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1. Introduction. In 1937, I. M. Vinogradov proved the famous three
primes theorem. It states that for every sufficiently large odd integer N,

1 NZ
(1) N=p1¥pz+p3 1= 5(1 + 0(1))0(]\7)@7
where
1 1
) C<N)‘},1<l‘<p—1>2>ﬂv<”<p—1>3>'

Afterwards people have been looking for thin subsets of primes for which
the three primes theorem still holds. In 1986, Wirsing [13] showed that there
exists such a set S with the property that

Z 1 < (zlogz)t/3.
p<w
pES
It is also interesting to find more familiar thin sets of primes which serve
this purpose. An example is the set of Piatetski-Shapiro primes of type ~
which are of the form [n!/7]. We denote this set by P,.
For the counting function of P,, Piatetski-Shapiro [11] first showed that
for 11/12 < v <1 (the case v > 1 is trivial),

3) Pa)= 3 1=(+o)p—
p:phgllw/”]

Heath-Brown [4] extended the range to 662/755 < v < 1. Further improve-
ments were made by Kolesnik [8], Liu and Rivat [9].
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Jia Chaohua [7] was the first to apply the sieve method to the investi-
gation of Piatetski-Shapiro primes and proved that, for 17/20 < v < 1 and
sufficiently large z,

00x”
4 P. >
@ () > B

where g¢ is a definite positive constant. Using the sieve method of Harman
[3], Jia Chaohua [6] extended the range in (4) to 11/13 <y < 1.

Now we come back to the subject of this paper. In 1992, Balog and
Friedlander [1] proved the Piatetski-Shapiro—Vinogradov theorem: If 71, 72,
vs are fized subject to 0 < v; <1 and 9(1—~3) <1, 9(1—72)+6(1—~3) < 1,
91 — v1) + 6(1 —v2) + 6(1 — v3) < 1, then for every sufficiently large odd

integer N,
()  T(N) >, 1
N=pi1+p2+p3

Pi€Py,;
= (1 +0(1))7172'73F(71)F(72)F(’y3) . C(N)N’71+’YQ+"/3—1
(v + 72+ 73) log® N

From this theorem, there are two interesting corollaries:

COROLLARY 1. For any fized 20/21 < v < 1, every sufficiently large
odd integer N can be written as a sum of three Piatetski-Shapiro primes of
type 7.

COROLLARY 2. For any fized 8/9 < v < 1, every sufficiently large odd

integer N can be written as a sum of one Piatetski-Shapiro prime of type
and two primes.

In his doctoral thesis, J. Rivat extended the range 20/21 < v < 1 in
Corollary 1 to 188/199 < v < 1.

In this paper, we shall apply the sieve method combined with the circle
method to this problem and prove:

THEOREM. If v is fized with 15/16 < v < 1, then for every sufficiently
large odd integer N,
L aC)ND!

(©) L D g

N=p1+p2+p3
p; EPy

)

where gg is a definite positive constant.

Our Theorem improves Corollary 1 of Balog and Friedlander.

Throughout this paper, we always assume that N is a sufficiently large
odd integer and ¢ is a sufficiently small positive constant. Assume that c,
c1, co are positive constants which have different values at different places.
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m ~ M means that there are positive constants c¢; and ¢y such that e M <
m < co M. We also assume that ~ is fixed with 15/16 < v < 20/21 and that

(7) N(d) = [=d"] = [-(d+1)"].
The author would like to thank Profs. Wang Yuan and Pan Chengbiao for

their encouragement. He also thanks the referee for the information about
Rivat’s thesis.

2. Some preliminary lemmas. In the following, we assume that
(8) H = N1—7+A+8£‘
By the discussion in [1], the asymptotic formula that for 0 < A <1 —+,
9) > Ne(ep)=v > p"lelap) + O(NT275),
N/10<p<N N/10<p<N
depends on the fact that for J < H and 0 < u <1,

(10)  min (1, N?) > ‘ > A(n)e(an + h(n + um) < Ni=4-6e,
h~J n~N

LEMMA 1. Assume that N177+24+305 « N « NOY=4-64-1202 g that
a(m),b(k) = O(1). Then for J < H and 0 <u <1, we have

min <1, N ;”) S| S atmpbke(akm + hlkm + u))

h~J m~M km~N

« N1-A-10e
This is Proposition 2 of [1].
LEMMA 2. Assume that M < N =3754-50¢ q(m) = O(1) and
19
(11) 6(1—7)+ ?A < 1.

Then for J < H and 0 <wu <1, we have

min <1, N;—v) Z ‘ Z a(m) Z e(akm + h(km +u)?)| < N1=4710,

h~J m~M km~N

This is Proposition 3 of [1].
LEMMA 3. Assume that a(m),b(k) = O(1) and that for V< M < N/V,
> > am)b(k)F(km) < SN,

m~M km~N
and for M < V2,

> a(m) Y F(km) < SN,

m~ M km~N
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Then
Z A(n ) <« PN,

n~N
This can be deduced from Vaughan’s identity.

