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1. Introduction. Suppose that p is a prime which can be represented by
primitive integral binary quadratic forms of distinct nonsquare discriminants
d and d*. Let G denote the genus of forms of discriminant d to which the
forms representing p belong. Assume that the parameters in a representation
of p by a binary quadratic form of discriminant d* are known. A criterion
which partitions G into subsets and uses the parameters in the above rep-
resentation to predict which subset contains the form(s) representing p is
called a predictive criterion.

For example, if p is a prime for which the Legendre symbols (2/p) and
(p/31) both have the value 1, then p is represented by positive-definite binary
quadratic forms of discriminants —124 and —248. In the case of discrimi-
nant —124, p is represented either by the form z? + 31y? or by the forms
5% + 4ay + Ty?. As 25(522 + 4oy + Ty?) = (z F 12y)? + 31(2x £ y)?, there
are integers H (= 1 or 5), M and N such that H?p = M? + 31N?. The
(principal) genus of forms of discriminant —248 representing p consists of
the four forms x? + 62y2, 222 + 31y%, 72?2 £ 22y + 9y%. Given M and N we
can predict whether p is represented by one of z? + 62y?, 222 + 31y? or by
722 4 22y + 932, as follows:

M + N = £1 (mod 8) = p is represented by x? + 62y? or 222 + 31y2,
M + N = 43 (mod 8) = p is represented by 7z% 4 2zy + 93?;

see [15, p. 276].

The primary purpose of this paper is to show that an elementary tech-
nique of Dirichlet [9] yields predictive criteria for positive-definite binary
quadratic forms of discriminant —D (D > 0) when the Sylow 2-subgroup
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Hy(—D) of the form class group H(—D) is cyclic of order 2%, where k > 2,
for a suitable predicting discriminant —D*.

In Section 2 we prove Theorem 1, which characterizes those D for which
Hy(—D) is isomorphic to a cyclic group of order 2¥, distinguishing the three
possibilities: (a) k=0, (b) k=1, (c) k> 2.

In Section 3, for each of the twelve cases listed in Theorem 1(c), a suitable
discriminant —D* is defined and predictive criteria are given to determine
whether a prime represented by a form in the principal genus of discrim-
inant —D is in fact represented by a form which is a fourth power under
composition; see Theorem 2.

In Section 4, for each of the fifty discriminants —D (D > 0) for which
H(—D) is cyclic of order 4, a specific formulation of the appropriate predic-
tive criterion from Theorem 2 is presented.

An example in which a predictive criterion is applied successively to a
sequence of discriminants is given in Section 5. We then exhibit sequences of
discriminants for which the process of making successive predictions requires
knowing the parameters in only one representation of p.

The applicability of Dirichlet’s technique is not limited to the situation
where the Sylow 2-subgroup of H(—D) is cyclic of order > 4. In Section 6
we present a case where the Sylow 2-subgroup has two cyclic factors each
of order > 4, and Dirichlet’s technique produces a pair of predictive criteria
which together determine which one of four cosets of the principal genus
contains a form class representing the prime p.

The present research was motivated by the work of the first author in [15].
The focus of this earlier work was restricted to representability of primes by
forms of discriminant —4qr, where ¢ is either 1 or a prime and r is a prime.
The concept of exclusive prediction, defined in [15, p. 266], is illustrated by
each of the fifty examples in Section 4. In these examples the predictive cri-
terion distinguishes between representability by the principal form, which is
the unique fourth power in the form class group, and the other (ambiguous)
form in the principal genus, which is not a fourth power. By contrast, in
the example given earlier in this introduction, both the forms z2 + 62y? and
222 +31y? are fourth powers under composition. This is associated with the
concept of inclusive prediction [15, p. 266].

Other approaches to predictive criteria can be found for example in [12]-
[14].

Throughout this paper we use the following notation:

Zm denotes the cyclic group of order m.
[a, b, c] denotes the form class containing the form az? + bxy + cy?.
H(-D) denotes the form class group of discriminant —D (D > 0)

under composition.
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h(—=D) = |H(—D)| denotes the form class number of discriminant —D.

Hy(—D) denotes the Sylow 2-subgroup of H(—D).

ro(H(—D)) denotes the 2-rank of H(—D), that is, the number k in
the decomposition Ho(—D) ~ Zgay X ... X Zgay,, a; > 1.

r4(H(—D)) denotes the 4-rank of H(—D), that is, the number of

factors Zse; in this decomposition having a; > 2.

(=) (sometimes written as (m/n)) denotes the Legendre—
Jacobi-Kronecker symbol as defined in [10, eqns. (5)
and (7)] for arbitrary integers m,n with n # 0.

(%) 4 is the quartic residue symbol modulo a prime p = 1
(mod 4) defined for an integer m satisfying (%) =1by
(%)4 = (%), where n? = m (mod p).

vp(a) is the exponent of the largest power of the prime p di-

viding the nonzero integer a, symbolically, p*»(®) || .

Finally, we recall that a discriminant d is called a fundamental discrim-
inant if d/f? is not a discriminant for any integer f > 1.

2. Characterization of the class groups H(—D) whose 2-part is
cyclic. Let D be a positive integer = 0 or 3 (mod 4). We set

(2.1) D =2mp" . plte,
where m is a nonnegative integer, pq,...,ps are s (> 0) distinct odd primes,
and mq, ..., ms are positive integers. As D =0 or 3 (mod 4) we have

m =0, in which case
(2.2) mi(pr —1)/2+ ... +ms(ps —1)/2=1 (mod 2),
or
m > 2.
In this section we characterize those class groups H(—D) whose 2-part is
(a) trivial, (b) (cyclic) of order 2, and (c) cyclic of order > 4.
THEOREM 1. (a) Ho(—D) ~ Z; if and only if
(A) D =27 (m—2,3,4)
(B) D =p" (m1 (odd) >1, pr =3 (mod 4));
(C) D =4p!"* (mq (odd) > 1, pr =3 (mod 4)).
(b) Hy(—D) ~ Z5 if and only if
D =2" (m =5,6);
D =4p1™ (my > 1, p1 =5 (mod 8));
D = 4p"* (mq (even) > 2, p1 =3 (mod 8));
D =8p" (my1 > 1, p1 =3,5 (mod 8));
D = 16p7™ (mq (odd) > 1, p1 =3 (mod 4));

EEeEE
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(F) D =p"p3? (my (odd) > 1, ma (0odd) > 1, pr =3 (mod 4),
p2 =1 (mod 4), (p1/p2) = —1);

(G) D=p"p3? (my (odd) > 1, my (even) > 2, p; =3 (mod 4),
(p1/p2) = —1);

(H) D =4p"p5? (my (odd) > 1, my (0dd) > 1, py =3 (mod 4),
p2 =1 (mod 4), (p1/p2) = —1);

(I) D =4p{"p3? (mq1 (0dd) > 1, my (even) > 2, mg > 1,
p1 =3 (mod 4), (p1/p2) = —1).

=2" (m=7);

=4p" (m1 > 1,p1 =1 (mod 8));

my (even) > 2, py =7 (mod 8));

my > 1,p1 =1 (mod 8));

my (odd) > 1, py =7 (mod 8));

my (even) > 2, py =7 (mod 8));

(m1>1,p1 =1 (mod 4));
= 16p7"* (m1 (even) > 2, py =3 (mod 4));
:pTlpglz (m1 (Odd) >1,mg>1,p1 =3 (mOd 4)7
p2 =1 (mod 4), (p1/p2) = 1);

(J) D =p"p3? (my (odd) > 1, my (even) > 2,
p1 =p2 =3 (mod 4), (p1/p2) = 1);

(K) D =4p"py? (m1 (odd) > 1, my > 1, p1 =3 (mod 4),
p2 =1 (mod 4), (p1/p2) = 1);

(L) D =4p"py? (m1 (odd) > 1, my (even) > 2,

p1=p2 =3 (mod 4), (p1/p2) =1).

In preparation for the proof of Theorem 1 we state some well-known
results as Lemmas 2.1-2.3.

I
(0]
s
—_
N N N N

LEMMA 2.1. Let D = 0,3 (mod 4) be a positive integer. Let t be the
number of distinct odd primes dividing D. Then

t—1 if D=3 (mod4) or D =12 (mod 16);
ro(H(—=D)) =<t if D=4,8 (mod 16) or D =16 (mod 32);
t+1 if D=0 (mod 32).

Proof. See for example [8, Proposition 3.11]. This result has its origins
in the work of Gauss [11, §§257-258]. =

COROLLARY 2.1. Let D = 0,3 (mod 4) be a positive integer. Then
(2.3) ro(H(—D)) =0« D =2" (m=2,3,4), or
D = p" or 4p"* (pI"* =3 (mod 4));
(24) ro(H(—-D))=1< D =2" (m >5), or
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D = 4p7"™ (p{"™ =1 (mod 4), m; > 1), or
D = 8pi"* or 16p7"* (my > 1), or

D — pTlpgnQ or 4p§n1pgb2
(P{"py* =3 (mod 4), my > 1,my > 1).

Proof. We have by Lemma 2.1,
ro(H(—=D)) =0« (t =0) and (D = 4,8 (mod 16) or D =16 (mod 32))
or
(t=1)and (D=3 (mod4) or D=12 (mod 16)),

and
ro(H(—D))=1< (t=0and D =0 (mod 32))
or
(t=1) and (D =4,8 (mod 16) or D =16 (mod 32))
or

(t=2)and (D=3 (mod4) or D=12 (mod 16)),
from which (2.3) and (2.4) follow. =
LEMMA 2.2. Let —E (E > 0) be a fundamental discriminant. Let p and
q denote distinct odd primes. Then
(2.5) vo(h(—FE)) =0 FE=4,80or E=p, p=3 (mod 4);
(2.6) vo(h(—FE))=1< E=4p, p=5 (mod 8), or
E =8p, p=43 (mod 8), or

E=pq, p=1 (mod 4),q =3 (mod 4), (Z) =L

Proof. This result can be found for example in [7, Corollaries (18.4)
and (19.6)], or it can be deduced from [4, p. 413 and Theorem 4(1)], [5,
Theorems 1 and 2|, [6, pp. 225, 226, 262|. =

LEMMA 2.3. Let —FE (E > 0) be a fundamental discriminant and let f
be an integer > 1, so that D = f%E is a nonfundamental discriminant. Let
w denote the number of distinct odd primes which divide f but not E. If
w = 1 we let q denote the unique odd prime factor of f which does not
divide E.

