have been considered first by Landau [8] in 1900. Sitaramachan-
drarao [15] proved in 1982 with the help of (12) that

(21) H_ 1 (z) = O((log)*/%),
and Pétermann [11] in 1988 that
(22) H_i(z) = 24 (loglogx).

1.3.3. (o(n)/n)*. The error term E}(x) associated with o%(n) was
considered by Ramanujan [13] in 1916.

[Note. In virtue of the corollaries in Section 5.2, in which E/ (x) asso-
ciated with o%(n) is expressed in terms of E, (z) associated with (o(n)/n)®
(which is the ey, (z) of Section 5.2), we choose to restrict our comments to
E,(x) (translating the results on E/ (z) in the literature).]

R. A. Smith [17] proved in 1970 that

(23) Ex(x) = O((logx)*"?).

(The error term he considers is in fact not exactly F2(x) but (in our notation)
Fr(xz) =), <, v(n)Y(z/n) + O(log x), where the O(logx) can be seen to
be of the form C'logz + o(logx), and where the sum is untruncated and
thus contains another term C’logz. These two terms (C + C')logx are
in our Theorem 1 part of the principal term. They have no influence on
estimate (23); but it must be pointed out that Smith’s Theorem 3, implying
Fy(x) = 2(logx), only yields (at best, when adapted) Eo(x) = §2(1).)
Theorem 1 of our Section 2 was inspired by Smith’s “fundamental lemma”.
The meromorphic continuation of

oo
Z ngl 04, (n)
n=1 n’
is rather easy to obtain for a = 1, and is given by Ramanujan’s identity

(see [13]) for & = 2. In the case where « is an integer exceeding 2, Bal-
akrishnan [1] extended the half plane of convergence of the above series by
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obtaining a representation of it as a product of terms involving values of ¢ at
certain points associated with the o complex numbers a.., thus generalizing
Ramanujan’s identity. Balakrishnan also generalized the estimates (12) of
Walfisz and (23) of Smith by proving that

(24) Eqo(z) = O((logz)*~'/?)

holds for every positive integral value of . For the proof of Theorem 1 we
use the idea in [1] in order to obtain the necessary extension of the series
considered in this paper, and develop further the method of [1] by a finer
analysis of the error term involved. This involves (in Lemmata 2.1-2.3) the
use of a classical complex analysis method exploiting Perron’s effective for-
mula, Hankel’s formula and the theorem of residues, originating from de la
Vallée Poussin’s proof of the prime number theorem, and sometimes referred
to as the “Selberg-Delange method” (see [18, Chap. II.5]).

1.4. Notation. As usual [u] and {u} denote the integral and fractional
parts of u, and we put ¢(u) := {u} — 1/2. We adopt the old convention
that whenever a complex number is denoted by s, then o stands for its real
part and 4t for its imaginary part. There is no possible confusion with the
arithmetical function o(n).

In Section 2 just below, B denotes a real number with 0 < B < 1/2 and
such that ((s) is zero-free in the region Dy defined by o > 1 — 1/(logt)!~5
and t > tg for some ty. In a region D included in Dy, where ((s) is analytic
and zero-free, we write (*(s) for exp(alog((s)), where log z is that branch
of the logarithm which is real on the positive real axis. Hence (“(s) is
analytic in D and satisfies (*(s) = [[ (1 —p~*)"“ in the half plane o > 1.
Moreover the relation |¢®(s)| < (logt)€!®l holds for some absolute constant
C' everywhere in D: this is a direct consequence of the bound |log {(s)| <
loglogt in D (see [18, p. 181]).

Finally, it should be noted that all the constants in our results are com-
putable.

Acknowledgments. We are indebted to the referee for a simplified
proof of Lemma 2.5, which in addition permitted a simplified and shortened
proof of Theorem 1. Also see Remark 2 below Lemma 2.3.

2. An asymptotic expression. In this section we prove

THEOREM 1. Let {a(n)} be a sequence of complex numbers satisfying

e

= ()¢ (s + D f(s +1)
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for a complex o and f(s+ 1) having a Dirichlet series expansion

fo+1) =3 2

n=1

which is absolutely convergent in the half plane o > —\ for a A > 0 (and
thus with |b(n)| < n® for some 6 < 1). Let

Cls+Df(s+1) =Y ”7(;”.

n=1

Then there is a number b, 0 < b < 1/2, such that

(o]
. T
> alm) = ") @+ 3 Bolloga)™ = X omo () + ol
n<x r=0 n<y "
where Y(z) := {z} — 1/2 ({z} denoting as usual the fractional part of the
real number z), where y := x/exp((logz)®) and ag denotes the real part of
a, and where b and the B, are computable constants.

We need some lemmata for the proof of this theorem.
LEMMA 1. Let L be the contour
L={re"™ |oo>r>eU{ec’ | -m <O <m}U{re™ |e<r < oo},

where € is an arbitrary positive real number, that is, the line on the lower
edge of the negative real axis from —oo to —e, followed by a circle of ra-
dius € with centre origin (traversed counterclockwise), combined with the
upper edge of the negative real axis from —e to —oo. Then, for any complex
number «,

1 pat (log z)~" [_sin(ﬂa)

: s =
2mi ) s* I'(a)

I'(l—a)(logz)*™' if agZ|.

™

Proof. This follows from Hankel’s formula

1 1
1 — “%efds = ——
(1) omi ) 0 T T(w)

(see for instance [18, Théoréme I1.5.2]) and the functional equation

(2) PEI1=2) = s

(if z is not an integer).

LEMMA 2. Let Ly be the contour L of Lemma 1 with —n to —oo cut off
from both edges of the real axis. That is,

Li={re ™ |n>r>elU{ee? | -1 < <m}U{re™ |e <r<n},
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with € < n. Then, uniformly for a € C,
1 s (log x)*~1

— [ Zds=5 log z)*~ 14711 (1 —n/2),
i J 05 = ey + Ologa)* 7ML+ al)e™)

Proof. See [18, Corollaire 11.5.2.1].