LEMMA 4. Under the above assumptions, we have

(12) Y. N@elap)=7 > p"e(ap)+ON/27H/275),

N/10<p<N N/10<p<N

Proof. In order to prove (12), we should prove (10) with A = (1 —~).
Now,

mm( )Z‘ZA e(an + h(n +u)")

h~J n~N
N1=
:min(l 7 )Z (h,a,u) Z/l Je(an + h(n 4+ u)7).
Let V = N2(-7)+30e and

1—y
F(n) = min <1, NJ > Z e(h, a,u)e(an + h(n +u)”).

h~J

Note that (11) is satisfied for 0 < A <1 — v. By Lemmas 1-3, we can get
Z Aln ) < N31/2-1/2-62

n~N

So Lemma 4 follows.

LEMMA 5. Assume that |a —a/q| < 1/¢%, (a,q) = 1. Then

N
Z e(ap) < < + \/Nq+N4/5> log® N.
p~N Vi

We refer to Section 25 of [2].

LEMMA 6. Let

and k be a positive integer. Then

de ) < z(logzx)” -1,

n<x

See Theorem 2 of [12].
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LEMMA 7. Let

(13 Clgm = 3 (™).

r=1 q
(T’q)zl
Then C(q,m) is a multiplicative function of q and
q ©(q)
(14) C@ﬂn)=u< ) .
(2:m) ) ()

See Lemma 1.2 of [10].

We define w(u) as the continuous solution of the equations
w(u) = 1/u, 1<u<?,

(15) ey
(vw(u)) =w(u—1), u>2.

w(w) is called Buchstab’s function; it plays an important role in finding
asymptotic formulas in the sieve method. In particular,

1+log(u—1) _
(16) — 2 <u<3;
wu) =9 1+ log(u—1) 1 “7log(t—1)

2
LEMMA 8. We have the following bounds:

(i) w(u) > 0.5607 for u > 2.47;

(il) w(u) < 0.5644 for u > 3;

(iii) w(u) < 0.5672 for u > 1.7631;

(iv) w(u) > 0.5 for u > 1.

Proof. (i) First assume 3 < u < 4. By (15), we have

w'(u) = w(u 1; w(u) = %(uw(u —1) — uw(uw)).
Now we investigate the behaviour of the function
(18) h(u) = vw(u — 1) — uw(u).
We have
(19) h(u) = ((u—1Dw(u—1)) — (vw(u)) +w'(u—1)
w(u—2) —w(u—1)

=w(u—2)—wlu—1)+

u—1
~u(l = (u—2)log(u — 2))
N (u—2)(u—1)2
There is exactly one ug satisfying
1 — (up — 2)log(up —2) = 0.
Calculation shows 3.7632 < ug < 3.7633.
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We have h'(u) > 0 to the left of ug, and h'(u) < 0 to the right of wuyg.
Consequently, if ug < u <4, then h(u) > h(4) = 4(w(3) — w(4)) > 0. Note
that h(3) = 3(w(2) — w(3)) < 0 and that h(u) is an increasing function
in the interval [3, ug]. So, h(u) has exactly one zero vy in the interval [3,4].
Calculation shows 3.469 < vy < 3.47. We have h(u) < 0 to the left of vy, and
h(u) > 0 to the right of vg. The same holds for w'(u). Hence, w(u) > w(vp).

We note that for 3 < u < 4,

14+log(u—1)\" 11— (u—1)log(u—1)
> ) = < 0.
u (u—1)u?
The fact that for 2 <t < 3,
/
log(t — 1) _ b= (t—1)log(t —1) >0,
t (t—1)¢? -

implies that for 3 < u < 4,

<1 Tlog(t—ndt)’:1<ulog(u—2) - “fllog(t—l) dt)

2 _
(O t U u—1 5 t

u—1 u—1

v

12<ulog(u2) (u?’)log(“Q)) > 0.

Therefore we have

1+ log(2.47) n 1
3.47 3.469

2.469

log(t — 1
[ Og(t ) dt > 0.5607.
2

w(vy) >

From the above discussion, we get w(u) > 0.5607 for 3 < u < 4.
Then we employ induction. Suppose that w(u) > 0.5607 for 3 < k < u <
k+1.For k+1<wu<k+ 2, we have
u—1

uw(u) = (k+Dwk+1)+ [ w(t)dt >0.5607u.
k

By induction, we conclude that w(u) > 0.5607 for u > 3.

Now we turn to the case 2 < u < 3. Then
1 —(u—1)log(u—1)

N (u—1)u?
has exactly one zero zg with 2.7632 < z5 < 2.7633.

We have w'(u) > 0 to the left of zp, and w’(u) < 0 to the right of
9. Therefore w(u) > min(w(2.47), w(3)) > 0.5607 for 2.47 < u < 3, and
w(u) < w(zo) < (1 + log(1.7633))/2.7632 < 0.5672 for 2 < u < 3.

(ii) The discussion in (i) implies that w(u) < max(w(3), w(4)) < 0.5644
for 3 < u < 4. By induction, it follows that w(u) < 0.5644 for u > 3.

w'(u)
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(iii) The discussion in (i) shows that w(u) < 0.5672 for 2 < u < 3. For
1.7631 < wu < 2, we have w(u) = 1/u < 0.5672.