If E =14 then

(27) va(h(=D)) =0 if vs(
(2.8) w(h(-D)=1 if @

~— —
~
Il
—_
S
I
=

,w=0 or
w

=1, ¢ = £3 (mod 8);
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(2.9) va(h(—=D)) > 2 otherwise.
If E # 4 then

(2.10)  wva(h(—=D))=0 if
(i) vo(h(—=FE)) =0, va(f) =0, w=0 or
(ii) v2(h(=E)) = 0, va(f) = 1, v2(E) =0, w = 0;
(2.11)  wvo(h(=D))=1 if
(i) va(R(=FE)) =1, v2(f) =0, w=0 or
(ii) vo(h(=FE)) =1, va(f) =1, v2(E) =0, w =0 or
(iii) vo(h(—E)) =0, va(f) =1, vo(E) > 1, w=0 or
(iv) va(h(—=FE)) =0, va(f) =2, v2(E) =0, w=0 or
(v) v2(h(=E)) =0, v2(f) =0, w=1, (E/q) = —1 or
(vi) va(h(=FE)) =0, va(f) =1, v2(E) =0, w=1, (E/q) = —1;
(2.12)  wva(h(—D)) >2  otherwise

Proof. Gauss [11, §§254-256] proved (see for example [6, p. 217])

n-0) = shi-p) IT (1- E22) [

plf P
where p runs through the distinct primes dividing f and

3 if FE=3,
=492 ifE=4,
1 if £ >4.
As f=T] |fp”p(f) we can express h(—D) in the form

h(— B[p " [ - (~E/p) /

plf plf
EY[[p P [Ie [0 - (—E/p) /
plf plf  plf
plE  plE
that is,
(2.13) h(— E) [T e T p( E/p))/
plf plf
plE ptE

If E =4 (in which case h(—F) =1 and u = 2) we have from (2.13),
v2(h(=D)) = va(f) + v2(R) — 1,
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where
R= I &—(1/p).
p|f, p#£2
As
e _ J 0 (mod 8) ifp=41 (mod8),
p—(=1/p) = {4 (mod 8) if p =43 (mod 8),
we deduce

=2 ifw=1,¢g=+3 (mod8),

=0 if w =0 (this implies va(f) > 1),
’UQ(R)
>3 ifw=1, ¢==+1 (mod 8) or w > 2.

Hence we have

—u(f)—1 ifw=0,
va(h(=D)){ =v2(f)+1 ifw=1,¢g==+3 (mod 8),
>ua(f)+2 ifw=1,¢=+1 (mod 8) or w > 2.

This completes the proof of the lemma in the case E = 4.
If £ # 4 we have from (2.13),

va(h(=D)) = va(h(=E)) + (v2(f) = N) + Y valp— (=E/p)),
plf, ptE
where

A:{1 if 2| f, 24 B,

0 otherwise.
If 2| f, 2/ E then vy(2 — (—E/2)) = 0 so that
Y wp—(=E/p)= > vp—(—E/p)).

p|f, ptE plf, ptE
pF#2

For p an odd prime we have
e _ J 0 (mod 4) if (E/p)=1,
p—(=E/p) = {2 (mod 4) if (E/p) = —1,

so that
=0 ifw=0,
> wlp—(—E/p)) { =1 ifw=1, (E/g)=-1,

plf, ptE > 2 otherwise.
pF#2

Hence we have
va(h(=D)) =0 if va(h(—FE)
va(h(=D)) =1 if va(h(—FE)

(h(=FE)
)

va(h(—=D)) > 2  otherwise.
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va(f) = A=0< va(f) =0or va(f) =1, vo(E) =0,
va(f) = A=1<wva(f) =1, va(F) >1orv(f)=2

we obtain the assertion of the lemma when E # 4. n

Proof of Theorem 1. We have
Hy(—D)~Zy < ro(H(—D)) =0
& D=2"(m=2,3,4), or
D = py" or 4} (my (odd) > 1,
p1 (prime) = 3 (mod 4)),

by Corollary 2.1, completing case (a).

In order to complete the proof we must classify all discriminants D with
ro(H(—D)) = 1 according as Ha(—D) ~ Z5 (equivalently vo(h(—D)) = 1)
or Hy(—D) =~ Zyr (k> 2) (equivalently va(h(—D)) > 2). We examine each
of the cases in the second part of Corollary 2.1, which we refine further for
convenience. Cases (b), (c) below refer to the sections of the statement of
Theorem 1. An asterisk (*) indicates the first part of a case, and a double
asterisk (**) indicates the second and final part of the case.

e D =2" m (even) > 6:
E =4, f=2m/2"1
va(f) =m/2 -1, w=0.
va(h(—=D)) =1 if m =6, by (2.8)(i). case (b)(A)*
va(h(—=D)) > 2 if m > 8, by (2.9). case (c)(A)*
e D=2" m (odd) > 5:
E=38, f=2m=3)/2
va(h(—=FE)) =0, va(f) = (m — 3)/2, vo(E) = 3, w = 0.
va(h(—=D)) =1if m =5, by (2.11)(iii). case (b)(A)**
va(h(—D)) > 2if m > 7, by (2.12). case (c)(A)**

e D =4p", my (odd) > 1, p; =1 (mod 4):
E=4py, f=p{™ V2

UQ(f):OawZO'

va(h(—F)) =1 or > 2 according as p; =5 (mod 8) or p; =1 (mod 8).
va(h(—=D)) =11if py =5 (mod 8), by (2.11)(i). case (b)(B)*
va(h(=D)) > 2if p; =1 (mod 8), by (2.12). case (c¢)(B)*

e D =4p", my (even) > 2:

E =4, f :pTl/Q'
va(f) =0, w=1
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va(h(=D)) =1if p; = £3 (mod 8), by (2.8)(ii). case (b)(B)**
va(h(—=D)) > 2 if py = £1 (mod 8), by (2.9). case (c)(B)**
D = 8pi"™*, my (even) > 2:

E=8, f=pm/?
va(h(=E)) =0, v2(f) =0, w =1, ¢ = p1.

a

va(h(=D)) =1if p; = £3 (mod 8), by (2.11)(v). case (b)(D)*
va(h(=D)) > 2 if py = £1 (mod 8), by (2.12). case (c)(D)*, (F)
D = 8pi"™, my (odd) > 1:

E=8p;, f=p{™ "*

va(f) =0, w=

va(h(—FE)) =1 or > 2 according as py = +3 (mod 8) or p; = £1 (mod 8).
va(h(=D)) =1if p; = £3 (mod 8), by (2.11) (i). case (b)(D)**
va(h(—=D)) > 2 if py = £1 (mod 8), by (2.12). case (¢)(D)**, (E)

D = 16p{™, m; (odd) > 1, p1 =3 (mod 4):

E=py, f=4p™ %

UQ(h<_E)) = 07 ’U2<f) - 27 UQ(E> = 07 w = 0.

va(h(—=D)) =1, by (2.11)(iv). case (b)(E)
D = 16p{™, my (even) > 2:

E=4,f=2""

U2(f):17w:1'

va(h(—=D)) > 2, by (2.9). case (¢)(G)*, (H)
D = 16p]™, my (odd) > 1, p; =1 (mod 4):

E—py, -2

U2(h(_E)) > 17 U2(f) = 17 UZ(E) = 2a w = 0.

va(h(—=D)) > 2, by (2.12). case (¢)(G)**
D = p{"p5*?, my (odd) > 1, ma (odd) > 1, p1 =3 (mod 4),

p2 =1 (mod 4):
E = pipa, [ =pi™ D2y,
va(h(—FE)) { ; ;: Egifgig z 1_1 }, va(f) =0, w=0.
va(h(=D)) = 1if (p1/p2) = —1, by (2.11)(i). case (b)(F)
v2(h(=D)) = 2if (p1/p2) = 1, by (2.12). case (c)(I)

D = p{"p5?, my (odd) > 1, ma (even) > 2, py =3 (mod 4):

E=p, f=p/™ V2pye/?.
va(h(—=FE)) =0, va(f) =0, w =1, ¢ = po.
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va(h(=D)) = 1if (p1/p2) = —1, by (211)(v). case (b)(G)

va(h(—D)) > 2 if (1 /p2) = 1, by (2.12) case (c)(1)*, (3)
o D =4p"p3?, my (odd) > 1, my (odd) > 1, p1 =3 (mod 4),

p2 =1 (mod 4):

E = pipa, [ =2p{™ V2pmam b2,

va(h(—F)) { ; ;: EZ%Z;; z 1_1 }, va(f) =1, v2(E) =0, w = 0.

va(h(=D)) = 1 if (p1/p2) = —1, by (211)(3). case (b)(H)

va(h(—=D)) > 2 if (p1/p2) = 1, by (2.12). case (c)(K)*
e D =4p"pd, my (odd) > 1, my (even) > 2, p; =3 (mod 4):

B py, f=op\m/2me2,

U2(h(_E)) =0, U2(f) =1, U2(E) =0, w=1, qg=ps.

va(h(—D)) = 1if (p1 /p2) = —1, by (2.11)(vi). case (b)(1)

v2(h(=D)) = 2if (p1/p2) = 1, by (2.12). case (c)(K)™, (L)

3. Determination of predictive criteria. Throughout this section D
is a positive integer = 0 or 3 (mod 4) such that Ha(—D) ~ Zy. for some
integer k > 2. Thus D is one of the twelve types (A), (B), ..., (L) specified
in Theorem 1(c). For the discriminant —D there are two generic characters
x1 and Yo as specified below:

x1(r) = (=1/r), xa(r) = (2/r),
xi(r) = (=1/r), xa(r) = (r/p1)
Xl(r) = (_2/T)7 XQ(T) = (T/p1), cases (D), (F)v
xi(r) =(2/r),  xa(r) = (r/p1)
xi(r) = (r/p1), xa(r)
Define the positive integer D* as follows:
D/2, cases (A), (E),
D/ph cases (B)7 (C)7 (D)a (G>7 (H)a
D* =< D/2py, case (F),
D/pa, cases (I), (K),
D/p1pa, cases (J), (L).
It is easily verified that D* is formed by dividing D by the unique squarefree
integer such that —D* is a discriminant whose generic characters are all
included among the generic characters for discriminant —D. With x; and

X2 as specified above, the generic characters for the discriminant —D* are
as follows:
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(A)  x1.X2 (H)  x1.x2,
B) x1 (if mi =1), O x1 ({fme=1),
X1, Xz (if my > 2), X1, X2 (if ma > 2),
(C) X2 () x2 (if my =1),
(D) x1 (if my =1), X1, x2 (if mq > 2),
X1, x2 (if my > 2), (K) x1 (if mg =1),
(E)  x2, X1, X2 (if mo > 2),
F)  xe, (L) x2 (if mi =1),
(G) xa (if mp =1), X1, x2 (if m1 > 2).