LEMMA 3. Under the notation in Theorem 1, with B < 1/2 as in Sub-
section 1.4, B < B and R := [(logx)?],

R
® Y=Y Bllogz)* + 0
r=0

) (o]
—r O((log z)>~[eol=1),
= E.(logx) + N ‘
; ¢ {0(6 B, if a €,
and
R
(4) Z U(:) =C*2)f(2) + % ZGr(log 2)°" + O(e P /x)
n<x r=0
= (2)f(2) + 1 % G, (logz)*" + { O((log x)a—[cvo]—l/x)7
S O(e f/x), if a€Z,

where |E,| and |G| are bounded by (Cr)" for some constant C.

Remarks. 1. There is no constant term on the right of (3) (except
of course when a = [a] > 0). It follows that if ay < 0, then >~ v(n)
converges to 0.

2. The referee pointed to us that Lemma 3 and Remark 1 just above
could also be established by invoking Theorem I1.5.3 of [18], which provides
an asymptotic expansion for ) | _ nwv(n), the coefficients of which, say H,,
can be seen to satisfy |H,| < K”. From this one can infer by partial inte-
gration expansions for > _ v(n)and > _ v(n)/n, as well as satisfactory
bounds on |E,| and |G,|. Remark 1 is then obtained with a further inte-
gration by parts on (“(s+1)f(s+ 1) = > v(n)n~*%, by letting s — 0" and
by using the fact that s*¢(*(s + 1) f(s + 1) is regular at the origin. In fact,
a result more general than our Theorem 1 follows from Theorem I1.5.3 of
[18], and the proof of the latter is very similar to that of the former. Rather
than referring to it we nevertheless preferred to stick to our original proof, in
which only Hankel’s and Perron’s formulae and bounds on the zeta function
in the critical strip, and direct consequences of these classical theorems, are
used without proof, and from which Remark 1 above follows directly.

Proof of Lemma 3. Let 6 < 1 as in the assumptions of Theo-
rem 1. We have Y 2 nv(n)/n® = (%(s) f(s), where f(s) = b(n)/n® with
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|b(n)| < n°. Hence we get

Zd )b(n/r) < n’t
r|n

for every € > 0 (where d,(r) is the coefficient of 7~* in the Dirichlet series

expansion for (*(s)) and, from a standard application of the “truncated” (or
“effective”) Perron formula (see for instance [18, Théoreme I1.2.2, p. 150]),

1 I+ix . e o1
nz;mv(n)—zm, ﬁ_‘i C*(s+ 1) f(s+1) . ds+ O(xz" ™),
where ¥ satisfies § < 9 < 1. The function f(s+ 1) is absolutely convergent
in the half plane 0 > —\. Also, s((s + 1) is analytic and non-zero in the
disc |s| < 1. Hence the power series expansion for s*™1(%(s +1)f(s +1)/s
at s = 0 has radius of convergence > min(\, 1) = 1/, say, with A; > 1.
Let

st (s 4+ 1) f(s+1) /s = ZATST.
=0

Then |A,| < (A + p)" for every p > 0, and hence, if |s| < 1/(3\1),

(5) Z A" < e !t
r=R+1
We complete the segment from 9 — iz to ¥ + ix into a closed contour,
penetrating to the left up to the border of the available zero-free region of
((s +1). In fact, we take the contour L; of Lemma 2 with ¢ < ¢ and
n =1/(3A1). Then we connect —n on the upper edge of the real axis to the
curve 0 = —1/(logt)!=5 (¢ > 0), avoiding zeros of ((s + 1), follow it up to
—1/(log x)*=8 + iz, and join ¥ + iz by a horizontal line. Finally, we also
take the symmetrical image of this with respect to the real axis, and obtain
a closed contour Lo. Now we have

« ‘rs
2m f( (s+1) f(s—i—l)?ds

2m <ZAsrals+ZAsrals)d

Ly r=R-+1

R
(logz)*~" —n/3 _R
=2 A gy T O,

by using (5) and Lemma 2. After a straightforward estimate of [ AR (s+1)
x f(s + 1)z®s~!ds, where we use the bound |log((s)| < loglogt in the
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zero-free region bordered by Lo (see for instance [18, p. 181] and [7, Theo-
rem 6.6.1]), the first line in (3) of the lemma follows. The bound given for
|E,| is obtained from the bound given above for A,, and from the trivial
I'(l14+r—a) < r", and is then used (with the fact that E, = 0 if o € Z and
r > ) to complete the proof of (3). Finally, a similar treatment yields (4).

LEMMA 4. For a(n) as in Theorem 1, we have

(o]

Y a(n) =¢*2)f )z + ) Crllogz)*™" = > v(n)y(z/n) + o(1),

n<x r=0 n<x

where the C, are some constants.
Proof. We see from the statement of Theorem 1 that

>yt

which in turn implies a(n) = >_,, v(r), and we get

OEECIEIEFD SEEED SRS SO )

n<x n<x n<z n<x n<x

where we recall that ¥ (u) := u — [u] — 1/2. Now the lemma follows with the
help of (3) and (4) of Lemma 3.