(iv) It is easy to see that w(u) = 1/u > 0.5 for 1 < u < 2. By induction,
we get the same conclusion for all u > 1.

The proof of Lemma 8 is complete.

LEMMA 9. Assume that € ={n:x <n <2z} and that z < x. Let
P(z) = H .
p<z
Then for sufficiently large x and z, we have

sen= 3 1= (w(Z) +0e)

rz<n<l2zx
(n,P(2))=1

We refer to Lemma 5 of [6]. When (2x)'/? < z < x, this is the prime
number theorem.

3. Mean value formulas in the sieve method

LEMMA 10. Assume that M, K < N°/'6 and that a(m), b(k) = O(1).
Let

Z v3(n1ngng)? ™!

(20) I(N) =
Nen T s log ns log ng
N/10<n1,n2,n3§N
and
(21) w(r) = [ <1+ 1) 11 <1 - 1)
p—1 (p—1)2)
plr plr
p|N ptN
Then

S Yamp®( Y NEk)NENGs) - L
mk

m~M k~K N=mkl+p2+ps3
N3v—1
=0 (20> :
log™™ N
Proof. We have

N/10<mkI<N
N/10<p2,p3<N

o= 3 Yampk) > N(mkDN(p2)N(ps)

m~M k~K N=mkl+ps+ps

N/10<mkI<N
N/10<p2,ps<N
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1
=/ > a(m)b(k)N (mkl)e(amkl)
0  N/10<mkI<N
m~M, k~K

X ( Z N(p)e(ap))ze(—a]\f) dov.
N/10<p<N
Let
gla) = > a(m)b(k)N(mkl)e(amkl),

N/10<mkl<N
m~M, k~K

fla) =7 g a(m)b(k)(mkl) " te(amkl).
N/10<mkI<N
m~M, k~K

By the discussion in [1], the asymptotic formula
(22) g(a) = f(a) + O(N*=17)
depends on the fact that for J < Hy = N2A=48 gnd 0 < u < 1,

N1
(23) X9 = min (1, 7 )

x Z) ST ST alm)b(k)e(amkl + h(mkl +u)")

h~d  m~M kK mkleo N
< N6,
If either M or K is larger than N3/16  then by Lemma 1 with A =
1 — 7, we obtain Xy < NY=10¢ If M K < N3/16 then KM <« N%/16 «
N97=8-50¢ By Lemma 2 with A = 1 —~, we also get Xy < N0 Hence,
(22) holds.
Let

D)= > N@e(ap), Sl)=y > p''e(op).
N/10<p<N N/10<p<N
From (12) and (22), it follows that
9(@)D*(a) = f()S*(@) = (g() = f(@))D*(a) + f(a)(D(cr) — S(a))D(ax)
+ f(@)S(a)(D(e) = 5(a))
< NP1 D(a)? 4 N2 (o) D)
+ NP2 f () S(a)).

Thus
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where
1 1

1/2
(24) ¥ < NP1 f|D(a)\2da+N3W2_1/2_56( J1f(@)P da)
0

1

(f |D(a)|? da> +N37/2*1/2*58< f ()2 da>1/2

<(fistra)”

< N3'y—1—45

where we note that N(p) = 0 or 1 and that p € P, is equivalent to N(p) = 1;
we also use the estimation >y N(p) <32, oy N(n) < N7.
In the following we investigate

Y3 = [ f(a)S*(a)e(—aN) da.
0

Let Q@ = Nlog ® N. We divide the interval [-1/Q,1 — 1/Q) into two
parts:
Ei={a:a€[-1/Q,1-1/Q),a=a/q+ B,q<log™ N,
0<a<q—11(aq) =1 |6 <1/(qQ)},
B, =[-1/Q,1-1/Q) -

23:(f f) a)e(—aN) da.

For any o € Es, there is one ¢ (log®® N < ¢ < Q) such that |a — a/q| <
1/(qQ). Lemma 5 yields S(a) < N7log™® N. Hence,

f fla (—aN)da

Then

NY - /2, 4 1/2 N3v-1
< o (J P da) ([ IS da) T < o

If « =a/q+ B € Eq, then
flay=" > §(r)l) e(arl),

N/10<rl<N
r~R
where R = MK and
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If g1b, then
> e(bl/q) = O(q).
1<z
From this and partial summation, we know that
> i) e(arl)

N/10<rl<N
r~R,qfr

=Y gt Y n—le(“q” —i—ﬁrl)

re~R N/(10r)<I<N/r
afr
< N1 Z d(r)log® N < N77¢,

r~R
On the other hand,

S i) e(arl) = > i) > 1"~ te(Brl).

N/10<ri<N r~R N/(10r)<I<N/r
r~R, q|r alr

Now,

> D~ Le(Brl)

N/(10r)<I<N/r

N/r
= [ o7 leBrt)d]
N/(10r)

N/r N/r
= [ tle@rtydt— [ 07 te(Bre)d({t})
N/(10r) N/(10r)

N y—1
S f u”‘le(ﬂu)du—FO((N) log80N>
rY T

N/10

~y—1
- % Z s'yfle(ﬁs) —|—O<<]7\f> log80 N>.