X1, Xz (if mq > 2),
Let p be an odd prime such that

x1(p) = x2(p) =1,

so that p is represented by a form class C}, (and its inverse C 1Y in the prin-
cipal genus of the form class group H(—D). Then, by a well-known theorem
of Gauss, C, is the square of a form class in H(—D), say, C), = Sg. Let K
be a positive integer coprime with 2Dp which is represented primitively by
the form class S;' of H(—D). Then K?p is represented primitively by the
class (S, 1)?Cy, = S, 252 = I = principal class of H(—D). Hence there exist
integers A and B such that
K2y A? +(D/4)B? if D=0 (mod 4),

P=1 A2+ AB+ ((D+1)/4)B? if D=3 (mod 4),
K >0, (A,B)=1, (K,2Dp) = 1.
Further, as the generic characters for the discriminant —D™* are a subset of

those for discriminant —D, by a similar argument, there exist integers H,
M, N such that

(3.1)

12 — M? + (D*/4)N? if D* =0 (mod 4),
(3.2) P=Y M2+ MN + (D" +1)/4)N? if D* =3 (mod 4),
H>0, (M,N)=1, (H,2Dp) = 1.

As H (resp. K) is represented primitively by a form class of discriminant
—D* (resp. —D) and (H,2D) = (K,2D) = 1, we have

—D* -D
3 = =1.
39 () - (%)
Our purpose is to determine a necessary and sufficient condition for the
class C), to be a fourth power in H(—D) for each of the cases (A)—(L). We do

this by extending the techniques employed by the first author in [15], who
developed an idea of Dirichlet [9, §2]. Our results are formulated in terms of
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arithmetic conditions involving the integers M and N in the representation
(3.2). We prove

THEOREM 2. With the above notation the following are necessary and
sufficient conditions for the form class C, to be a fourth power in the form
class group H(—D), where Ho(—D) ~ Zy. for some k > 2.

e Case (A):
2
m=1 <M+4N>_L

2
> i
m=8 (M)

e Case (B):
<M+wN
m=1 (——
b1

p1
e Case (CO):

(3
b1

) =1, where w?> = —1 (mod p,),

e Case (D):
<M+wN
my=1 (22
b1

M
b1

e Case (E):

2
_NNE+D/E 2 ) 1.
(=1) M+ N

e Case (F):

(=1)Nit1)/3 _ =2 \ (M - 1.
M+ N P1

e Case (G):
<M+wN
my=1 (22
b1

M
b1

) =1, where w?> = —2 (mod p,),

) =1, where w?> = —4 (mod p,),
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e Case (H):
L\ (M -1
M+2N )\ pi )
e Case (I):
M N
me =1 (—;w) =1, where w* —w+ (1 +p*) =0 (mod p),
2
AM + 2N
my > 2 <+> =1.
D2
e Case (J):
(M—I—wN) <4M+2N)
mi = 1 = 1,
b1 Y2
where w* —w + (1 +p72" 1) =0 (mod py),

pP1p2
e Case (K):
M N
mo =1 ( —;w > =1, where w? = —pJ"* (mod py),
2
M
s (1
b2
e Case (L):
M N M
mp =1 MAwlV (2 1, where w?> = —pmT2~! (mod p1),
2
P1 P2

M
P1p2

Before proving Theorem 2 we state and prove some lemmas.

LEMMA 3.1. If x, y, z, m are integers with m # 0 such that
2 = 9% + 2% (mod m)

then
2z +y)(x+2) = (x+y+2)? (mod m).
Proof. We have
20z +y)(x + 2) = 22% + 20y + 2yz + 22z

=202+ (v +y+2)? — (2% +y* + 2%
=@ =y =) + (@ ty+2)
=(z+y+2)? (mod m). m
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Not all parts of the next lemma will be used, but they are given for
completeness.

LEMMA 3.2. Let X, Y be nonzero integers and m an integer = 2 (mod 4),
3 (mod 4) or 5 (mod 8). Suppose that 2% || X? —mY?2, a > 1.

(i) If m =2 (mod 4) then
20/2 || X, 2¢/2|Y if a is even,
2(at1)/2| x 2(e=V/2 || Y if a is odd.
(ii) If m =3 (mod 4) then
20/2|| X, 2¢/2H1| Y or 24/2F1| X, 292||Y  ifa is even,
2a=1)/2 | x| 2(a=1)/2 |y if a is odd.
(iii) If m =5 (mod 8) then a is even, and
2(1/271 H X, 2a/271 H Y,
or
9a/2 H X, 9a/2+1 ‘ Y,
or
2a/2+1 ‘X, 2(1/2 H Y.
Proof. (i) As the exponents of 2 in X2 and mY? are even and odd,
respectively, we must have

20| X2, 2°T /mY?  if a is even,
20T X2 2% |mY?  if a is odd.

(ii) If o (X) = v2(Y) then as —m =1 (mod 4), we have 22v2(X)+1 || x2_
mY?, so that a = 2v2(X) + 1. If v2(X) < v2(Y) then a = 2vy(X). If
v2(X) > v2(Y) then a = 2vy(Y).

(i) If v2(X) = v2(Y) then, as X2 = Y2 = 22%2(X) (mod 22v2(X)+3) we
have X2 — mY? = 22v2(X)+2 (;mod 22v2(X)+3) g0 that a = 2vp(X) + 2. If
v2(X) < v2(Y) then a = 2v9(X). If va(X) > va(Y) then a = 2v2(Y). =

Part of the next lemma is used in the proof of Lemma 3.5 below.
LEMMA 3.3. Let m, X, Y be nonzero integers. Suppose that q is an odd
prime such that
I X2-=mY? a>0, (m) =—1.
q
Then a is even and
¢PX, g PNY i og(X) = (),
¢ IX, g PHYif v(X) <
¢PHX, @Y if 0g(X) > (V).
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Proof. If v,(X) = v,(Y) = k (say), then X = ¢*X1, Y = ¢*Y;, where
q1 X1Y1. Thus ¢* 2% || X? — mY2. If a > 2k then (X1Y; 1)2 = m (mod q),
contradicting (m/q) = —1. Thus a = 2k. If v4(X) < v4(Y) then a = 2v,(X).
If vg(X) > vg(Y) then a = 2v,(Y). m

LEMMA 3.4. Let q be an odd prime, a a positive integer, and m, X, Y
nonzero integers satisfying

¢“ || X% —mqY?,  qtm.
Then
{qa/2 | X, ¢*/2|Y if a is even,
¢ @tV2| X, q=D/2||Y  if a is odd.

Proof. As the exponents of ¢ in X? and ¢Y? are even and odd, respec-

tively, we must have

" || X2, ¢“qY? if ais even,
T X2 % qY?  ifaisodd. m
LEMMA 3.5. Suppose p is a prime and r, s, H, K, M, N, A, B are
nonzero integers such that
H?p=M?+rN? (M,N)=1 or 2,
K?p=A*+rsB* (A,B)=1or2.
If q is an odd prime satisfying

s
q1r, — | = _1a
f <Q>
then

(i) ¢ does not divide both of HA + KM,
(ii) both of vy(HA+ KM) are even.

Proof. (i) Suppose on the contrary that ¢ divides both HA + KM and

HA — KM. Then, as ¢ is odd, we have ¢|(HA, KM). Thus one of the
following must occur:

(a) ¢[ H, q| K,

(b) ¢ H, q| M,

(©) |4, q| K,

(d) ¢l A, g M.

Case (a). We have M2 = —rN? (mod q), A2 = —rsB? (mod q), ¢t M,
q1N, q1 A, qt B, so that

) ()

and thus (s/q) = 1, contradicting (s/q) = —1.
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Case (b). From H?p = M? +rN? we have ¢* | rN?, which is impossible
as ¢gfr and (M,N) =1 or 2.

Case (c). From K?p = A%2+rsB? we have ¢* | rs B2, which is impossible
as qgir, qts, (A,B)=1or 2.

Case (d). We have H?p = rN? (mod q), K?p = rsB? (mod q), ¢ N,
qtH, q # p, qf B, ¢1 K, so that

(W) _1 (WS) _
q ’ q ’
and thus (s/q) = 1, contradicting (s/q) = —1.

(ii) By (i), vg(HA+ KM) = 0 or v4(HA — KM) = 0. If both are
zero we are finished. Otherwise, without loss of generality, we may assume
vg(HA+KM) = a > 0, so that v,(HA—KM) = 0. Thus ¢* || H*A>—K2M?>.
As
H?A? - K?M? = H*(K?p—rsB?) — K*(H*p—rN?) = r(K*N? - sH*B?),
and gfr, we deduce ¢ || K2N? — sH2B?. Then, by Lemma 3.3, as (s/q) =
—1, we conclude that a is even. m

LEMMA 3.6. Let p be a prime and A, B, H, K, M, N, r, s nonzero
integers such that

H?p=M?*+rN?,  K?p=A%+sB>
Let q be an odd prime such that

q#p, qtHK, qlrs.
Then q does not divide both of HA £+ KM.

Proof. Suppose ¢ is an odd prime such that ¢ # p, ¢t HK, q|rs,
q|(HA+ KM,HA — KM). Clearly by interchanging the roles of H, M,
N, r and K, A, B, s respectively, if necessary, we may suppose that ¢ |r.
Now q|(HA+KM)— (HA— KM) = 2K M so that as q # 2, ¢ K, we have
q| M. Then from H?p = M? 4 rN? we see that q | H?p, which is impossible
as qgtH and ¢ #p. m

LEMMA 3.7. Let D, D* be positive integers with D = D* = 3 (mod 4),
D*|D, and D/D* =5 (mod 8). Suppose that B, C, H, K, L, N are nonzero
integers such that H and K are odd and

(3.4) H?*C? - K*L*? = D*(K*N? — (D/D*)H?*B?),
(3.5) B=C (mod?2), (B,C)=1 or2,
(3.6) L=N (mod?2), (L,N)=1or?2.

Define the nonnegative integers v and s by
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(3.7) 2"||HC + KL, 2°||HC — KL.
Then r and s are both even.

Proof. From (3.4) and (3.7) we see that 2" | K2N? — (D/D*)H?B2.
By Lemma 3.2(iii), as D/D* =5 (mod 8), r+ s is even. We assume r and s
are both odd and obtain a contradiction. Replacing K by —K, if necessary,
we may suppose that r > s. We consider two cases: (i) r > s, (ii) r = s.

Case (i): 7 > s. From (3.7) we see that 2° || ( HC+KL)£(HC—KL), so
that 25~ 1 || HC, 257! || KL. But H and K are both odd, so 2571 || C, 2571 || L.
If s > 3 then 22| C, 22| L and so, by (3.5) and (3.6), we have 2| B, 2|| N.
Thus 24 | K2N2—(D/D*)H?B? and so, by (3.4), 2* || H2C? — K2L?, that is,
r+s = 4, contradicting r > s > 3. If s = 1 (so that » > 3) C' and L are odd so
that, by (3.5) and (3.6), B and N are odd. Thus 22 || K2N?—(D/D*)H? B2,
and so, by (3.4), 22 || H>C? — K2L?, that is, r + s = 2, a contradiction.