LEMMA 5. If y := xexp(—(logz)®) for some b < B, then for some
constants c(m),

S ovmylz/n) = > c(m)(logx)* " 4 o(1).
y<n<z 0<m<apg—1
Proof. If we put V(z) := >, ., v(n), a straightforward calculation
using (3) of Lemma 3, |E,.| < (Cr)", y = xexp(—(logx)®) and b < B < 1/2
yields

:f¢<x)dV(u) —f¢<i>d(§§ B, (log u)* ™" + €1 (u))
:f@b(z)d(R(éREr(logu)o‘_r) —I—fw(m)d(e(u)) — T +1I,
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where e;(u) and e(u) are O(e”#®)) and R(u) = [(logu)?]. Now
) 17 = o(1),

17 == (2 )elw) + 00ele) + f/(i) a(u)

—o(1) + 0<exp(—(1og y)B);:)a

since

and

=
~
I
M=

fET(oz - T)W@u(x) du

u
Y

z 1 a—r—1
D, f(“gulw<z> du

Y

ﬁ
Il
o

Il
NE

ﬁ
Il
o

(where D, := (a —r)E,).
Now, if the real part ag of a satisfies ag < 0, then

xT

J oz o) du o) [ = (og ) os(afy).

U
Y
Hence
R T x
Z f (logu)*~ T_lqj)() du
U
r=[ao]+1
R
< log(x/y)(logy)™ > (Cr)"+/(logy)™*".
r=[ao|+1

Since r < R = [(logz)?], B < 1, and logy < log x, we have Cr/logy < 1/2,
say, and we get

(9) ER: Dr< fi(logu)o‘rlw<i> du)

r=[ao]+1 Y

< log(x/y) (log y)*(C (] + 2)/log y)!*01 T2y " 27" = o(1).
r=0

For 0 < r < [ag] we have (observe that we have this case only when oy > 0)



Dirichlet series 49

(log u)>~ "4 (i) du

S

!

xz/ 1 a—r—1
= f Ltt log x)*~ 7"_1<1— ogt) dt

log =
z/y M m
_ w o1 a—r—1\ ., logt
- e (2 () e (i)
= logt\"™
ol 3 () )
v log x

since then
m—P-1

=G = e

(In order to see this—and even more—one may appeal for instance to

(1+0(1)) < 1.

mlm=8
I'(—p) = lim .
0 = D, (B m))
We choose M := [ap/(1 — b)] (where [a] denotes the smallest integer not
less than a) and note that

logt 1
ogt og(z/y)

= (1 b—1

log log (log )

and
oo 1 m
Z <0gt) < (logz)b~ 10,

log =
m=M-+1
Hence
xj/‘yw(t) (1 )a r 10 i IOgt dt
t 08T - log x

1
< (logz)b— 1o f g(log z)* 1 dt < (logz)’™t.
1

Thus we see that

f %(log )"y <Z> du

Y

M z/y
:Z(_nm(a _7;_1>(log g)oTlom f Y (10g )™ dt + O((log ).

m=0
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Also we have the estimate

Tt

f wi)(log H™dt < %(log )" < (logz)™ exp(—(log a:)b).
z/y

Thus we get, for 0 < r < [ag],

x

f l(log u)* " (a:) du = Z c(m,r)(logz)*17""™ 4 o(1),

Y u u 0<m<ap—1
where )

B mfoa—1r—1 Y(t m
c(m,r) = (-1) < . ) 1f T(logt) dt.
Hence
[ap]+1 T 1 . "
(10) 2 D, Z}/‘ E(logu)o‘ " ¢<u> du
= > cm)(logz)* ™ +o(1).
0<m<ap—1

Combining (8)—(10) we get
I= > ¢m)(logz)* "™ +o(1)
0<m<apg—1
and this with (6) and (7) implies the lemma.

Proof of Theorem 1. Theorem 1 is evident from Lemmata 4 and 5.

3. A O-estimate. As usual, the letter p denotes exclusively prime
numbers. In this section we prove

THEOREM 2. Let v,, = v(n) be a real multiplicative arithmetical function
satisfying, for some real numbers a > 0 and 3 > 0,

(h1) S Jou] = O((log 2)°);

n<z
(h2) Y (n,)* = O(a(log x)?);
n<z
(h3)  pFu(p®) is an ultimately monotonic function of p fork =1 and k = 2,
and is bounded for every k > 1.
Set y := xexp(—(logx)®) for some positive number b, t := logz, and u :=
logt = loglogx. Then
(1) D vatb(z/n) = O/ Pute/?)

n<y

(see “Added in proof”).
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Note. Our assumption (h3) can be replaced by various weaker condi-
tions. We adopt it here for the sake of simplicity.

Remark. Our proof heavily relies on Walfisz’ proof in [19] of the esti-

mate
o ¢(n) 6 2/3. 4/3

(2) H(zx) ._; = o =0,
which is contained in our Theorem 2 (nv,, = u(n), « =1 and § = 0). Wal-
fisz’ complete argument is 30 pages long, but the largest and most difficult
part of it needs very little change, and instead of reproducing it almost in
extenso, we choose to refer the reader to it. Thus our Lemmata 1, 2 and 6
are almost exactly his Hilfssétze 4.4.7, 4.4.8 and 4.5.5. This of course means
that the thorough reader will need a copy of [19]. We did our best however
to allow a reading without it.

We first need some notation.

Notation.

log 2 4
c3 ::max(18+2a,410g2+ﬂ3g ), o c

2= log2’

o 96 e
* 7\ 26600003 max(144,c5) ) 7 1T dey’
X = [clt1/3u74/3], s:=log N, where /X < N <y,

S
Ny := D := s
0 exp (CglOgS)’ 57,

and
v Tz
¢ _ "N .— -
(U) =tU,V,V'):=U > lagrv(a)v(a)l| D e( - ) :
q1<g<NU™! n=Vv
N 'UD '<z<N~'UD

where z := qfl —¢ ! and
(3) USV=V(g,q)<V' =V'(q,q)<2U.

Now we state the essential auxiliary results.
LEMMA 1. With the notation introduced above we have
(4) t(U) = O(N?*D~ g2 1),

LEMMA 2. With e(x) := exp(2imx) we have

(5) S e(a/p) = O(ND'/259).

p<N
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As mentioned in the remark above, Lemmata 1 and 2 are almost Hilfs-
sitze 4.4.7 and 4.4.8 of [19], where Walfisz has 20 in place of our constant
c3, and where T'(M,U) in his notation should be replaced by our s3t(U)
(M being set equal to 1).

