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As is well known, the Wieferich congruence is the congruence 2¢-1 = 1
(mod ¢?). Wieferich proved in 1909 that if 297! £ 1 (mod ¢?) then for the
exponent ¢ the first case of Fermat’s Last Theorem holds.

The aim of this paper is to prove Theorem 1, which gives a connection
between the Wieferich congruence and divisibility of AT (the class number
of the field Q(¢, + ¢, ') by the prime g.

THEOREM 1. Let q be an odd prime. Let I,p be primes such that p =
204+1,1=3 (mod 4), p= —1 (mod q), p#Z —1 (mod ¢*) and let the order
of the prime q modulo | be (I — 1)/2. Suppose that q divides h™, the class
number of the real cyclotomic field Q(¢p + (I,_l). Then 2971 =1 (mod ¢?).

To prove this theorem, the following assertion from [1] will be used:

PROPOSITION 1. Let I, p, q be primes, p=1 (mod 1), ¢ #2,q # 1, q < p.
Let K be a subfield of the field Q(¢, + ¢, '), [K : Q] =1 and let hi be the
class number of the field K. If q| hx, then q| Ngc,) o(w), where

w=a Z x(7) + a2 Z X(@) + .. 4 ag1 Z x (),
i=1( mod gq) 1=2( mod q) i=q—1( mod q)
and x(x) is the Dirichlet character modulo p, x(z) = ¢I"4®.

The values a; were calculated on the basis of the formula (4), p. 73
in [1]. Note that the numbers aq,as,...,a4—1 do not depend on the prime
p, but depend on p modulo g. It is clear that instead of a1, ...,a,—1, we can
consider the numbers aayq, ..., aa,—1 modulo ¢ for any a # 0 (mod q).

Before we give a proof of Theorem 1 we show some connections of this
paper with ¢g-adic L-functions Ly(1, x).
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The number
q—1
w=>a Y X0
r=1  4i=r(mod q)
plays a fundamental role in the proof.

Let F = (v —%)/(q7°¢) € Zx (where o, is the Frobenius auto-
morphism at ¢ in K/Q), and let ¢ : Zx — Z((;) be defined by p(a) =
c1+ca(+ ...+ chll_l, where @ = cia1 + coas + ...+ ¢ag and aq,...,q
are Gauss periods.

It is proved in [1] that w is equal to ¢(F7) up to a multiplicative constant

B € Q(¢;) such that N(8) #0 (mod q).
For the g-adic L-function Ly(1,x~') we have

Lyl,x ") = — (1 Pt > Zx a)log, (1 - (1)

q

— s 3 x(0) log, (17,
q oelG
where u, is a g-adic unit.
The connection between w and L,(1,x7!) is stated in the following
lemma.

LEMMA. There is an automorphism o** of the field Q(¢;) and a g-adic
unit vy, such that

Uy 0 (W) = Lg(1,x™") (mod ).
Proof. Let
1
glogqu =bias + ...+ by (mod q).

Thus

(*) - Z o)log,(v7) = Z x(o)o(biar + ...+ bag) (mod gq),

JEG oeG
obiar + ...+ bay) =by + b2+ ... + blCll_l-

By reduction of the right side of (x) we deduce that there is an automor-
phism o* of Q(¢;) and a natural number n such that

- Z o)log,(v7) = 7(X")o" (b1 +b2G + ... + bi¢;™t) (mod g).
UEG
It can be proved that

1 [oa
F = 6logq(7 ) (mod q).
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Finally, we have
Uy 0™ (W) = Lg(L,x™1) (mod g),
for a suitable automorphism o** of Q((;). That v, is a g-adic unit follows

from the fact that u, and the Gauss sum 7(x™) are both g-adic units. m

By considering the congruence

Ly(1,x ") = Bi(x7'07") (mod q),

(where 6 is the Teichmiiller character at ¢ and B; the generalized Bernoulli
number) the result of this paper can be stated as follows:

q| NBy(x '0~') = Wieferich congruence for prime g.

Proof of Theorem 1. We shall prove that if p Z —1 (mod ¢?) and
2971 £ 1 (mod ¢?) then ¢ does not divide h™. Since the order of ¢ modulo
lis (I —1)/2 we have (%) = 1. From p = —1 (mod ¢) we have | = —1
(mod ¢q). Let ¢ =1 (mod 4). Then

s o DG
(1))

As we will prove later (see Lemma 3), for p = —1 (mod ¢) we have a,_1 = 0.
It follows that w = 27, where

T=a Y. x@+a > X0 +...+ag > x(2).

i=1( mod q) =2 ( mod q) i=q—1( mod q)
1<p/2 1<p/2 1<p/2

Since the order of ¢ modulo [ is (I — 1)/2, we see that ¢ splits into two
divisors in Q((;). Because | = 3 (mod 4), we have (F}) = —1, hence if
q| No(c,)/o(w) then ¢ divides 77.