Case (ii): r = s. From (3.7) we have 2" || HC £ KL so that, as K, H
are both odd, 2" |C, 2" | L. If r > 3, then by (3.5) and (3.6), we see that
2|| B,2|| N. Thus 2* || K2N2 — (D/D*)H2B?, 2| H2C? — K2L2?, r + s = 4,
r = s = 2, a contradiction. If r = 1 then either 22| L,2| C or 2| L,2?|C. If
22| L, 2| C holds then, by (3.6), we have 2 || N. Then 23 || D*K2N? — H2C?,
94| K212, 23 || (D*K2N? — H2C?) + K2L? = DH2B? (by (3.4)), so that
23 || B2, which is impossible. If 2 || L, 22| C holds then, by (3.5), 2| B. Then
93 | DH2B? — K212, 24| H2C?, 2% || (DH?B? — K2L?) + H2C? = D*K2N?,
so that 23 || N2, which is impossible. =

LEMMA 3.8. Let E, E* be positive integers with E = E* = 3 (mod 4),
E*|E, and E/E* = 5 (mod 8). Suppose that A, B, H, K, M, N are
nonzero integers such that H and K are odd and

(3.8) H?A* - K?M? = E*(K*N? — (E/E*)H*B?),
(3.9) A# B (mod 2), (A,B)=1,

(3.10) M #N (mod 2), (M,N)=1.
Define the nonnegative integers v and s by

(3.11) 2"|HA+ KM, 2°||HA—-KM.

Then r and s are both odd.

Proof. From (3.8) and (3.11) we see that 2"+* || K?N? — (E/E*)H?B>.
By Lemma 3.2(iii), 7 + s is even. We assume 7 and s are both even and
obtain a contradiction. Replacing K by — K, if necessary, we may suppose
that 7 > s. We consider two cases: (i) r > s, (ii) r = s.

Case (i):r > s. If s =0then HA— KM is odd and thus HA+ KM is
odd, so that r = 0, contradicting » > s. Thus s > 2. From (3.11) we see that
25| (HA+ KM) + (HA — KM), so that, as H and K are odd, 2°7!| 4,
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2571 || M. Thus B and N are odd and so 22| K?N? — (E/E*)H?B?, as
E/E* =5 (mod 8), that is, 22 || H2A? — K?M?. But 257! || A4, 2571 || M so
22(s=D+3 | H2A% — K2M?, giving 2(s — 1) + 3 < 2, 25 < 1, a contradiction.

Case (ii): r = s. If r = s = 0 then HA £ KM are odd, so either
A odd, M even or A even, M odd. If A odd, M even, then B even, N
odd, so 2 || H?A? — E*K2N? 22| K2M? — EH?B?, contradicting (3.8). If
A even, M odd, then B odd, N even, so 22| H2A? — E*K?N? 2| K2M? —
EH?B?, contradicting (3.8). Thus 7 = s (even) > 2. We have 2" || HA+K M,
9" | HA— KM, so that 22" || H2 A% — K2M?. Furthermore, 2" | A, 2" | M. By
(3.9) and (3.10) both B and N are odd. Thus 22 || K*N? — (E/E*)H?B?,
so that 22 || H?A% — K?2M?, contradicting r > 2. m

We are now ready to prove Theorem 2.

Proof of Theorem 2. We consider each of the 12 cases (A), (B),
.., (L) separately.

Case (A): D =2™ D* =2m"1 m > 7 Let p be an odd prime such
that (—1/p) = (2/p) = 1, that is, p = 1 (mod 8). From (3.2) and (3.1) we
have
(3.A.1) H*’p=M*+2""3N%?  H>0, (M,N)=1, (H,2p) =1,
(3.A.2) K?p=A%42m2B% K >0, (A,B)=1, (K,2p) =1.

By (3.3) we have (—D/K) = (—2™/K) = 1 so that

-1 2\™
s ()= (2)"
Eliminating p from (3.A.1) and (3.A.2) yields
(3.A.4) (HA+ KM)(HA - KM) = 2" 3(K*N? — 2H?B?).
As H, A, K, M are odd, exactly one of HA + KM is divisible by 2 but not

by 4. We choose the sign of A so that 2 || HA+ KM. Then, from (3.A.4), we
see that 2m~4| HA— K M. We factor (HA+ KM)/2 into primes as follows:

(3.A.5) HA+KM)2=< [ o [
(2/qi)=1 (2/rj)=-1

where € = %1, e;, f; are positive integers, and g;, r; are distinct odd primes.
By Lemma 3.5(ii) with s = 2, each f; in (3.A.5) is even. We conclude that

(3.A.6) (HA+ KM)/2 = £1 (mod 8).
Next, by (3.A.4) and Lemma 3.1 (with m = 2°), we have
LHA+KM)(KM +4KN) = (A(HA+ KM)+2KN)” (mod 8)

ifm=17,

LHA+KM)(KM) = (L(HA+ KM))® (mod 8) it m > 8,
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so that appealing to (3.A.6) we have
{K(M+4N) =41 (mod 8) if m=7,

KM =41 (mod 8) if m > 8,
and thus
( 2 )‘f 7
_— ifm=
2 M+ 4N ’
AL —) =
(3.A.7) (K)

2 .
(M) if m > 8.
Finally, recalling that K is odd and represented by the form class S, 1
of discriminant D, we have
C, is a fourth power in H(—D)
& Sy is a square in H(—D) (as Ha(—D) ~ Zor, k > 2)
& SI;I is a square in H(—D)

-(3)-()-

- <I2() _ (by (3.A.3))
<Mf4]V> —1 iftm=1,
<@):1 ifm>8  (by (3.A7)).

Case (B): D =4pi", D* = 4p71”’“71, m1 >1,p1 =1 (mod 8). Let p be
an odd prime satisfying (—1/p) = (p/p1) = 1, so that p = 1 (mod 4) and
p # p1. From (3.2) and (3.1) we have

(3.B.1) H’p=M>+p{" 'N?>  H>0, (M,N)=1, (H,2pp) =1,
(3.B.2) KZ%p=A>+p"B? K >0, (A,B)=1, (K,2pp1) = 1.

By (3.3) we have (-D/K) = (—4p"*/K) = 1, so that by the law of
quadratic reciprocity

—1 P1 m K m
B. () (R
(3:5:3) <K> <K> <p1>
From (3.B.1) and (3.B.2), we obtain

(3.B.4) (HA+KM)(HA - KM) = p™ Y (K?>N? — py H*B?).

By Lemma 3.6, p; does not divide both of HA + K M. Choose the sign of
A so that p1{ HA + K M. Define odd integers R and S by

(3.B.5) R=(HA+KM)/2", S=(HA-KM)/2°p},
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where p{ || HA — KM. Note that p; t RS and, by (3.B.4), a > m; — 1. We
factor R into primes as follows:

(3.B.6) R=: [[ « I -
(p1/q:i)=1 (p1/rj)=-1

where € = %1, ¢;, f; are positive integers, and g;, r; are distinct odd primes.
By Lemma 3.5(ii) each f; is even. Then from (3.B.6), by the law of quadratic
reciprocity, we obtain

(3.B.7) (Ii):(ps) 1 <;hl_>ei 1 <;J1,>fj

(pl/Qi):l (pl/Tj):—l
- T (%) v
(p1/qi)=1 %

By Lemma 3.1 and (3.B.4) we have

2HA+ KM)(KM +wKN)
(3.B.8) =(HA+ KM +wKN)? (mod py) if my =1,
20HA+ KM)KM = (HA + KM)? (mod py) if m; > 2,

where w? = —1 (mod p1). From (3.B.8) we see that

2 HA+ KM K M +wN .

— _— — — | =1 ifmy =1,
p1 P p1 b1

p1 P1 p1 p1

Thus, as (2/p1) =1 and (HA+ KM/p1) = (2"R/p1) = 1 (by (3.B.5) and

(3.B.7)), we obtain
<M+“’N> iFmy =1,

K
(3.B.9) <> =3y b1
b1 () if my > 2.
b1
Finally,

C, is a fourth power in H(—D)

(3)- ()
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<M+wN> 1
D1

& if m; = 1, where w? = —1 (mod p;),
M
1

We remark that when my = 1 it is possible for p; to divide M so that the
symbol (M /p;) cannot be used for the criterion in this case. We note that
the value of the Legendre symbol (M 4+ wN/p;) is independent of the choice
of solution +w of w? = —1 (mod p1), as

M+wN\(M-wNY (M?—wN*\ [M?+N?
< h )( b1 >_< p1 >_< D )
- (HQP> 1
b1
Case (C): D = 4p™, D* = 4p ' my (even) > 2, p; = 7 (mod 8).

Let p be an odd prime satisfying (—1/p) = (p/p1) = 1, so that p = 1
(mod 4) and p # p;. From (3.2) and (3.1) we have

(3.C.1) H*p=M?>+p™ N2  H>0, (M,N)=1, (H,2pp;) =1,

(3.C.2) K?p=A*+p"™B? K >0, (A,B)=1, (K,2pp) = 1.
From (3.3) we have (—D/K) = (—4p{"/K) = 1 so that
-1
ocs ()-1
and hence
(3.C.4) K =1 (mod 4).

Reducing (3.C.1) and (3.C.2) modulo 8, we obtain
A=(p—-1)/2 (mod 4), B=1 (mod 2)

(3.C.5) A=1 (mod2), B=(p—1)/2 (mod 4),
M =1 (mod 2), N=(p—1)/2 (mod 4).

or

Replacing M by —M if necessary, we may suppose that

(3.C.6) M =1 (mod 4).
From (3.C.1) and (3.C.2) we obtain
(3.C.7) (HA+ KM)(HA — KM) = p/ Y (K?N? — pyH>B?).

By Lemma 3.6, p; does not divide both of HA + K M. Choose the sign of
A so that py{ HA + KM, and define the odd integers R and S by

(3.C.8) R=(HA+KM)/2", S=(HA-KM)/2°p},
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where p§ || HA — K M. Clearly p1 1 RS. Note that

a>mg —1,
(3.C.9) { r=s=0 if A is even,
min(r,s) =1 if A is odd.
We show that when A is odd
=1 (mod8) ifr+s>4
(3.C.10) {g =5 Emod 8; if r i 5= 3?
This is clear from (3.C.5) as
p=1 (mod 8) = B=N =0 (mod 4) = 2*| K*N? — p, H> B*
= 2| (HA+ KM)(HA -~ KM) = r+s > 4,
p=5 (mod 8) = B=N =2 (mod 4) = 2| (N/2)* + (B/2)?
= 2||K*(N/2)*> = p1H*(B/2)* = 2° | K’N; — pyH* B
= 23| (HA+ KM)(HA— KM) = r+4 s =3.