For the proof we refer the reader to Section 4.4 of [19], pp. 125-137.
Only minor modifications are needed in the proofs of Hilfssdtze 3—6. In the
definition of n, numbered (45) on p. 134, in the proof of Hilfssatz 7, the
coefficient 1/200 should be replaced by c;.

Now we prove

LEMMA 3. Let

So(k,U) = > pro) > qvw(}iq)-

U<Lpk<U’ No<q<Np~*

g(@)<p
Then, under the assumption
(6) No<U < U <2U <2NN;*,
there are some V', V' satisfying (3) such that for k =1,2,...,
(7) S3(k,U) = O(t(U)) + O(N?*D~'s?*72),
whence, by Lemma 1,
(8) S2(k,U) = O(N?s™'2).

Proof. We have, by (h3) and the Cauchy—Schwarz inequality,

Sy, U) < D (Mot Y > qvq€<£q)

2

U<pk<U’ U<pk<U’"' Ny<g<Np~*
9(q)<p
NE
=0|U vee| — )
( Z Z 1t (”Q)‘ )

U<n<U'' Ny<q<Nn~!

g(g)<n
If we set V := max(U, g(q)+1,9(¢:)+1) and V' := min(U’, [Nq¢~'], [Ng; ']),

we have
V/
xz
(%))
n
n=V
With the help of (h2) the contribution from the terms with ¢ = ¢; on the
right of (9) is easily seen to be O(N?D~!). Now the conditions
(10) NUT'D'<q<q<NU', q—q>NU'D7},
imply
(11) @ <q<NUY N1WUD'<z<N'UD,

(9) S%(k,w:()(v Y lq(@aw(a)

.1 <NU!
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and the terms moved aside to replace the condition ¢q,q; < NU~! by (10)
in (9) can be seen, with the help of (hl), to contribute a O(N2D~1s2¥=2),
On comparing (11) with the definition of ¢(U), we conclude the proof of (7).

Then we obtain

LEMMA 4. If z2/X < N < zexp(—t) then
(12) S = Z nune(z/n) = O(Ns™?).
n<N
Proof. We write
(13) S = Z nupe(x/n) + Z nvpe(z/n) =: S5+ 5,

n<N n<N
g(n)>No g(n)<No

where g(n) denotes the largest prime divisor of n. We first estimate S’: it
is O of

(14) > onfoal+ D nfon| = T+11
n<N1/2 NY2<n<N
g(n)<No

From (h1) we have

(15) I =O0(NY?(og N)*™h).

As for II we have

(16) II* <W(N,No) ) (nvn)?,
n<N

where W(N, Ny) denotes the number of integers not exceeding N and free
of prime factors larger than Ny. Since

W(N, Ny) < N1/ @logNo) — N g—2cs/log?2

(see for instance Theorem IIL.5.1 in [18]), from (h2) we have

(17) II = O(s~°/1°82\/N(v/N(log N)P/2)) = O(Ns™*).

Thus from (14), (15) and (17) we have

(18) S = O(Ns™™).

Now we write

[s]

(19) Sz =) Ss(k) and Ss(k) = Si(k)+ Sa(k),
k=1

where

Si(k) ==Y qug > p’“v(p'“)e(g,f>

q<No No<p<(Ng~—1)l/k
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and

Sa(k):= > @) Y qvqe<p,fq>,

No<p<N No<q<Np~*
g(9)<p

and we evaluate Sp (k). Its inner sum is
(20) > W(pn)(2(pn) = 2(Pn+1)) + W(pA)2(pas1),
No<pn<(Ng—1)1/k
where
x _
W(pn) := Z e(k), A:=m((Ng 1)l/k),

No<p<pn pa
and

Z(pn) = Z(pnv k) = p’l’zv(pfl)'

If k > 2 then W(p,) = O(NY*). And if k = 1 we have W (p,) = O(N>3/%)
when p, < N3/%, and

W(pa)=— > (f”) + (””) = O(Ng~'D~1/25)
p<No pq P<Pn pq

when p,, > N3/ by Lemma 2 above. Hence the expression in (20) above is
O of

(1) Ng'DTVE( 3T [elpa) - 2pas)|H2pas)]) k=1,

No<pn<Ng~—1

(22) N2 3T ) — )|+ 2oa)l) ik =2,
N0<an(Nq_l)l/2
(23) NYENT pro@b) ik > 2.
p<N1i/k
With (h1) and (h3) it follows from (23) and (22) that
(24) Si(k) = O(N?3) ifk>2.

As for k =1 we have, from (h1), (h3) and (21),

(25)  Si(1) = o( Y quqq—lND—1/2s5) = O(Ns™o=ca/2) = O(Ns~4).
q<No

Finally, by (8) we see that

(26) Sz(k) = O(Ns™)

for every k, and the lemma now follows from (26), (25), (24), (19), (18)
and (13).
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Two applications of Lemma 4 (x = 2z, N = Q and z = 2, N = Q') then
easily yield
LEMMA 5. Let z > e, v :=log z, Z := [c;0"/3(logv)~%?], Q < Q' < 2Q,
222 < Q< Q < zexp(—vP). Then
Q/
(27) D quee(z/q) = O(Qu™>).
=Q
From Lemma 5 it follows that

LEMMA 6. If = is an integer and w := z5/X then
(28) > ondh(a/n) = O(1).
w<n<y

Proof. The proof is exactly similar to that of Walfisz’ Hilfssatz 4.5.5
in [19] (pp. 142-144), in the special case where nv,, = p(n). Thus we refer
the reader once more to Walfisz’ book. Briefly, the argument is as follows.
We first obtain

o
(29) > avgb(z/q) = O(Q/t),

q=Q
where Q < Q' <2Q and w < Q < Q' <y, by approximating the sum with

1/x

o
(30) x Z qug f 1/J<z + 19) dd,
q=Q

0

replacing ¢ (y) by its Fourier series expansion, and making use of Lemma 5
above. Partial summation then yields

o
(31) > vg(a/q) = O(1/1),
q=Q

whence the lemma.