N/10<s<N
Thus,

(25) f(a)zzj(’") > 7 le(Bs) + O(NTTE).

r
r~R N/10<s<N
qlr

The prime number theorem for arithmetic progressions (refer to Section
22 of [2]) yields that, for ¢ <1log® N, (I,q) = 1 and N/10 < t < N,
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(26) =(t;l,q) = Z 1:L f du + O(N exp(—cy/log N)).

P(@) i logu

N/10<p<t
p=l (mod q)
Now,
q
> = 7)) X e
N/10<p§N l:l 4 N/10<p<N
lLg)=1 p=l (mod q)
and so

Yo v teBp) = [ 7 te(Br)d(r(t:1,q))

N/10<p<N N/10
p=l(mod q)
N

1 1 e e(B) o
(q) N/{O logt

+ O(N7 exp(—c1y/log N))
_ L 3 s le(Bs)

#(a) N/10<s<N log s

+ O(N7 exp(—c1/log N)).

Combining the above discussion with Lemma 7, we have

(27) > p”‘le(ap)ZM > el

N/10<p<N SO(Q) N/10<s<N lOgS

+ O(N7 exp(—cay/log N)).
Altogether we get
Sy = f fla (—aN) da

q—1 aN 1/(aQ) a
Y ¥ e(_) i f( +5)52 (% +5)e(-) ds
q<log®® N (ar?q=)0:1 9 -1/(aQ) 1

= B ESEER Y IR [ (S ses)
qglogSON r~R -1/(qQ) N/10<s<N

q|r

gm0

N/10<s<N



12 C. Jia

Since
1/2 yo1
y—1 s7"te(Bs) .
Py o) 3 S
1/(¢Q)  N/10<s<N N/10<s<N
1/2 2N31
d N7
< f N3O 1)ﬁ§<< 160N>
1/(¢Q)
we obtain
DY u()C Z] <N3”‘1>
20 )
7 qglogsoN w*( r~|R log™ N
qlr
where
3 y—1
v2(ninan
=y e
N=ni+nz+ns g2 log N3
N/10<n1,n2,n3§N
Let
_ 1> (q )C gr
o=y KGN 5
q<log®® N r~R
q|r
Ly s E@O N
= T ot ©?*(q)
r q<log®™ N
qlr
Now,
ZM Z 1*(¢)C(g, —N) < 1 Zd2(7“) < 1
r~R " g>log®® N 802((]) lOgGON r lOgBON
qlr
so that
i(r) ~~ #°(q)C(g, —N) ( 1 )
N + 0
TER ; ©*(q) log”® N
] 1
> 0o L)
) r log™™ N
w(mk) 1
— 5 a(m)b(k) o( )
2, 2+ O gy
Hence
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Finally,

S=I) Y a(mb(e) 2 O<1i\ig;°_N>‘

The proof of Lemma 10 is complete.

LEMMA 11. Assume that M, K < N°/6 and that a(m), b(k) = O(1).
Let w(r) be defined in (21). Let

1

(28)  Ji(N) = Z 1 Z M’

log 22 logn
N5/16<p < N1/2 P N=nji+nz+ngs 6 pr 0BT
N/10<nyi,n2,n3<N

29) KM= Y >

N3/16<p  <N1/3 p1<p2<y/N/p1

Z 7 (nangng)” !
log D log ns3

X

N=ni+n2+ns
N/10<n1 ,N2,Mn3 SN

Then

> Sampw( X NakONGw) V)
m~M k~K N=mkl+p1p2+p3
N/10<mkl<N
N/10<pip2,p3<N
N5/16<p1§N1/2
p1<p2

i) =0 )

and

> Sampwn( X NNV
m~M k~K N=mkl+p1p2p3+pa
N/10<mkl<N
N/10<p1p2ps,pa <N
N5/16 2 < N1/3
P1<p2<p3

w(mk) JQ(N)> - o< N )

mk log®® N

This can be proved in almost the same way as Lemma 10.
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4. Sieve method. Assume that
A={a:a=N—p; —ps,N(a) = N(p1) = N(p2) =1,
N/10 < p1,p2 < N,p1 +p2 < 9N/10},
B={b:b=N—d—ps,N(b)=N(d)=N(ps) =1,
N/10 < d,py < N,d+ psy < IN/10,d = p1ps (N°/16 < p; < N1/2,
p1 < p2) or d=pipaps (N?/16 < py < N3 pi < py < p3)}

and that
Pz =][r. SA2= > 1, SBw= > L
p<z a€A beB
(a,P(2))=1 (b,P(w))=1

Note once again that p € P, is equivalent to N(p) = 1. Applying Buch-
stab’s identity, we get

(30) Ty(N) = S(A, N'/?)
=SANYI) = Y S(App)
N3/16<p§N5/16
- Z S(Apvp)
N5/16<p§N1/2
=85 -8 —8;s.
Using Buchstab’s identity again, we obtain
(31) S = S(A,N/16) _ > S(Ap,p)

N2'5/16<p§N3/16

N10/16\ 1/5
o ¥ s

N2'5/16<pSN3/16

+ Z Z S(Apg, q)

N2.5/16 <p< N3/16 (N10/16 /p)1/5 < q< N5/16 /p

+ > > S(Apg, q)

N2:5/16 <p< N3/16 N5/16 /p<q< (N10/16 /p)1/3
+ E E S(Apg, q)
N2:5/16 <p< N3/16 (N10/16 /p)1/3 <q<p
=P — Dy + D3 + Dy + Ps.