Next we show that

(3.C.11) (}i) (Z) (L)

From (3.C.7) and (3.C.8) we see that p || H?A? — K2M? = p/ "1 (K2N? -
p1H?B?), so that p?_mﬁl | K2N? — p1 H>B?. Then, by Lemma 3.4, we
observe that

ploTmtD/2 ) N plemmit /2 Bt s odd,
{pgamlﬂ)m | N, p&aiml)m || B if a is even.
Define integers N7 and B; by
N =plemm 2N, B = plemmtD/2B it o s odd,

{ N = pgafmﬁQ)/QNl, B = pgo‘*ml)/zBl if « is even,

where p1 N1 (o odd) and p; 1B (« even). Hence
2" RS = (H?A® — K*M?)/p} = (K>N® —pyH?>B?) /pf ™ !
_ { K2N? —piH?B}  if o is odd,

| pmK?N? — H?B? if ais even,
so that, as (2/p1) =1,

K2N? o
(RS)_ (p1>_1 if « is odd,
D B _H2B2
P1 (1> = —1 if « is even,
n
completing the proof of (3.C.11).
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Now factor R and S into primes:

R=c¢ H q; H r;cj,

(3.C.12) (p1/q:)=1 (p1/rj)=-1

s=o 1 e 11

(p1/a:)=1 (p1/rj)=—1

where €, = %1, e;, fj, gi, h; are nonnegative integers, and ¢;, r; are
distinct odd primes. By Lemma 3.5(ii) for each j both f; and h; are even.
Hence, appealing to the law of quadratic reciprocity, we have

(M=) 1 (2 1 (2)

(p1/qi)=1 (p1/rj)=—1
-1 ei
( N q; q;
p1/qi)=1
that is
(3.C.13) <R> =¢e(-1)”,  where E = Z €.
b1 B
(p1/qi)=1
;=3 (mod 4)

Next, taking the first equation in (3.C.12) modulo 4, we have
R=e [] (1% =e(-1)" (mod4),

(p1/q:)=1
¢i=3 (mod 4)
so that
(3.C.14) e(—1)F = (—1)E-D/2,

Thus, from (3.C.13) and (3.C.14), we obtain

(3.C.15) <R> = (—1)E-D/2,
n
Similarly we derive
(3.C.16) <S> = (—1)5-b/2,
P
The next step is to show that
R
(3.C.17) () = (—1)N2,
P

We consider three cases.
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Case (i): A even. We have
R-1=HA+KM—1 (by (3.C.8) and (3.C.9))
=A (by (3.C.1), (3.C.4) and (3.C.6))
=N (mod 4) (by (3.C.5)),
so that by (3.C.15) we obtain
(R>  (—1) B2 Z (LN,

b1
Case (ii): A odd, r = 1. We have
R—1=3HA+KM)-1

=KM+251pyS —1 (by (3.C.8))

=2°"1p2s (by (3.C.4) and (3.C.6))
_JO=N (mod4) ifp=1 (mod38)

= {2 — N (mod4) ifp=5 (mod8) (by (3.C.10) and (3.C.5)),

so that by (3.C.15) we obtain

(&)

Case (iii): A odd, s = 1. We have
S=(HA-KM)/2p} = (2" 'R—KM)/p$ (by (3.C.8))
)2 'R-1) (by (3.C.4) and (3.C.6))

E{E:Rzﬂ ?iiéﬁiiﬁiﬁ (by (3.C.10))

(R=1)/2 _ (_1)N/2,

~—

that is
(S—=1)/2=a+(p+3)/4 (mod 2),
so that, by (3.C.5), (3.C.11) and (3.C.16), we obtain
R a1 S at1+(5-1)/2
(ar) = () = ey
— (_1)a+1+a+(p+3)/4 = (_1)(p—1)/4 - (_1)N/2.
This completes the proof of (3.C.17).
Writing (3.C.7) in the form
(HA+KM)? - 2(HA+ KM)KM = p" " Y(K?N? — pyH?B?),
and appealing to (3.C.8), we see that
2?2"R? — 2""'RKM = 0 (mod p),
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<RKM> B <2T+1RKM> B (27’3)2 _,
n b1 p1 ’

which implies by (3.C.17),

sew ()= GG = ()

Finally,

so that

C, is a fourth power in H(—D)

-(3)-(2)-

K
& <> =1 (by (3.C.3))
P
M
& (—1)N/2<> =1  (by (3.C.18)).
p1
We have shown that if M =1 (mod 4) then
(3.C.19) C, is a fourth power in H(—D) & (—1)N/2 <M> =1.
P1

Clearly, if M =3 (mod 4), (3.C.19) becomes (as (—M/p1) = —(M/p1))

(3.C.20) C, is a fourth power in H(—D) < —(—l)N/2 <M> =1.
p1

Putting (3.C.19) and (3.C.20) together, we obtain

C, is a fourth power in H(—D)

- <1)<M—1+N>/2<M) 1
b1

& (—1)N/2<§}> -1

without any restriction on M.

Case (D): D =8p", D* = 8p{”1_1, m1 >1,p1 =1 (mod 8). Let p be
an odd prime such that (—2/p) = (p/p1) =1, so that p = 1,3 (mod 8) and
p # p1. From (3.2) and (3.1) we have
(3.D.1) H?*p=M?+2p 'N?  H>0, (M,N)=1, (H,2pp1) =1,
(3.D.2) K?p= A%+ 2p" B K >0, (A,B)=1, (K,2pp;) = 1.
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By (3.3) we have (-D/K) = (—8p]"/K) = 1, so that, by the law of
quadratic reciprocity, we have

(3.D.3) (?) - <£>m

Next, from (3.D.1) and (3.D.2), we obtain
(3.D.4) (HA+KM)(HA — KM) = 2p"~Y(K?N? — p H?B?).
The rest of the proof proceeds almost exactly as the proof of Case (B),
immediately following (3.B.4), except that in the equivalent to (3.B.8) w is
chosen so that w? = —2 (mod p;), and at the end we use (—2/K).

Case (E): D =8p|"™, D* = 4p"*, my (odd) > 1, p1 =7 (mod 8). Let
p be an odd prime such that (2/p) = (p/p1) = 1, so that p = 1,7 (mod 8)
and p # p;. From (3.2) and (3.1) we have

(3E1) H2p:M2+p71mN2, H>07 (M’N):]-a (Hazppl):]"
(3E2) sz = A2 + 2;0717“32, K > Oa (A7B) = 17 (Kv 2pp1) =L

From (3.3) we have (-D/K) = (—8p]"/K) = 1 so that (appealing to the
law of quadratic reciprocity)

2 —P1 K
E. 2N _(zpy (B
63 ()= ()= ()
Reducing (3.E.1) and (3.E.2) modulo 8, we see that A is odd and
B=0 (mod2), M =1 (mod 2), N=0 (mod 4)
if p=1 (mod 8),

B=1 (mod2), M=0 (mod4), N=1 (mod 2)
if p=7 (mod 8).

(3.E.4)

From (3.E.1) and (3.E.2) we obtain
(3.E.5) (HA+ KM)(HA — KM) = p" (K*N? — 2H*B?).

If p=1 (mod 8) exactly one of HA+ K M is congruent to 2 (mod 4); choose
the sign of A so that 2|| HA + KM. Thus 2 || HA — KM for some integer
a>2.1fp="7 (mod 8) both of HA + KM are odd.

We define the odd integers R and S by

(3.E.6) R=(HA+KM)/2, S=(HA—KM)/2* ifp=1 (mod 8),
o R=HA+KM, S=HA-KM if p=7 (mod 8).

Factor R into primes:

(3.E.7) R = epj H g H r;cj,

(2/q:)=1 (2/rj)=-1
where ¢ = +1, r > 0, e, f; are positive integers, and g;, r; are distinct odd
primes all different from p;. By Lemma 3.5(ii) each f; is even. Hence, from
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(3.E.7) modulo 8, we obtain R = +1 (mod 8) so that by (3.E.6),

(3.E.8) HA+ KM =2 (mod 16) if p=1 (mod 8),
o HA+ KM =6 (mod 8) if p=7 (mod 8),
where § = £1. We show next that
3 - 2 _1\NV(p1+1)/8
(3.E.9) <K) = <M+N>( 1)

by adapting the method used in the proof of [15, Theorem 2] but without
constraining the odd integers among A, B, H, K, M and N to be congruent
to 1 (mod 4).

We treat the case p = 1 (mod 8) first. By (3.E.1), (3.E.2) and (3.E.4)
We may express

A=4a+ey, B=2b, H=4h+ey, K =4k+ ek,
M=4m+¢cp, N =4n,

where €4, €y, €k, €y take only the values £1. Note that

4 =1, ex=1 (mod?2), a®*=a (mod?2), A?=8a+1 (mod 16),
and similarly for the others. Then, from (3.E.8) we obtain
(3.E.10) 4(ega+ecah+epk+exm)+ (eacy +exenm) =26 (mod 16).
Taking (3.E.10) modulo 4, we see that
(3.E.11) eacg =exen =0 (say).

Then, taking (3.E.10) modulo 8 and dividing by 2, we obtain (as 4eya = 4a
(mod 8),...)

d=0+2(a+h+k+m) (mod 4),
so that

(3.E.12) § = f(—1)aththem,
Thus, from (3.E.10), (3.E.11) and (3.E.12), we have

ega+eah+epk +exgm = 0((=1)* ™ _1)/2 (mod 4),
so that, as ey = 0ca, €4 = 0Ocy, epy = Ok, ex = Oepy, we have
(3E.13)  caa+egh+erxk+eym = ((—1)*THE™ _1)/2 (mod 4).
Next we take (3.E.5) modulo 32 and divide by 8 to obtain
(3.E.14) 2(a+h+k+m)+ (eaa+egh—cxk —eym) = 2n +b* (mod 4).
Taking (3.E.14) modulo 2, we deduce
(3.E.15) a+h+k+m=b (mod 2).
Then, from (3.E.13)-(3.E.15), we obtain

20+ 2(k +m) =2n+b* — ((—=1)° —1)/2 (mod 4).
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But 2b = b? — ((—=1)® — 1)/2 (mod 4) for any integer b so that k +m = n
(mod 2). Thus

which proves (3.E.9) in this case as N is even.
Now we treat the case p =7 (mod 8). By (3.E.4) we may express

A=4da+1, B=4b+1, H=4h+1, K —=4k+1,
M=4m, N=4n=+1,
so that A2 =8a+1 (mod 16),.... From (3.E.8) modulo 8 we obtain

(3.E.16) a+h+m=0 (mod 2).
Next, from (3.E.5) modulo 16, we deduce
(3.E.17) k+n=a+h+(p1+1)/8 (mod 2).