The following formula holds:

T = > aza;x(ij7") = bo +b1G 4+ ball + ..+ bioa ¢
4,j=1,2,...,¢q—1 ( mod q)
i,j<p/2
Then ¢ |77 if and only if by = by = ... = b1 (mod ¢q). We shall compute

the coefficient bg.

Let x(ij~!) = 1. Then i57! =1 (mod p) or ij~! = —1 (mod p), there-
fore either i —j =0 (mod p) or i +j =0 (mod p), i,j < p/2. Hence i = j
(mod p), and therefore i = j.
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The following equalities hold:

#{i=1 (modq):z’<p/2}:p;_ql,
#{i=2 (modq):z'<p/2}:p2—zl7
#li=q-—2 (modq):z‘<p/2}:p;—ql.

It follows that
1]
S
i=1

LEMMA 1. Let p = z (mod q). For the coefficients a1, ...,aq—1, the fol-
lowing congruence holds:

1 _ -
S
. (Z L ! -|-ZZ> (mod q),

Q
| =

z
Qg -—
2q z z z

1

where

i—k 1 —k—i —i
[ s T
z z z ¥4

are residues modulo q from the interval (0,q — 1).

Proof. By the formula (4), p. 73 in [1] we have

-1
(G =1 = (F -1~y _
u . e g iy :c0+01Cp—|—cQC§+...+cp_1C£ L
i=1

Let (/¢4 = 1. Then i +¢j =0 (mod p), and therefore
—1

j=" (modp). 0<j<p.

Hence

0= P 1 )er mon,

153
where qi is a residue modulo p, with 0 < =i < p. According to [1],

S, >< )
ap =Cp —Cy = — L) (= - .
‘ e q- q—1 q q

=1
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Replacing i by ¢ — i and using (¢) = (qu‘) we get

1251/ (k=i =i k+i 7
w2 L () (-7 -5 ) e

q i=1

Let p = aq + z. Let x1 be such that
zip+k—i=0 (mod q), 0<uz <gq.
The numbers s, 3, 24 will be defined analogously. Then

k—i  xi(aqg+z)+k—i ur +:1:1z+k‘—i

- - )

q q q
;z:mz(aq+z)—z :a:c2+$22_z,
q q
k+i x3(ag+z)+k+i r3z+k+i
= = a3 + ——,
q q q
i zq(aqg+2) +1i :am4+x4z+z.
q q
Hence
k—i —i k+i 1
_— _‘_7
q q q q

T2+ k—19 X907 —1 :cgz+k+i+x4z—|—i
q q q q

=a(ry — 29 —x3+14) +

It is easy to see that
x1 — 29 —x3+ 24 =0 (mod q).
The assertion of Lemma 1 now follows from the congruence
1/q - 1
- —1)itt =2 dq).
(M) v =] nod . s
LEMMA 2. Let p =z (mod q), 0 < z < q. Then ap, = a,_ (mod q).
Proof. This follows from Lemma 1. m

Let r < [. Then ¢" = 2 or —2 (mod p). We shall compute the coeffi-

cient b,.

Let x(ij~') = (/. Then either ind(ij~') = r or ind(ij~!) = r + [ and
therefore either ij~1 =2 (mod p) or ij7! = —2 (mod p), i,j < p/2. Hence
by Lemma 2 we have

by

p+1%=
Tq Zaz‘a% (mod q).
=1
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Therefore if ¢ | 77, then

+ 1 —
pr> (Za,agz Z Z) =0 (mod q).
=1 i=1
If
qg—1 q—1
Z a;ag; — Za? # 0 (mod gq),
i=1 i=1
then
1
p;;] =0 (mod q),

and hence p = —1 (mod ¢?).
We shall prove that

q—1 q—1 _

207+ —1
Zaiagi - Za? =———— (mod q).
i=1 i=1 q

LEMMA 3. Let p=—1 (mod q). Then
k

Proof. It is easy to see that

(mod q) fork=1,2,...,q—1.

N\H

i—k 0, k<i,
q—1_z_k+5i’k’ vvhe:1*e<5i7;€—{q7 i<k
) .

=q—1
o ik Akl
—i—k _J0, i+k<g,
7 =i+ k— Bk, Whereﬁz,k—{q7 g<k+i,
g—1

It follows that
1531
ap = 4 ;(5i,k + Bik —q) (mod g).