Next,
(32)  Ss= Y. S(A,p)

N5/16<p§N1/2
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=#{d:d=N —ps—p5,N(d) = N(ps) = N(ps) = 1,
N/10 < p4,ps < N,ps + ps < 9IN/10,
d=pips (N?/1% < py < N2 p; < ps)
or d = pipaps (N*/'6 < py < NY3 py < py < p3)}
=#{ps:ps=N—d—ps5,N(ps) = N(d) = N(ps) = 1,
N/10 < d,ps < N,d+ ps < 9N/10,
d=pips (N?/1% < py < N2 p; < ps)
or d = pipaps (N*/16 < p; < NY3 py < po < p3)}

= S(B,N'/?).
Using Buchstab’s identity, we have
(33) S(B,N'?)=8(B,N?>/16) — > S(B,,p)
N2-5/16<p§N3/16
- Y 8B~ Y, SBp)
N3/16<pSN5/16 N5/16<p§N1/2

N10/16\ 1/5
< S(B, N*5/10) — > S(Bp,< . ) )

N2'5/16<p§N3/16

+ > > S(Byy, q)

N25/16 <p< N3/16 (N10/16 /p)1/5 < q< N5/16 /p

+ > > S(Byga)

N2A5/16<p§N3/16 N5/16/p<q<p

- Z S(Bp7p)

N3/16<p§N5/16
=In—-Iy+I5+14—1I5.

LEMMA 12.
N3'yfl
&1 = S(A, N*%/10) > 3.515559Z(7)C(N) —5—,
log® N
where C(N) is defined in (2) and
8/10 9/10—u;
(34) Z(y) =~* f wl ™ duy f w71 = ug — up)? " duy.
1/10 1/10
Proof. Take
3 ~v—1
X = I(N) = S 7 (nungng)’ ™

log ny logn
N=ni+nz+ns3 §72108 13
N/10<n1,n2,n3<N

15
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and

r(d) = #Aq — wfjd)X,
where w(d) is defined in (21).

By Theorem 7.11 of [10], we have

wz) =] <1 - “’;p)> — C(N) 12;2 <1 40

p<=z

1
logz) )’
where v is Euler’s constant.

Let z = N%5/16 D = N'0/16_ By Twaniec’s bilinear sieve method (see
Theorem 1 in [5]), we obtain

5> C(N)X <f<11(;gglj> ) 3 S e r(mk).

log 2
m<N5/16 k< N5/16

where f(u) is a standard function. In particular,

2
—log(u — 1), 2<u<4;
u

flu) =

By Lemma 10, we have

S a(m)b(k)r(mk)zO(li\';;_N)

m<N5/16 k< N5/16

On the other hand,

IEELTCI NS

ningnz)’ "
log? N (nanans)

N=ni+n2+ns
N/10<n1 na2,n3 SN

Qto@n 8N/10 IN/10—t

= [ 7tdn [ TN =t =)t

10g N N/10 N/10
8/10 9/10—u,
Ofe _

= (T(N f ul” Y,y f ug 1(1 —uy — up)? " dus.

08 1/10 1/10
Hence,

NS’y—l

&, > 3.515559Z(y)C(N) —=—.
= MON)
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LEMMA 13.
N10/16 /5
¢2 - Z S<AP7 < > )
N2:5/16 <p< N3/16 p
N3’y—1
< 1.130791Z(~v)C(N) —=—.
< MO
Proof. Take
N10/16>1/5 N10/16
zZ\p) = , D p) = )
0= (" -2
By Iwaniec’s bilinear sieve method, we obtain
1 log D
Py < (14 0(e))C(N)X 3 1 F( 10g (p)> LR
N2-5/16<p§]\]3/16p ng(p) ng(p)
where

Rt = > > > e(h)b(k)r(phk),

N2‘5/16<p§N3/16 h<N5/16/p k<N5/16

and F'(u) is a standard function. In particular,

2

Rl 2 S u < 37
=15 1
Flu)=19 2 “og(t — 1
<1+ i Og()dt>, 3<u<5.
U 5 t
In RT, let ph = m. By Lemma 10, we have
N3'y—1
log™ N
From the above discussion and the prime number theorem, we have
N3t 5F(5 eN3—1
@QSZ(’Y)C(N)W % (1 3N>
08" V' Nos/16 pe yasie 2108 7 og
N3 B0 o " log(u — 1
=ZCWN) —~ [ (1 e du)
og N2.5/16 t(E_ ) 2 u
N37—1
o)
log® N
N3'y—1

< 1.130791Z(7)C(N) ——.
< (7)C( )loggN
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LEMMA 14.
Py = > > S(Apq: q)
N2:5/16 cp< N3/16 N5/16/p<q<(N10/16/p)1/3
N3'yfl
> 0.011651Z(v)C(N)—s—.
> (CW)

Proof. Take
N10/16
D(p,q) =
bq

By Iwaniec’s bilinear sieve method, we have

1
@, > (14+0(e))C(N)X > > 1
N2:5/16 <p< N3/16 N5/16 /p<q< (N10/16 /p)1/3 pglogq

log D(p, q) _
Xf( log ¢ >_R7

> > > > c(h)v(g)r(pghyg).