Eliminating a + h from (3.E.16) and (3.E.17) yields
k=m+n+ (p1+1)/8 (mod 2).
Thus

2\ _ )k — (1 ymEntmaHD)/s _ 2 _1)(p1+1)/8
(%) =1 =1 = (30 ) o,

which proves (3.E.9) in this case as N is odd.
Finally,

C, is a fourth power in H(—D)

-(3)-(2)-

& <[2{) =1 (by (3.E.3))

& <M i N) (—)NEHD/E — 1 (by (3.E.9)).

Case (F): D = 8™, D* = 4p7 ' m; (even) > 2, p; = 7 (mod 8).
Let p be an odd prime such that (—2/p) = (p/p1) = 1, so that p = 1,3
(mod 8) and p # p;. From (3.2) and (3.1) we have

(3F1) HQpZMQ—I-pTl_lNQ, H>0a (MaN):L (H72ppl):1>
(3F2) Kgp = A? + 2;0?”32, K >0, (AaB) =1, (Kv 2pp1) =1
From (3.3) we have (—D/K) = (—8p|"*/K) = 1, that is,

(3.F.3) (;{2) _1, K=1,3 (mod8).
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Reducing (3.F.1) and (3.F.2) modulo 8, we obtain

(3.F.4) A=1 (mod 2),
and
B =0 (mod2), M =1 (mod 2), N=0 (mod 4)
(3.6.5) if p=1 (mod 8),
o B=1 (mod2), M =2 (mod4), N=1 (mod 2)

if p=3 (mod 8).
Replacing (M, N) by (=M, —N) if necessary, we may suppose that

(3.F.6) M+ N =1 (mod 4).
From (3.F.1) and (3.F.2) we obtain
(3.F.7) (HA+ KM)(HA — KM) = p" Y (K?N? — 2p, H?B?).

By Lemma 3.6, p; does not divide both of HA + K M. Choose the sign of
A so that pyt HA + K M. Define odd integers R and S by

(3.F.8) R=(HA+KM)/2", §=(HA— KM)/2°p%,
where p§ | HA — K M. Clearly, p1 1 RS. We note that

{azml—lzl,

(3.F.9) min(r,s) =1, r+s>3 if p=1 (mod 8),

r=s=0 if p=3 (mod 8).
We first show that

(3.F.10) (ﬁ) (Z) = (—1)>*L

From (3.F.7), (3.F.8) and (3.F.9), we see that
po~™H | K2N?  9p H2 B2,
Thus, by Lemma 3.4, we have
p(l'k"“Jrl)/2 | NV, p&aimlﬂ)/z | B if a is odd,
{pga—m1+2)/2 | N, pga_ml)/z | B if o is even.
Define integers N7 and By by
N =p* ™EN, B =p* "™ 2R if ais odd,
{ N =plemmt2/2N g = plemmi)2p it s even,
so that
p1tN1 (wodd), p11B; (« even).

Hence
K2NZ —2p H?B? if a is odd,

2"t°RS =
{p1K2N12 —2H?B? if a is even,
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so that (recalling (2/p1) = 1)

K2N2
(R><S> <pll>:1 if « is odd,
— — | = 91722
p1 p1 <2HBl> = —1 if « is even,
D1

proving (3.F.10).
We next show that

o (B)-3) ()-()

We factor R into primes as follows:
(3.F.12) R=c ] &« I -7,
(2p1/qi)=1 (2p1/rj)=-1
where € = %1, e;, f; are positive integers, and g;, r; are distinct odd primes.
By Lemma 3.5(ii) each f; is even. It is convenient to define

(3.F.13) Ex= Y e k=1357T

(2p1/qi)=1
q;=k (mod 8)

From (3.F.12) we have

(i) - (Ii) 11 (i)ei (as the f; are even)

(2p1/q:)=1
=c H <—p1> (by the law of quadratic reciprocity)
_ 4qi
(2p1/q:)=1
—92\ %
I
(2p1/q:)=1 €
=& H (_1)6i7
(2p1/q:)=1

q:=5,7 (mod 8)
that is, by (3.F.13),
R
(3.F.14) <) =e(—1)BtEr,
P
Now taking (3.F.12) modulo 4, we obtain, as each f; is even,

R=¢ H ¢'=e H (=1)% = e(=1)P*+E7 (mod 4),

(2p1/qi)=1 (2p1/q:)=1
qi=3 (mod 4)
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that is,

~1

() =eeee
SO

-1

3.F.15 = —)(=1)FstEr,
(3515 o= ()
Substituting (3.F.15) in (3.F.14), we obtain

R —1
3.F.16 ) =(—= ) (-1)FstEs,
(3F.16) ()= (%)

Further, taking (3.F.12) modulo 8, we deduce

R=c¢ H 3¢ H 5 H 7%

(2p1/qi)=1 (2p1/q:)=1 (2p1/q:i)=1
¢;=3 (mod 8) ¢;=5 (mod 8) ¢;=7 (mod 8)
= g3l 5l 7l

e(=5)"55 (—1)F7
e(—1)FstEr5EstEs (mod 8),

that is, by (3.F.15),

(3.F.17) R= (}1>5E3+E5 (mod 8).
Hence, from (3.F.17), we have

E3+Es
(3.F.18) <Z) = (?) — (_1>E3+E5_

Then, from (3.F.16) and (3.F.18), we deduce

RN _(1\(2\_ (=2
P1 R R) \R)’
as asserted in (3.F.11). The proof of (S/p;) = (—2/5) is similar.
The next step is to show that

(3.F.19) <;§) = (_1>N(p1+1)/8<1\42+zv>'

We consider two cases according as p =1 (mod 8) or p =3 (mod 8).
Case 1: p=1 (mod 8). We set (recalling (3.F.1)—(3.F.6))

A=4da+ey, B=2b, H=4h+ey, K=4k+ (-1)F,
M=4m+1, N =d4n,
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where €4 = +1, ey = +1. Substituting these in (3.F.7), reducing modulo
32, and dividing by 8, we obtain

(3.F.20) 2(a+h+k+m+n)+(caategh—(—1)*k—m) = —b* (mod 4).
Taking (3.F.20) modulo 2 we have
(3.F.21) b=a+h+k+m (mod 2).

Next, substituting the above values for A, B, ... into the first equation in
(3.F.8) when r = 1 and into the second equation in (3.F.8) when s =1, we
obtain, modulo 16,

d(ega+eah) +4(=1)*m + 4k + (caeg + (=1)F)

(3.F.22) = 2R (mod 16) ifr=1,
o d(ega+eah) — 4(—1)*m — 4k + (caeg + (=1)F*1)
= 2p{'S (mod 16) if s =1.

Looking at (3.F.22) modulo 4, we deduce

eacg + (1) =2 (mod 4) ifr =1,
eacg — (—1)* =2 (mod 4) if s =1,

that is,

f(=Dkey ifr=1,
(8.F.23) A= { (~1)ftley ifs=1.

Substituting (3.F.23) in (3.F.22), and dividing by 2, we obtain
R=2g(a+ (=1)Fh) +2(=1)*m + 2k + (—1)* (mod 8)

if r =1,
(3F24) (_1)045 = 26H<a + (_l)k—l-lh) + 2(_1>k+1m — 9%k
+ (—=1)**1 (mod 8) if s=1.
Taking (3.F.24) modulo 4, we have
(3.F.25) R=2(a+h+m)+1 (mod 4) if r =1,
o (-)*S=2(a+h+m)—1 (mod4) ifs=1,

as 2k + (—1)¥ = 1 (mod 4) for all integers k. Then, using (3.F.21) and
(3.F.23), we may rewrite (3.F.20) as

er(a+ (—1)*h)

(=Dfm+k+2(b+n)— (=1)*b? (mod 4) ifr=1,
(—D)**tm —k+2(0b+n)+ (=1)k? (mod 4) ifs=1.
Substituting (3.F.26) into (3.F.24) gives

R=4(b+k+m+n)—2(—=1)*p? + (—=1)* (mod 8) ifr =1,
(3.F.27) { (—1)*S =4(b+k+m+n) +2(=1)b? + (—=1)**! (mod 8)
ifs=1.

(3.F.26)

2 Il

EH(
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Now, from (3.F.21) and (3.F.25), we have

R=2(b+k)+1 (mod 4) ifr=1,

(3.F.28) { (—1)°S = 2(b+ k) — 1 (mod 4) if s = 1.

Applying (3.F.28) to the right side of (3.F.27), we obtain
R=2(R—1)+4(m+n) —2(-1)kb? + (=1)*¥ (mod 8) if r =1,
(—1)*S =2((=1)*S + 1) + 4(m + n) + 2(=1)kb? + (—=1)**1 (mod 8)

if s =1.

By rearranging and then squaring, we obtain

R?—4R+4—8(m+n) =1 (mod 16) if r =1,
S?2+4(-1)*S+4—-8m+n)=1 (mod 16) if s=1,

as (202 — 1)2 =4b?(b> — 1) + 1 =1 (mod 16). Hence

{(R2—1)—4(R—1)58(m+n) (mod 16) ifr=1,
(S2—1)—4(S—1)=8(m+n) +8(a+1) (mod 16) if s=1.

Thus if »r = 1 we have

<_2> — (_1)(R—1)/2+(R2—1)/8 — (_l)m-i-n

R
(<) (NP1 /s 2
M+ N)’
and if s = 1 we have

<—2> _ (_1)(3—1)/2+(s2_1)/8 _ (—q)mintett

S
= (=1)((MHN)?=1)/8(_q)att <M+ N> (ﬁ) < )

(by (3.F.10) and (3.F.11))

-2 2
()= (ariw)
This completes the proof of (3.F.19) when p = 1 (mod 8) as N is even in
this case.
Case 2: p=3 (mod 8). We set (recalling (3.F.1)—(3.F.6))
A=4a+¢ecy, B=4b+ecp, H=4h+ ¢y,
K=4k+(-1)*, M=4m+2, N =4n—1,

where €4 = +1, ep = +1, ey = +1. Taking R = HA + KM modulo 4, we
obtain

(3.F.29) eaeg = (—1)EFD/2,

so that in both cases
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Then, taking R = HA + KM modulo 8, and appealing to (3.F.29), we
deduce

R
From (3.F.7) modulo 16 we have
(3.F.31) a+h+k=n+(p1+1)/8 (mod 2).