Theorem 2 now follows, when x is an integer, from Lemma 6 and the
estimate

(32) > wntp(a/n) = O Puter?),
n<w

which is an immediate consequence of (hl). If x is not an integer, then
x [z] |vn]
f— — _— = E— == 1

@ T (v(2)-o(1)) O(Z w1} = oq)

which is also a consequence of (h1).
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4. An (2-estimate. In this section we prove

THEOREM 3. Let v, = v(n) be a real multiplicative arithmetical function
satisfying, for some real positive number a,

(h1) Y loal = O((log 2)*);

n<x
(h4) v(p?) is of the same sign * for all p and all j > 1;
(hb) Z L]Z) #0  for every p.
izo P

Let P be the set of prime numbers if * = + in (h4), and the set of primes
p =2 (mod3) if x = —. Let m be a real positive unbounded variable,
0 <a<1, and define A= A(m) and x = x(m) as follows:

(1) A= H p =: exp((log z)?).
ep

Finally, let y(X) := X exp(—(log X)®) for some b > a, b < 1. Then there is
a positive constant C such that for all sufficiently large m there are numbers
X=X(m)<(A+ 1)z and X' = X'(m) < (A + 1)z satisfying

2 > (%) ze(TLa+1uD) +ow)

n<y(X) p<m
peEP
and
X/
3 > w(3 ) <-c(IT a+ ko) +00)
n<y(X’) p<m
peP

Note. The conditions (h4) and (h5) can be weakened or adapted in
various manners in order to treat other examples; they are sufficient for the
applications we have in mind.

We begin by stating

LEMMA. Let A = A(z) be a positive integer and B = B(x) a non-
negative real number with B < A. Let z = z(x) be a positive, strictly
increasing, continuous and unbounded function. Suppose that z is reqularly
0-varying, i.e.

(4) lim sup 2(2z)

< 0
a0 2(T) ’

and that
(5) u(z) := z(Az + B) = o(z(logz)' ).
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Suppose further that
(6) A =o(z(Anz + B)(logz)™®)
for some n = o((logz)=), n < 1. Set
(7) g(@) =Y v(n)p(z/n),
n<z
where v is a real multiplicative arithmetical function satisfying (h1). Then
1 B v(k) n B
® X eanrm= ¥ Y (7)o,
n<z k<u(z) n<k*

where k* denotes k/(A, k).

Remark. In the special case where ) _ nlv(n)| = O(z) (which im-
plies (h1l) for some o < 1), this lemma is Theorem 1 of [11], the proof of
which only needs minor modifications in order to take care of the general
case, and to which we refer the reader. There a(k)/k plays the role of v(k),
and f that of ¢. In fact, (8) remains true if (as in [11]) we replace ¢ by any
periodic function f of period 1, of bounded variation, and with [ f(u)du =0
on the period. The fact that B does not need to be an integer is pointed
out in the Addendum of [11].

Proof of Theorem 3. For A,v,a,b as in the theorem, z := y and
(for instance) 7 := exp(—(log x)®), the hypotheses of the lemma are satisfied.
Thus, by (8) and the fact that the function ¢(¢) (which is the first Bernoulli
polynomial of argument {t}) satisfies a Kubert identity of order 1 (see [12]),
we have

© X stan+n = 3 "m0 ) +ow = cro,

n<z k<u(z)

Suppose first that * = 4+ in (h4), which means that v(n) is positive for
all n. If B := 0 then

1 v(k)(A k) 1 v(nk)/v(n)
I ey ekt D SO IED Dl

k<u(z) n|A kSuQ(?:r)/n

where Q' = O(n) under the last sum means that the summation is over the
k with prime factors satisfying pf A or p|n. The number 1 is such a k and
thus

(10) G <3 Yo =5 [T+,
n|A p<m

and we have proved (3) in this case. The choice B := A — 1 similarly
yields (2).
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Now suppose that * = — and put B := A/3. If n| A and k has only prime
divisors p with either p | n or pf A, then ¢)(B/(A, nk)) = 6= (—=1)«(A)—w)+1,
And (h4) ensures that v(m)(—1)“(™) = |v(m)| for all m. Hence G of (9) is
in this case

(_1)w(A)+1 ]v(nk)/v(n)] w(nk)—w(n)
S ey Y MR ,
n|A k<u(z)/n
v(n)#0 @
and thus

(11) (=1)*WHea

= Z |U(n)|<gw(_l)w(nk)w(m

n|A =
v(n)#£0 ©

(i)

-l I (e (M )

n|A pln p
v(p);éO
2 Aloglog A (1 «
xH( +—+ (p)+...>+0< og log A (log u) )
i p? u(z)
It follows that
(12) 61G| > T (1 + lv(p (H +a,)| + o(1),
p<m ptA
peP
where ) ( 2)
o(p) | v(p
CLp —74— p2 +

Now the second product in (12) converges to a non-zero value C 4, since by
(h5) no factor is zero, and since by (hl), > |v(n)|/n converges. Moreover,
we have |C4| > Cy, where Cy is some strictly positive constant independent
of A: indeed, the product [],_; ) o ,—3(1+ap) would otherwise diverge to
0, and this again is excluded by (hl) and (h5).

Hence (2) or (3) is proved in this case. Finally, (3) or (2) is obtained
similarly with the choice B := 2A/3.