N25/16 <p< N3/16 N5/16 /p< g (N10/16 /p)1/3 < N5/16 /p g< N5/16 /g

In R, let ph = m, qg = k. By Lemma 10, we have

3y—1
log™ N

Hence,
N1 3/16 &t (10/16—t)/3 9
@ZZ(W)C(N)W 7 - w)
08 2.5/16 5/16—t W16 w
10 _ t N3'y—1
Xlog((16 ) —2)dw—|—0((E 3 )
w log” N
N3w71
> 0.011651Z(y)C(N) —=—.
> MO
LEMMA 15.
N37—1
It = S(B,N*5/16) < 2.9268827(7)C(N) —5—.
log® N

Proof. We take Y = J;(N) + J2(N), where J1(N), Jo(N) are defined
in (28) and (29) respectively, and
w(d)
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By Iwaniec’s bilinear sieve method, we get

<IN 16 pyroen+ S almb(kyrmk)

~ logN 25
m<N5/16 k< N5/16

1

Applying Lemma 11, we get

> a(m)b(k)r(mk)zO(lngz_];)

m<N5/16 k< N5/16

Hence,
C(N)Y
Iy <3.671111 - (V) .
log N
Now,
1 + O g 3 _ 1
Y= (I(NM > (n1nona)” 1( > W
Og N=ni+ns+ns N5/16<p1§N1/2 pl Og E

N/10<TL1,TL2,TL3§N

p1p2 log
N5/16<p < N1/3 pr<p2<r/N/p1 P1P2

3y-1 , 1/2 1/3 (1—t)/2 w
— 1+ 0E)zmY (f ti+ ey d)

T2 AT _ _
log® N 516 (1—-1) 5/16 t w(l—t—w)
N3'y—1
<0.797274Z (7)) —5—.
log® N
Therefore,
N3'y—1
I <2.926882Z(v)C(N)———.
1S (7) ( )log?’N
LEMMA 16.

10/16\ 1/5
2= 2 S<Bp’<Np ) )

N2-5/16<p§]\73/16
N3'yfl
log® N
Proof. Using Lemma 11, in almost the same way as in Lemma 13, we
obtain

> 0.898396Z(7)C(N)

5/(5)
N10/16
p

Iy > (14 0()C(N)Y
N2,5/16<p§N3/16 plog

3/16

N3—1 2dt
=W 0NZOCWay [y
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t—1

<log4+ fdt f logs_l)ds)

1/2 1/3 (1-t)/2
dt dt d
S (R S L
t(1—1t) t w(l —t —w)

5/16 5/16 t
N?yy—l
log> N

I, = Z Z S(Bpg: q)

N2'5/16<p§N3/16 N5/16/p<q<p
N3'y—1
log® N

> 0.898396Z(~)C(N)

LEMMA 17.

< 0.194188Z(v)C(N)

Proof. Applying Lemma 11, in almost the same way as in Lemma 14,
we get

N10/16)1/3>
I, < S| B,,,
4= Z Z < pa ( pq

N25/16 <p< N3/16 N5/16 /p<q<p

<@+oE)cwy Y > ‘ff’)

N2,5/16<p<N3/16 N5/16/p<q<p pq pq

N1 3/16 t

dt 2 dw
=10y [T s

16
1/2 1/3 (1—t)/2
dt dt d
(e T
t(1—1t) t w(l—t—w)

5/16 5/16 t
N3'y—1
< 0.194188Z(v)C(N) —=—.
< (el )1og3N

5. Asymptotic formulas

LEMMA 18. Assume that N'1/16 < M < N13/16 0 < a(m) = O(1) and
that a(m) = 0 if m has a prime factor < N¢. Then

Y= Z a(m)N (mp1)N (p2) N (p3)

N=mpi+p2+p3
N/10<mp1,p2,p3<N
mn~ M

3y—1
— (140 ZMCN)—~—— S am) Y 1

2
N]Og NmNM N/m<p<2N/m
N3
+ O(w)'
log™” N
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Proof. We have

Y= f > a(m)N(mpr)e(amp)

0  N/10<mpi<N
m~M

2
X ( Z N(p)e(ozp)) e(—aN) da.
N/10<p<N
Using the same reasoning as in Lemma 10, we get

N3'y—1
= « 2@6—@ (0% —
2= [ stersterelan)do+ (L ).