Then, from (3.F.30) and (3.F.31), we obtain

-2 2
— (—1)ymtntPi+1)/8 _ _1)(p2+1)/8
( R > (=1) (M + N>( 1 ’

which is (3.F.19) as N is odd in this case. This completes the proof of
(3.F.19).
Now, by (3.F.7) and (3.F.8), we have
2" R* — 2"V 'RKM = (HA+ KM)* —2(HA+ KM)KM
=(HA+KM)(HA—-KM)
= p" T H(K?N? - 2p  H? B?)
=0 (mod p1) (asmy >2),

so that

G AEE)

Finally,
C, is a fourth power in H(—D)

() ()

& (i) =1 (by (3.F.3))
c(M(Yor wers

o (;%2> @f) =1 (by (3.F.11)),

that is, under the restriction (3.F.6),
(3.F.33) (), is a fourth power in H(—D)

o (—1)N<p1+1>/8(MQHV> (i‘f) — 1 (by (3.F.19)).
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In order to remove this restriction, the necessary and sufficient condition
(3.F.33) must include the additional factor

-1 1 M+ N=1 (mod4),
M+N) | -1 ifM+N=3 (mod4),

so that the condition can now be written

-2 M
-1 N(p1+1)/8<> <> -1
( ) M+ N D1

Case (G): D = 16p"*, D* = 16p71n171, myp > 1, pr =1 (mod 4). Let
p be an odd prime satisfying (—1/p) = (p/p1) = 1, so that p =1 (mod 4)
and p # p;. From (3.2) and (3.1) we have

(3.G.1) H?p=M?*4+4p™ 'N?  H>0, (M,N)=1, (H,2ppm) = 1,
(3.G.2) K%p= A+ 4p B, K >0, (A,B)=1,(K,2pp1) = 1.

By (3.3) we have (-D/K) = (—16p]"/K) = 1, so that by the law of
quadratic reciprocity

—1 " K\™
o))
Reducing (3.G.1) and (3.G.2) modulo 8, we obtain
(3.G.4) A=M=1 (mod2), B=N=(p—1)/4 (mod 2).
From (3.G.1) and (3.G.2) we obtain
(3.G.5) (HA+ KM)(HA — KM) = 4p" Y (K®N? — p, H?B?).

By Lemma 3.6, p; does not divide both of HA £ K M. Choose the sign of
A so that pyt HA + K M. Define odd integers R and S by

(3.G.6) R=(HA+KM)/2", §=(HA—KM)/2°p%,

where p¢ || HA— K M. Clearly p1t RS, « > mj —1, and appealing to (3.G.4)
we see that

(3.G.7) min(r,s) =1, r+s>4.

From (3.G.5) and (3.G.6) we see that 2"7*=2 || K?N? — p; H>B?. Thus, by

Lemma 3.2(iii), we have

(3.G.8) r+s=0 (mod2) if p; =5 (mod 8).

We factor R into primes:
(p1/q:)=1 (p1/rj)=—1

where € = £1, e;, f; are positive integers, and g;, r; are distinct odd primes.
By Lemma 3.5(ii) each f; is even. From (3.G.9) we have by the law of
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quadratic reciprocity

(3.G.10) <R> =1.
1
By Lemma 3.1 we have
20HA+ KM)(KM + wKN)
(3.G.11) = (HA+ KM +wKN)? (mod p;) ifmy =1,

2HA+ KM)KM = (HA+ KM)? (mod p1) if my > 2,
where w? = —4 (mod p;). Thus by (3.G.6) and (3.G.11), we have

(3.G.12) <P21>:: (zi) (i) (M;U)N> =1 itm =1,
() GGG = =

If py =1 (mod 8) then (2/p;) = 1. If p; =5 (mod 8) then by (3.G.7) and
(3.G.8), r is odd so that (2/p1)"™ = (=1)""! = 1. Hence, by (3.G.10) and

(3.G.12), we have
<M> if m =1,
(3.G.13) (K) = b1
b1

M
p1
Finally,

C, is a fourth power in H(—D)

< (%)-()-
o <K> —1 (by (3.G.3))

D1

<M+wN> _
b1

& if m; = 1, where w? = —4 (mod p;)

(Z) =1 ifmy >2 (by (3.G.13)).

Case (H): D = 16pJ", D* = 16p7" ', my (even) > 2, p1 =3 (mod 4).
Let p be an odd prime such that (—=1/p) = (p/p1) = 1, so that p = 1
(mod 4) and p # p;. From (3.2) and (3.1) we have

(3.H.1) H?p=M?+4p™~'N%  H>0, (M,N)=1, (H,2pp) =1,
(3.H.2) K?p= A%+ 4p" B K >0, (A,B)=1, (K,2pp;) = 1.
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From (3.3) we have (—D/K) = (—16p}"* /K) = 1, so that

-1
(3.H.3) <> =1, K=1 (mod4).
K
Reducing (3.H.1) and (3.H.2) modulo 8, we obtain
(3.H.4) A=M=1 (mod2), B=N=(p-1)/4 (mod 2).

From (3.H.1) and (3.H.2) we obtain
(3.H.5) (HA+ KM)(HA — KM) = 4p7" Y (K?N? — p H?B?).

By Lemma 3.6, p; does not divide both of HA + K M. We choose the sign
of A so that p1t HA + KM, and define odd integers R and S by

(3.1L6) R=(HA+KM)/2", S=(HA—KM)/2°p%,
where p§ || HA — KM. Clearly p1 1 RS. We note that

a>mp—12>1,
min(r, s) = 1,

p=1 (mod8) ifr+s>4,
p=5 (mod8) ifr+s=3.

(3.H.7)

Proceeding exactly as in the proof of (3.C.11), we obtain

B EE)-cor
that is,
an(5)(E)-(E) o

Next, factoring R and S into primes and proceeding as in case (C) ((3.C.12)—
(3.C.16)), we obtain

(3.H.9) <R> — (—1)BE-D/2 <S> (1)

b1 p1
From (3.H.8) and (3.H.9) we deduce

(3.H.10) (R—1)/2+(S—1)/2=(r+s)(p7 —1)/8 4 (a+1) (mod 2).
Our next task is to show that
(3H.11) (M —-1)/24+N=(R-1)/2+ (r+1)(p; —1)/8 (mod 2).

From (3.H.7) either » = 1 or s = 1. We treat the case r = 1 first. In this
case s > 2 by (3.H.7). Working modulo 4 we have
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R=KM +p{2°~'8 (by (3.H.6))
=M +p$2571S (by (3.H.3))
3 9 ifs=2 ‘
_M+{0 ifs>3 (as p1,S are odd)
_ [ M+2 ifp=5 (mod 8)
- { M if p=1 (mod 8) (by (3H.7))
=M + 2N (mod 4) (by (3.H.4)),

so that
(M—-1)/2+ N=(R—-1)/2 (mod 2),

proving (3.H.11) in this case. We now turn to the case s = 1. In this case
r > 2 by (3.H.7). Working modulo 4 we have

2+ 85 =(-1)°S (as S =1 (mod 2))
=pyS (as p1 =3 (mod 4))
— (HA - KM)/2 (by (3.H.6))
=2""'R— KM (by (3.H.6))
=2""'R—-M (by (3.H.3))
=" 1L M +2 (as R and M are odd)

M+2 ifr> =1 (mo

E{M+ ifr:gzgz’égmogg; (by (3-H.7))
=M +2N —2 (mod 4) (by (3.H.4)),

so that
(M-1))2+N=(S-1)/2+ (a+1) (mod 2).
Appealing to (3.H.10) we obtain
(M —-1)/2+N=(R-1)/2+ (r+1)(p; —1)/8 (mod 2)
as required.
From (3.H.5) and (3.H.6) we have
2" R? —2"H'RKM = (HA+ KM)* —2(HA+ KM)KM
=(HA+ KM)(HA—- KM)
= 4p!" TH(K?N® — p1H? B?)
=0 (mod p1) (asmy >2),

<2’“+1RKM) _ (2%}22) _
D1 b1 ’

so that
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giving
ONONGIR
b1 b1 b1 b1
2_ _ M
(1))@ /(R 2 <> (by (3.H.9)),
p1
that is,
K M
(3.H.12) () = (—1)M-D/2+N <) (by (3.H.11)).
b1 p1
Finally,
C, is a fourth power in H(—D)
-(3)-(5)-
K P
K
& (171) =1 (by (3.H.3))

M

& (—1)<M—1>/2+N<p) =1 (by (3.H.12))

= (oraw) () =

Case (I): D =p™py2, D* = p™'pT2~t my (odd) > 1, my > 1,p; =3
(mod 4), py = 1 (mod 4) (p1/p2) = 1. Let p be an odd prime such that
(p/p1) = (p/p2) = 1, so that p # p1,p2. From (3.2) and (3.1) we have
(311)  H?p=M?+MN + 21+ p"py>~")N?,

H >0, (M>N) =1, (H72pp1p2) =1,
(3L2) K?p=A>+AB+ (14 p"py*)B?,

K >0, (A,B)=1, (K,2ppip2) = 1.
From (3.3) we have (-D/K) = (—p]"p5?/K) = 1, so that, by the law of
quadratic reciprocity,

-

We set

(3.1.4) C=2A+B, L=2M+ N.
Using (3.1.4) in (3.1.1) and (3.1.2), we obtain

(3.1.5) 4H? p L? 4 pmp2 N2,

(3.1.6) 4K?*p = C? + p" png?.
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We note that
1 if N is odd,

2 if N is even,

1 if B is odd,
2 if B is even.

(3.1.7) (L,N) = (2M + N,N) = (2M,N) = (2,N) = {
(3.1.8) (C,B)=(2A+ B,B) = (2A4,B) = (2, B) = {
From (3.1.5) and (3.1.6) we obtain

(3.1.9) (HC + KL)(HC — KL) = p}"'py2 Y (K?N? — p, H?B?).

Lemma 3.6 implies that neither p; nor ps divides both of HC + K L. By
changing the sign of C if necessary, we may suppose that p; t HC + K L. We
define odd integers R and S by

(3.1.10) R=(HC+KL)/2"p, S=(HC—KL)/2°pSp],
where p¢ | HC — KL, p | HC + KL, p} || HC — KL. We note that

plTRS7 pg"/RS,
(3.L.11) a>m>1, f+y>me—1>0,
min(8, ) = 0.

Next we factor R into primes:
(3.1.12) R=c¢ H ¢ H ,r]fj’
(p2/q:)=1 (p2/rj)=—1

where € = %1, e;, f; are positive integers, and g;, r; are distinct odd primes.
From (3.1.5)-(3.1.8), (3.1.10) and Lemma 3.5(ii) we see that each f; is even.
Then, from (3.1.12), we have

i (2)() 1)

(p2/qi)=1

by the law of quadratic reciprocity. Similarly we have

(3.1.14) <pS2) =1.