5. Applications to the functions ¢ and ¢

5.1. Auziliary results. In the next two lemmata we establish the fact
that Theorem 1 is applicable to the sequences a(n) = (o(n)/n)* and a(n) =

(¢(n)/n)*.
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LEMMA 1. Put 0_1(n) := o(n)/n. Then

> Ua;s(n) =((s)¢ (s + 1) fa(s +1)

n=1

59

with fo(s+ 1) having an Euler product absolutely convergent in o > —1/2.

Further, if we write

8

a(s+1)

then bg(n) <. n®

Proof. By the multiplicativity of o%;(n), we get

3o T

n=1
_H< 1+p‘1) +(1+p‘;2jp‘2)“+.__>
1+—1a_1 1+—1+—2a_1+—1a

:«s)g(lw SN AR & SR
=((s)¢%(s + 1) fals + 1),

where

f(s+1):H<1— o B >

@ . pstl p2(5+1)

1 -1 a_q 1 -1 -2\«
><<1+( +pps) L4y pls

1;[ < s+1 2%21) o )

1 (@ (& d2 d3
X + ps+1 + ps+2 + p2(s+1) + p3(s+1)

with d,. = p"((1 +p‘ + .o+ )= (14+p 4.

_(1+p1)a+...>

b

A p ) <, 1,

c=p*((1+pH)e - a/p) <o land |(9)] < 7 for some A dependmg
only on a. Now it follows that the above Euler product for f,(s+ 1) is
absolutely convergent in o > —1/2, and that f,(s+1) has the representation

S L bp(n)/ntt with by(n) < C*MdMl(n) < ne.

lemma is complete.

The proof of the
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LEMMA 2. We have

<¢(n)>a

S = )¢ s+ Dgals + 1)
n=1

with g (s + 1) having an Euler product absolutely convergent in o > —1/2.
Further, if we write

_ = bg(n)
ga(5+ 1) - Zl nstl’
then by(n) <o nc.
Proof. By the multiplicativity of ¢(n), we get

- (qbiln)>a (1—pH (QA-pH°
nZlnS:l;[<1+ pps + pfs +>

C(s)¢ (s +1)gals + 1),

wist =T (1- 1) (1+ L2202,

S
» p
The proof can now be completed along the lines of the previous lemma’s
proof.

where

To conclude this subsection, we show that hypotheses (hl) and (h2) of
Sections 3 and 4 are satisfied by the functions v; and v, associated with

o_1(n) and ¢(n)/n.
LEMMA 3. Let o € R. Under the notation of Lemmata 1 and 2 above let

i ”fn(”) =(*(s+1)fals+1) and i %n(m = (s +1)gals+1).
Then

(1) >~ (nvn(n))? = O(z(logx)*" )

and =

2) Z [on (n)| = O((log z) 1),

where h stands for either f or g.
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Remarks. 1. From (1) we can derive only (using partial summation
and the Cauchy—Schwarz inequality) O((log x)Haz/ %) instead of the right
side of (2) (which is as (2) only when |a| = 1).

2. For our purposes, any exponent 3 instead of a? — 1 in (2) is sufficient
(see Theorem 2), and in some applications (as those of Section 1.2) such a
weaker result can be proved by a simpler argument than below.

Proof of Lemma 3. It is easy to see with the help of Lemmata 1
and 2 that

nvp\n 2 2
3 ey ’;fs W (5) (o)

where Hj,(s) is absolutely convergent in o > 1/2. A calculation very similar
to that of the proof of Lemma 2.3 above then yields

B ) = etz (140( o)),

n<zx

where Ay, is the constant term in the power series expansion for
(s — 1)‘“2C0‘2 (s)Hp(s)/s ats=1.
This implies (1). For (2) it is sufficient to note that |v,(n)| < wp(n), where

Sl clel(s 4 1) R (s + 1),

ns
n>1

and where (as can be seen from the proofs of Lemmata 1 and 2)

Fes+1)=]] (1 — p81+1>|a|

p
o A +p ) —1—a/p| |do] |ds| >

X <1 + ps+1 + ps p2(s+1) p3(s+l) +

and

| o
1 |af |(2>|
FQ(S+1):H<1_ s+1> <1+ s+1+ s+2+"' :
» p p p
Indeed, (2.3) of Lemma 2.3 holds with v(n) = wy(n) and |« instead of «,
and this implies (1).

5.2. Main results. In virtue of Theorem 1 and Lemma 5.1 we can find
a number b with 0 < b < 1 such that for every real number o we have

o(n) & [
(4) Z() — @ fa(@r+ Y arllogz)* " + es. (x) + o(1),

n
n<x r=0
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where

ef, = — Z v b(z/n)  and gy := exp(—(logx)?),

n<y
where f, and vy, are defined by

S O _ (syco (s + 1) fals + 1)
n=1

and
o

vy, (n
S U o g 1) futs 1),
n=1
and where the a, = a,(«a) are certain real constants (the sum in which they
appear being of course empty if o < 0).

Similarly, with the help of Lemma 5.2, we have with an obvious notation

@ (=]
(5) Z <¢(”)) =(2)9a(2)z + Z br(log )" + e, (z) + o(1).

n
n<x r=0

We now establish the following estimates for the error terms ey, and e,
of these summatory functions.

THEOREM 4. With the notation as just above we have, for each real
number «,

(6) en, = O((log 2)*1*!/* (loglog z)"1*1/%),
where h denotes either f or g.
THEOREM 5. On the other hand, we have, also for each real number c,

2. ((loglogz)l®l)y  if h=f and a >0,

(7) - or h=g and a < 0;
“ 24 ((loglogz)1®1/2) if h = f and a <0,

or h=g and a > 0.