where FE; is defined in Lemma 10,

gl@ =~ > a(m)(mp) 'e(amp)
N/10<mp1 <N
m~ M

and
Sl)y=~ Y. ple(ap).
N/10<p<N

Note that if a(m) # 0 and ¢ < log®® N, then (m, q) = 1. Thus,

)= 3 (%) T atmm X ()

m~ M N/(10m)<p1<N/m
mp1=l (mod q)

Let m be a number such that mm = 1 (mod ¢). Using the discussion in
Lemma 10, we have

Y. i e(Bmp)
N/(10m)<p1<N/m
mp1=l (mod q)

N/m
= > pl te(Bmp) = [ 7 e(Bmt) d(x(t;ml, q))
N/(10m)<p1 <N/m N/(10m)
p1=ml (mod q)
N/m g 2!
1 t7 t
= e(fmt) dt + O(( ) exp(—cﬂlogN))
P@) ) om — lost
N
m~7 u " te(Bu) <<N>7 )
= —du+O( | — | exp(—cy/logN
v(q) / log 7 m ( &)
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»la) N/10<s<N log 5
Therefore,
1(q) a(m) s7 " e(Bs)
gla) =~ > > ;
¢(9) meM "' N/10<s<N log 7
+ O(N7 exp(—c1v/1log N)),
and

S(a) ZWM Z w + O(N7 exp(—ca+/log N)).

log s
N/10<s<N

Hence,

oo B B A T e)ele e

080 a=0 _
q<log8® N 2y 1/(a@Q)
N3'y—1
+ O —+—
<10g1° N )
1/(qQ) —1
3 1(¢)C(g, —N) a(m) 57 le(Bs)
= Y s X > s
ciogon PO ey men ™ njoceeny 9B
y—1 2 N3'yfl
X el LaNyds+ 0
log s log!'® N
N/10<s<N g
.S M(Q)C(q,—N)K(NHO(N?”‘l)
o 3 10 )
SV S () log’ N
where
3 a(m) (ningnz)? =1
KN) =~ Z m Z log 2t log no log ng
me~M N=ni+na+ns m

N/10<n1,n2,n3<N

3v-1 a(m
— 1+ oE)z) Yy dm)

log®> N S mlog %

(0L e S a(m) YL

2
N log NmNM N/m<p<2N/m
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Moreover,

3 %Wq»—f\’):i/qu—m+o< 1 >

q<log8 N ¥ () log40 N

The above discussion yields
NSfyfl
L=1+0E)Z)C(N)——5— Y a(m) > 1

2
N log NmNM N/mepeoN/m
N3'yfl
+0<10 >
log™ N

The proof of Lemma 18 is complete.

LEMMA 19.
N3'yfl
Sy = > S(Ap,p) < 1.198136Z(7)C(N) —5—.
log® N
N3/1G<p§N5/16
Proof. From Lemmas 18, 9 and 8, it follows that
Sz = > N(rp)N (p2)N(p3)
N=rp+p2+p3
N/10<rp,p2,p3 <N
N3/16<pSN5/16
(r,P(p))=1
N3'yfl
=1+ O(E))Z(’Y)C(N)m Z Z 1
08 IV N3/16 p< N5/16 N/p<r<2N/p
(r,P(p))=1
N3'y71
+ 0| ——
<10g6 N>
N3’y—1 1 log N N3’y—1
=ZNON) o Y : “’(1 P > +O<s 3
108" N 316 Sy s/ PIOBP \ 08P log” N
e A RS N3
=ZC(N)—— | 2w< “) du+o<E - )
log® N u U log® N
3/16
NS'y—l 13/3 €N3'y—1
=Z(y)C(N)—— w(t)dt + O
Wy [ w03

11/5

23
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3y-1 3 og(u —
T (e

log® N 11/5 v

A wel 13/3
-1 1 log(t — 1
+f{1+1°g(“)+ [ Og()dt}du+0.5644 [ du)
U U t
3 2 4
N3'y—1
<1.198136Z(y)C(N)——5—.

LEMMA 20.
D3 = Z Z S(Apg )
N2'5/16<p§N3/16 (Nlo/lﬁ/p)1/5<q<N5/16/p
N37—1
> 0.399722Z(7)C(N)T.
log® N
Proof. We have

b3 = Z N (rpq)N(p2)N (ps)-
N=rpq+p2+ps
N/10<rpq,p2,p3<N
N2:5/16 << NB/16
(N10/16/p)1/5<_q<N5/16/p
(r,P(q))=1

Note that N3/16 « pg < N5/16 and that N''/16 « r « N'3/16 By Lemma
18 with a small modification, and Lemmas 9 and 8, we have

N3771
Nlog? N

<D 2. 2. 1

N2'5/16<pSN3/16 (NlO/lG/p)1/5<q<N5/16/p N/(pq)<r§2N/(pq)

®3 = (1+0(¢))Z(7)C(N)