Analysing all cases we get the congruence of Lemma 3. m

LEMMA 4. The following congruence holds:
-1

Q

as
1

2= -2 (mod q).

i
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Proof. It is easy to see that

-1

LS}

z((1—1)12—i—(c1—2)2124—((1—3)312+...—i—1-(q_ll)2

#2(1 (D@24 D=3+t D - D)
_ 1 1 2 3 q—1
= —<1+2+...+q_1>+2<1+2+...+q_2>

= —2 (mod q). m
LEMMA 5. Let m = (¢ — 1)/2. The following congruence holds:

(i 1 1 1
Saiani=( 1+ -5+ 4+ (-1 =) —2 (mod g).
i:1aa2 < +2 3+ +(-1) m) (mod q)

Proof. Let m =0 (mod 2). It is easy to see that

qila‘a-=1 1—1—1 + 14—1 1—1—14—
v 12 = 9 9 B

1 1
2 > 2m
+(1++...+1><1+1+. ! >
2 m—1 2 2m —1
+<1+1 +1>(1+1+. ! >
2 m—2 2 2m — 3
+ +1-<1—|—1+1>.
2 3
Multiplying out from the left by the numbers 1,%,%,...,%, one after

another, we have
q—1
Zaiazi
i=1
1 1 1
=1- ((q—2)+(q—2)2+(q—3)3+...+1-)

+;<(q—4)<1+;+;>+(q—4)i+(q—5)1+...+1-1>
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1
e R
+...+ q—1>

| =

+;<(q—6)<1+;+...+é>+(q—6)(15+(q—7)

R ) C TR
et q 1 S —

+ ( 2)1+ +1 !
q 121’ —1

+”.+;<@—mm<1+;+.”+2mil)+ ! >(mmq)

It follows that
q—1
1 1 1 1
ag; = —2—-2l14+-4+-=-)—-2(14+=+...4+ =
;azazl (+2—|—3> <+2+ +5>

>~I—q—1 (mod q).

1
— =214
<+2+ T om o1

Hence

q—1

1 1 1 1
Y aiazi= —2m—2m-1)( -+ ) —2m-2)( -+
i:1aa2 m—2(m )<2 3) (m )<4 5)

1 1
_”'_2(2m—2+2m—1>_1 (mod q).

From this we obtain

Therefore, we have
gi 1+1 1+ +(1)m1 2 (mod q)
ajag; = | — ———+4+...+(=1)"—) =2 (mod q).
p 2 2 3 m 1
In the case m =1 (mod 2), we proceed analogously. m

The following congruence is known:

1 1 1 2¢-1 1
l—=—4+-4... —ymtt—==__ - d q).
5 T3t +(=1) — . (mod q)
This easily implies that if | AT and 297! # 1 (mod ¢?) then
p=—1 (mod ¢?).
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LEMMA 6. If ¢|h* and p= —1 (mod ¢?), then p = —1 (mod ¢3).

Proof. Let s <I. Then ¢g° = 2¢q or —2¢ (mod p). We shall compute the
coefficient b,.

Let x(ij~') = ¢f. Then either ind(ij~!) = s or ind(ij~!) = s + [ and
therefore either i1 = 2¢ (mod p) or ij~' = —2¢ (mod p) 7,7 < p/2.

Consider the intervals

0.2 (P 20\ (2 3p (a—Vp ap
72q ) 2q72q M 2q72q ) Tt 2q 72q *

(i G+ 1p
2¢°  2¢q ’

then ip < 2gx < (i + 1)p. Reducing modulo p we get

If

2qr —ip = —i(qg— 1) =i (mod q).
Let p = ag® — 1. Then

ip (i+1)p a

— =k d =—

#{w65<2q, 0 ) (mod ¢) o = 5
fork=1,2,...,g—1,i=1,2,...,g— 1. By Lemma 2, it follows that

a a
by = 5(11((11 +as+...+ag1)+ §a2(a1 +as+...+ag-1)
a
+...+§aq,1(a1+a2+...+aq,1).
Since
a1 +as+...+a,-1 =1 (mod q),
we have by = § (mod q). If ¢|h™ then by = by = 0 (mod ¢) and hence

a =0 (mod q). It follows that
p=—1 (mod ¢®). m
Theorem 1 is proved.

Remark. For ¢ < 6-10% there are exactly two primes satisfying the
congruence 2971 = 1 (mod ¢?), namely ¢ = 1093 and ¢ = 3511. Hence
Theorem 1 does not give any information on divisibility of A for these two
primes.

This default can be removed in the following way. Consider the coefficient
by corresponding to the congruences

ij (mod p) or ij '=-3 (modp), i,j<p/2.
Then
—1 q—1
+1%3 +1
by = pi?)q E a;az; + piﬁq aiazi+1 (mod q).

i=1 i=1
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Hence it is enough to prove that

q—1 qg—1 qg—1
p+1 p+1 p+1
() 3¢ E a;az; + “6q g ;4341 — ETH E a? #0 (mod q).
i=1 i=1 i=1

By a numerical calculation for ¢ = 1093 and ¢ = 3511 we find that ()
holds. Therefore if p 2 —1 (mod ¢3) for ¢ = 1093 and ¢ = 3511, then under
the assumptions of Theorem 1, neither 1093 nor 3511 divides h™.
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