Comments. (1) For @« = 1 and h = ¢g Theorem 2 is Walfisz’ result
(1.13); for « = 1 and h = f though, it is not as good as estimate (1.12):
Walfisz’ proof of the latter exploits the monotonicity of vy, (n) = 1/n, and
cannot be generalized to other values of a. For positive values of o # 1 and
h = g Theorem 2 improves on II’'yasov’s (1.19) and Sivaramasarma’s (1.20);
for positive integral values of a it improves on Balakrishnan’s (1.24). As for
the other cases there are to our knowledge no O-estimates in the literature.

(2) We believe Theorem 5 is new, except when « = 1 and h = f and
when o = £1 and h = g. In these three cases it is Pétermann’s (1.17),
(1.22) and Montgomery’s (1.18).
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Proof of Theorem 4. We consider the cases where the coeflicients
of the Dirichlet series expansion of ((s)(*(s+ 1)f(s+ 1) are {(o(n)/n)*}
and {(¢(n)/n)*}. By the results in Subsection 5.1 above the corresponding
sequences of coefficients {v¢(n)} and {vy(n)} for (*(s + 1)fo(s + 1) and
("%(s 4+ 1)ga(s + 1) both satisfy (hl) and (h2) (with of course |a| instead
of in (hl)). By Theorem 2 there thus remains to establish (h3). It is easy
to see that p*uvy (p*) is bounded for each k and h = f or g, and that

pug(p) = p((1 —p~1)* = 1),
p2Ug(p2) = 07
pus(p) = p((L+p~ )" = 1),

are monotonic functions of p. As for
P =p*(L+p  +p 2% = (L+p~1)%),

let us write p =2~ ! and u = 1 + = + 2. We have

R = ((EE S Y

.’L‘2 1'2 u
_a ZZJ:)O‘ (axz) + > <no‘> (_1)7122:)
=(1+2)° (ai + ;;2 <_na) (—1)" lej ) ,

and we must ensure that m is monotonic at least in some interval (0,¢,),
where e, > 0. This is immediate if & = 0 or a = 1. For other values of «
this follows from

a(l + )t
m' () = "D (0 1) 4 04 (e,

Proof of Theorem 5. We already ensured in Lemma 5.3 that (h1)
holds when vy, is one of the functions vy and v,. And from the expression
of (“(s+1)fa(s+1) and (~*(s+1)ga(s+ 1) in Lemmata 5.1 and 5.2, (h4)
is clearly satisfied by both v, = vy and v), = vy, with

x=+4+ whenh=fanda>0 or h=gand a<0;
x=— whenh=fanda<0 or h=ganda>0.

As regards (h5), since for every p, > .o, vn(p')/p" is a factor in the Euler
product for (¥%(2)h(2), it is sufficient to show that he(2) # 0. In view of
Theorem 1 this is a triviality when % = 4 above (in which case (h5) is in
fact not needed). Then, if for instance & > 0 and h = f, an application of
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the Cauchy—Schwarz inequality yields

3 <UZI)>_32 > <Z 1<Z <JZL)>_32>_1/Q>2 >,

n<lz n<x n<lx

which (again in view of Theorem 1) shows that f,(2) # 0. The argument
for the remaining case o < 0 and h = ¢ is exactly similar. Now, for h = f
or g we have

1+ |on(p)| =1+‘(1i;>a_1‘ - <1+;>'“<1+0<]912>)7

whence, for some positive constant Cl,

[T (1 + lon(p)]) > Cologm)™'e,
psm
peEP

where P = P(x) is as in Theorem 3 and ey = 1, e_ = 1/2. Thus, by
Theorem 3, if A = A(m) and x = z(m) are defined by equation (4.1) for
some a less than the b of Theorem 1, there are numbers X and X’ less than
(A + 1)z and some positive constant C' with

En(X)i= Y vh<n>w<f> > C(logm)*'e!

n<y(X)
and

Ep(X') < —C(logm)=°l.
Since logm > loglog((A + 1)x), the proof is complete.

We conclude this section by establishing asymptotic expressions for the
summatory functions of ¢ and ¢°, as well as O- and 2-estimates for their
error terms.

To this purpose we let a(n) be either (o(n)/n)? or (¢(n)/n)?, and put

S(B,x) = Z nPa(n).

n<x

We first note that there are three essentially distinct cases, excluding the
trivial case g = 0:

(I) 8 > 0, where the error term is unbounded;
(IT) —1 < B < 0, where S(8, z) is unbounded but where the error term
is o(1);
(III) B < —1, where S(f,x) converges to Sz < oo.
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Case (I). We have, by Theorem 1 and with the notation introduced
above,

xT

3 Z = aln) ftﬂ‘ldtzfxtﬁ‘ls(o,t) dt

n<x n<zx n
[a]
—ftﬁ 1(Ct+ZB (log t)*~" + en(t) + 0(1)) dt,

where h, o and C denote respectively either f3, 8 and ¢°(2)f3(2), or g,
—B3 and (~P(2)gs(2 ) Thus we have

(8) ﬂZ

n<x
[a] x
1% P 4 2f ZB/ (log z)*™" +ft’8_leh(t) dt + o(z”).
ﬁ + r=0 1
And since we also have
[o] g
(9) Z ﬁ+1+xﬁZB” log z)*~ r+ﬁeh( z) 4 o(z?),
n<z r=0

we may write

[o]

(1) $(B,2) = 5=+ Z Bl (log2)*™" + En(x) + o(z”),
where
(11) En(z) =alen(z) — B [+7 en(t) dt.

1
But we have

[t en(tydt = [ 771 N wpup(t/n)dt
1 1 n<y(t)

where v, is here either vy, (n) or vg,(n), and this is

T z/n
Z Un f tP=1(t/n) dt = Z Un f nPsP~1ip(s) ds
n<y(z) w(n) n<y(z)  w(n)/n
Z nPu,0((z/n)?~1 + 1) = o(2”),

n<y(x)

where w(n) denotes the inverse function of y applied to n if n > y(1) and
1 otherwise, and where we use Lemma 5.3 for the last equality. Thus, from
(11) and Theorems 4 and 5, (10) can be restated as
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COROLLARY 1. If 6 > 0 we have

P (8]
12) ) o’(n)= Wﬁ“ +27) " al(log )’ "+ Ep, (x) +o(z”),
r=0

n<z

where the a,. = a,.(3) are some real constants and

O(2(log )%/ (log log x)*4/3),
Ef@ (.CC) =

13
(13) 24 (2P (loglog z)?).