(r,P(q))=1
N3'y—1
+0(6 )
log” N
N37—L 1
=Z(v)C(N
W) ooy 2. >

lo
N2:5/16 <p< N3/16 (N10/16 /p)1/5 < q< N5/16 /p pglogq

<o(Tr) o)
log q log® N

log® N

5/16—t duw

f w2

2.5/16 t (10/16—t)/5
N3'y—1
log® N

dt

> 0.5606Z(7)C(N)

> 0.399722Z(7)C(N)
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LEMMA 21. Assume that N'/10 < M < N'3/16 0 < a(m) = O(1) and
that a(m) =0 if m has a prime factor which is < N¢. Let
2= > a(m)N (mp)N (d)N (p4),
N=mp+d+ps
N/10<mp,d,ps<N
m~ M
where d = pipa (N®/'6 < py < NV2 py < py) or d = pipaps (N?/16 < py <

N3 py < ps <ps). Then

2= (140 ZMCN) S am) Y1

Nlog? N~ N m

(ot Tt YoM
_ n _ 6 '

5/16 t(l t) 5/16 t ; w(l t U)) log N

Proof. In almost the same way as in Lemma 18, referring to Lemma

11, we can get

a(m)
3 —
(1+0E)CN) 3 “F
mn~ M
1 73 (ningng)
* < Z p1 Z log 2t log 22 log n3
N5/16<p1§N1/2 N=ni+no+ns m p1

N/10<n1 ,N2,N3 SN
1

" Z Z Pp1p2

NB°/16<py <N1/3 p1<p2<+/N/p1

3 y—1 N3'y71
ninan
% Z 107"1(13) 2"3)10n>+0(1 GN)
N=ni+ns+ns g m g P1p2 g N3 0g
N/10<n1,n2,n3<N

_ (11 0() ” Zm10g< 3

N5/16 2 < N1z Pl log L

1
" Z Z p1p2 log - )

N5/16<p  <N1/3 p1<P2<\/W P1p2
N3’y—1>

x 1+ o0 <
Z (ninang) log® N

N=ni+nz2+ns
N/10<’I”L1,’I”L2,’I’L3§N

— 1+ 0E)ZNCN)——— S am) Y 1

Nlog® N ot N/m<p<2N/m

1
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><< 1f/2 d 1f/3 dt ‘1f”/2 dw >+O<N371>
_ n 4 6 :
5/16 t(1-1) 5/16 t t w(l —t - w) log” N
LEMMA 22.
N3'y—1
Is= > S(By,p) > 0.954253Z(7)C(N) —5—.
log® N
N3/1G<p§N5/16
Proof. We have
Is = > N(rp)N(d)N (pa),
N=rp+d+ps
N/10<rp,d,ps<N
N3/16<p§N5/16
(r,P(p))=1

where d = p1ps (N°/16 < p; < NY2 p; < p3) or d = pipaps (N*/16 < p; <

N1/3,p1 < p2 < p3). By Lemmas 21 and 9, in almost the same way as in
Lemma 19, we have

N3v—1 13/3

log® N 1175
X( 1f/2 dt 1f/3 dt “‘f”z dw >+O<5N37‘1)
_ n — 3 :
5/16 t(1—1t) 5/16 t ; w(l—t—w) log® N
Using Lemma 8, we get
13/3 3 4
141 -1 141 -1
[ wia= [ (1+log(u—1)) , f{ﬂLOg(“)
11/5 11/5 w 3 u
u—1 13/3
1 log(t — 1
+= Og()dt} du+0.5607 [ du
U t
2 4
> 1.196900.
Hence
N3—1
I5 >0.954253Z(~)C(N)—s—.
= MMy
LEMMA 23.

I3= > > S(Bpy,q)

N2:5/16 cp< N3/16 (N10/16 /p)1/5 < q< N5/16 /pp
N3’y—1

< 0.320849Z(7)C(N) ——.
< (7)C( )logg ~
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Proof. We have

I's = Z N (rpq)N(d)N (p4),
N=rpg+d+pa
N/10<rpq,d,ps<N
N2.5/16<p§N3/16
(N10/16/p)1/5<q<N5/16/p
(r,P(q))=1

where d = pypy (N°/16 < py < NV2 py < po) or d = pipaps (N°/16 < py <
N3 pp < py < p3). By Lemma 21 and the deduction in Lemma 20, we get

3/16 5/16—t

N3’yfl dt dw
Fg,§0.56442(7)(J(N)W 1l - I =
98 N 95716 U (10/16—1)/5
1/2 1/3 (1-t)/2 -
dt dt dw cN3Y
A St ST i) o)
5/16 5/16 t g
N3’y—1
<0.320849Z(v)C(N) —=—.
< D)oy

6. The proof of the Theorem. Applying Lemmas 12, 13, 20 and 14
to the expression in (31), we get

N3'y—1

log> N’

Applying Lemmas 15, 16, 23, 17 and 22 to the expression in (33), we obtain
NSvfl

log® N’

In (30), the above two inequalities and Lemma 19 yield

N37—L S 00C(N)N37—1

log® N — log® N '

81 > 2.796141Z(v)C(N)

S < 1.589270Z(v)C/(N)

Ty(N) > 0.008734Z(v)C(N)

Hence, the Theorem follows.
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