We also have

(14) > ¢%(n) = ;lgf@)xﬁ“ + Egy(2) + o(2”),

n<x

with

(15) Egg ($ _ {O(zﬁ(logx)Qﬁ/ii(loglogx)4ﬂ/3)7

24 (2P (loglog )P/?).

Case (II). Equation (9) holds unchanged, and equation (8) with an
additional constant term on the right side as well as a principal term of the
form C'logx when 3 = —1. Thus we may write, instead of (10),

a +1
(16) S(8,2) = ﬁ+1xﬁ if—1<p8<0
Clogx if 6=-1
[a]
+a7 " Bl (logx)*™" + K + Ej,(z) + o(z”),
r=0

where Ej (x) satisfies (11). Since 8 < 0 we have, by Theorem 2,
(17) ftﬁ Lep(t)dt = K' — f 7 Yep (t) dt,

and the last integral is

(18) ftﬁ—l > vn1/1<:l) dt

n<y(t)
oo oo
= Z vpn” f s (s) ds + Z vpn’ f s (s) ds
n<y(z) x/n n>y(z) w(n)/n
=TI+ 1.

For the first term we have, with the help of Lemma 5.3,
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B—1
_ B(E — 18] B—1
) 1=0( X k(%)) =0)oga) et ),
n<y(z)
As for II it is, with the additional help of partial summation, O of

Z [Up |naw(n)P =t = O( Z n(log n)Pl(w(n)?~* — w(n + 1)571)>

n>y n>y

= O( Z n(log n)|ﬁ|w(n)ﬁ_2w’(n)>

n>y
- o( [ t(1og ) w(t)’ 2w/ (t) dt).
y
We put s = w(t) in the last integral and obtain

(20) = o( [ y(s)(log y(s))lﬁlsﬂ—2ds)

x
[ee]

= (log z)!® exp(—(log z)?) f 77V ds = o(aP).

Thus by (17)—(20) we have
(21) [P en(t) dt = K’ + o(z”),
1
and from (11) and Theorems 4 and 5 we may now restate (16) as
COROLLARY 2. If —1 < 3 <0 we have

(22) > o’(n)

n<x

B+
= (%(2)f5(2) x { B+1
loge if 5=-1
where A = A(B) is a constant and Ey,(x) salisfies
O(2?(log )?P1/3 (log log 2)41P1/3),
(23) Efﬁ(x):{ ( (ﬁ g7) |(ﬁ|/§ g ) 77)
24 (2P (loglog x)P1/2).
We also have

P+
(24) Z P’ (n) = <—5(2)gﬁ(2) « { 31 (-1<pB<0) }
logz (8=-1)
(8]

+B+4° Z b.(logz) P77 + By, (x) + o(2”),
r=0

if1<5<0}+A+Efﬁ(x)+o(xﬁ),

n<zx
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where bl. = b.(3) and B = B(B) are constants and
{ O(z"(log )71/ (log log ) 71/%),
24 (2P (loglog z)!P1).

Case (III). The expansion of the left side of (8) has now a constant
(depending on 3) as principal term, and very similarly to Case (II) we obtain

(25) Eg,(x) =

COROLLARY 3. If 8 < —1 then

B
(26) 2ol = OB 1 4y 1) + ofa),

where Ey,(x) satisfies (23), and
Z PP(n) = — C_ﬁﬁ(i)_glﬁ@) 2P+
(6]

+ 28 Z b, (logz) P77 + By, (z) + o(z”),
r=0

where E,,(x) satisfies (25).

n>x

Added in proof. We are grateful to Professor A. Schinzel for twisting our arms to
make us read A. I. Saltykov’s paper (On Euler’s function (in Russian), Vestnik Moskov.
Univ. Ser. I Mat. Mekh. 1960 (6), 34-50), in which the better estimate than (1.13),

(1.13") H(z) = O((log 7)*®(loglog 2)' %),

where ¢ is an arbitrarily small positive number, is obtained. Saltykov’s paper has been
considered suspect, because it relies on a theorem proved by M. N. Korobov (FEstimates
of trigonometrical sums and their applications (in Russian), Uspekhi Mat. Nauk 13 (4)
(1958), 185-192) in a paper in which he also makes an (as of today) unverified claim about
the Riemann zeta-function (see [19], Notes on Chapter 5, p. 226). But in his work Saltykov
only uses proved results of Korobov, and we agree with E. A. Bender, O. Patashnik and
H. Rumsey Jr. (Pizza slicing, Phi’s, and the Riemann Hypothesis, Amer. Math. Monthly
101 (1994), 307-317), when they state that Saltykov’s estimate (1.13) “is undisputed and
is the best to date”. We note in passing that in order to obtain (1.13) Walfisz also exploits
Korobov’s controversial paper (see [19], Paragraph 2.2).

Saltykov’s proof follows very closely that of Walfisz—in an earlier version providing a
weaker estimate than (1.13) (Uber die Wirksamkeit einiger Abschitzungen trigonometri-
scher Summen, Acta Arith. 4 (1958), 108-180), and can be generalized in a way similar
to that in our Section 3 to yield, instead of (3.1),

(3.1) Z vntb(z/n) = 02342 Fe).
n<y

We are preparing a complete proof of (3.1), to appear in the (preprint series) “Pub-
lications internes de la Section de Mathématiques de 1’Université de Geneve”, and which
will be made available on request.
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