Next, by Lemma 3.1 and (3.1.9), we have
(31.15) 2(KL+ HC)(KL+60KN)=(KL4+ HC +0KN)? (mod ps),
where 6 is a solution of the congruence

(3.1.16) 0% = —p™ph2t (mod py).
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Note that we may take § = 0 when my > 2. The congruence (3.1.16) is

< > ( )m] '

From (3.1.15) we have, as (—1/p2) =1,

s ) FS) G T)

Recall from (3.1.11) that either 5 = 0 or v = 0. Taking the + sign in (3.1.17)
when § = 0 and the — sign when v = 0, and appealing to (3.1.10), we

obtain
r+1
) GGIERT)-r e
D2 b2 b2 D2
s+1 @
) () G)G)(ET) -1 oo
D2 b2 b2 b2 b2

Thus, by (3.1.13), (3.1.14) and (3.1.18), we have

r+1

()7 (55 oo

<K> _ P2 P2

172 s+1
(2)" (2
D2 p2

If p =1 (mod 8) then (2/p2)" ! = (2/p2)*™ = (2/p2). If po =5 (mod 8),
by Lemma 3.7, 7 and s are both even so (2/p2)" ™t = (2/p2)s*! = (2/p2).
Hence (3.1.19) reduces to

(3.1.20) <Z> - <p22> <L ;jN)'

Now set w = (14 0)/2 (mod p3) so that

(3.1.18)

(3.1.19)

(3.1.21) L+60N=2M+ (14 60)N =2(M + wN) (mod p2),

and w is a solution of the congruence

w? —w+ L1+ ppy ) = 0 (mod pa).

Note 2w =1 (mod py) if mg > 2.
Hence, by (3.1.20) and (3.1.21), we have

(5)- (45
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Finally,

C) is a fourth power

()= ()=

& (Z) =1 (by (3.1.3))
& (M;:”N> =1  (by (3.1.22))
(M;;”N> =1 ifme=1,

=3 where w? —w + (1 +p{™) =0 (mod ps),

<4M+2N> 1 ity > 2.
D2

Case (J): D = p"'py?, D* = pgnl_lp;nrl, my (odd) > 1, my (even)
> 2, p1 = p2 =3 (mod 4), (p1/p2) = 1. Let p be an odd prime such that
(p/p1) = (p/p2) = 1, so that p # p1,pe. From (3.2) and (3.1) we have
(3.J.1)  H?’p=M>+MN+ 31+ p™ 'pi2~")N?,

H > Oa (M7N) = 17 (H72pp1p2) = 17
(3.J.2) K?p=A*+ AB+ X(1+p"py2)B?,
K >0, (A,B)=1, (K,2pp1p2) = 1.

From (3.3) we have (-D/K) = (—p]"'p5?/K) = 1, so that by the law of
quadratic reciprocity, we have

(3.1.3) (ﬁ) = (_Kpl) = 1.

We set

(3.J.4) C=2A+B, L=2M+ N.
Making use of (3.J.4), equations (3.J.1) and (3.J.2) become
(3.1.5) AH?p = L? + p™ ~'py 2 IN?,

(3.J.6) 4K?*p = C? + p"py? B2,

As in case (I) we have

(3.0.7) (L,N) = { 1 if NV is odd,

2 if N is even,

(3.7.8) (C. B) = { 1 if B is odd,

2 if B is even.
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From (3.J.5) and (3.J.6) we obtain
(3.J.9) (HCH+ KL)(HC — KL) = p" 'pi2 Y (K2N? — p1p. H* B?).

By Lemma 3.6 neither p; nor p, divides both of HC + K L. By changing the
sign of C' if necessary, we may suppose that pst HC' + K L. We define odd
integers R and S by

(3.J.10) R=(HC+KL)/2"p?, S=(HC—KL)/2°pSp],
where pg || HC — KL, p} || HC + KL, p} || HC — KL. We note that
plTRS7 pQTRS7

(3.J.11) a>ms—1>1, f4+y>m; —12>0,
min(f3,vy) = 0.
Next we factor R into primes:
(3.J.12) R=c [ « I -7

(p1p2/q:)=1 (p1p2/rj)=—1

where € = %1, ¢;, f; are positive integers, and g;,r; are distinct odd primes.
By (3.J.5)—(3.J.8), (3.J.10), (3.J.12), and Lemma 3.5(ii), we see that each
fj in (3.J.12) is even. Hence
()
P1 ’

()-GO
) -G), 0 G

(p1p2/q:)=1

By the law of quadratic reciprocity, we have

(p1p2/ai) = 1 = (qi/p1p2) = 1= (qi/p1) = (¢i/p2),
and, as (¢/p1) = (¢/p2) = ¢, we deduce from (3.J.13) that

(3.0.14) ()= (3)

Similarly we have

(3.0.15) (2)-(2)

From (3.J.9) and (3.J.10) we see that p5~ "% || K2N?2 — p1p, H? B%. By
Lemma 3.4 we observe that

(a ma+1)/2 H N, (a—m2+l)/2 ’B if o is odd,
(a m2+2)/2|N (a m2)/2 | B

(3.J.13)

if o is even.
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Define integers N7 and By by
Ny = N/ple=met0/2 g — pyple=m2tD/2 it 4 s odd,
Ny = N/ple=m=2/2 g — B/pl*=m2)/2 it o is even,

so that po 1 Ny (v odd) and py1 By (« even). Hence, by (3.J.10) and (3.J.9),
we have

2" p{ RS = (H?C? — K*L?)/p§
— p?l’nlfl(K2N2 o p1p2H2B2)/pgfm2+l

_ [P TN (KANE — pip2H?B?) if o is odd,
B Tl_l(PzKQNf —p1H?B?) if a is even,

S0 thata as (pl/pQ) - 17

3 e E é _{—i—l ifaisodd}_(_l)wr1
P2 P2 pa)  U—1if aiseven) ’
that is,

o (E)(E)-()

A similar calculation, with the roles of p; and py reversed (note that (ps/p1)
= —1), shows that

wn (EE)-E)

From (3.J.14)—(3.J.17) we obtain (2/p1)""* = (2/p2)" "%, so that

(o) = ()
P1ip2 pP1p2 '

If pypo = 1 (mod 8) then (2/p1p2) = 1. If p1po = 5 (mod 8) then, by
Lemma 3.7, r and s are both even. Thus in both cases we have

(3-1.18) <p12]92>r B (p12p2)s -

Now let 6 be a solution of
(3.J.19) 02 = —ppi 7t (mod py).

If my > 3 we see from (3.J.19) that we can take 6 = 0. If m; = 1 the
congruence is solvable as (—p52~!/p1) = (=p2/p1) = (p1/p2) = +1. Then,
by Lemma 3.1, we have

2KL+ HC)KL+60KN)=(KL+HC+60KN)? (mod p,),
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(2)(em) (5) ()

Recall from (3.J.11) that either 8 = 0 or v = 0. Taking the + sign when
B = 0 and the — sign when v = 0, we obtain, appealing to (3.J.3) and

(3.J.10),
r+1
IOEN e
P1 b1 P1
s+1 o
G GG GIET) - o
b1 b1 D1 b1 b1
Hence, as (—1/p1) = —1 and (p2/p1) = (—p1/p2) = —1, we have
r+1
CROEC
n b1 Zzirl
)=o) (22) -
p1 b1 p1

Appealing to (3.J.17) when v = 0, we see that

(3.3.20) <§> _ <p21>”1 <L —;16N>

in both cases. Then, from (3.J.14) and (3.J.20), we obtain

(3.J.21) (Z) (;)Hl (L ;fN)’

Next we observe that

(HC+ KL)? —2(HC + KL)KL
= (HC+ KL)(HC — KL)

and thus

=p" T py TN (KPN? — pipo H2B?)  (by (3.1.9))
=0 (mod po) (as mo > 2),

() ()

From (3.J.10) we deduce (as (p1/p2) = 1)

2 G GGG

so that
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Then, from (3.J.21) and (3.J.22), we have

G IG5

that is, by (3.J.18),

()= (o) G) (557

Now set w = (6 +1)/2 (mod p;) so that w is a solution of the congruence

(3.J.23) w? —w+ 1(1 +p" 2y =0 (mod py).

Then we have

L+0N\ [(2M+(1+0)N\ (2M+2wN\ (2 M +wN
(m >_< P )_< n >_<m>< n )
and

b ()-EE)

Finally, noting from (3.J.23) that 2w = 1 (mod p;) when m; > 3, we
have

C, is a fourth power in H(—D)

-(3)-(5)-

& <K> =1 (by (3.1.3))

D2

o (2)(E) () 1y azy

<M+wN> <4M+2N> _
b1 b2
& if my =1, where w? —w+ (1 +p72 1) =0 (mod py),

AM + 2N
<+) =1 ifm; >3 (by (3.J.4)).
P1p2

Case (K): D = 4p"'p2, D* = 4pT'p52~ 1 my (odd) > 1, my > 1,
p1 =3 (mod 4), po =1 (mod 4), (p1/p2) = 1. Let p be an odd prime such
that (p/p1) = (p/p2) = 1, so that p # p1,p2. From (3.2) and (3.1) we have
(3K.1) H?p=M?+p"py>~'N? H >0, (M,N)=1, (H,2ppip2) =1,
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From (3.3) we have (-D/K) = (—4p{"p5?/K) = 1, so that, by the law of
quadratic reciprocity, we have

)~

From (3.K.1) and (3.K.2) we obtain
(3.K.4) (HA+KM)(HA — KM) = p™py2 Y (K2N? — p, H? B?).

By Lemma 3.6 neither p; nor ps divides both of HA + K M. By changing
the sign of A if necessary, we may suppose that pot HA + KM. We define
odd integers R and S by

(3.K.5) R=(HA+KM)/2'p}, = (HA-KM)/2°p$p],

where pg || HA— KM, p || HA+KM, p] | HA—K M. We note from (3.K.4)
and (3.K.5) that

pIJfRS7 p2+R‘S’7
a>me—120, B+y=>2m =1,
min(g3,y) = 0.

Next we factor R into primes:
(3.K.6) R=¢ ] « ] -V,
(p2/qi)=1  (p2/r;)=-1

where € = %1, e;, f; are positive integers, and g;, r; are distinct odd primes.
By (3.K.1), (3.K.2), (3.K.5), (3.K.6) and Lemma 3.5(ii) we see that each f;
in (3.K.6) is even. Hence, by the law of quadratic reciprocity, we have

o (B)E) I ()

(p2/qi)=1

Now, by Lemma 3.1, we have

(3.K.8) 2(KM + HA) (KM +wKN) = (KM + HA+wKN)?* (mod py),
where

(3.K.9) w? = —pMpy2~t (mod py).

Note from (3.K.9) that we may take w = 0 when my > 2. When my = 1,
the congruence for w is solvable as (—p]" /p2) = (—p1/p2) = (p1/p2) = L.
Then, from (3.K.5) and (3.K.8), we obtain

oo (@) @) EEE)-
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Thus, as (p1/p2) = (R/p2) =1 (see (3.K.7)), we deduce from (3.K.10) that

o (8- ()

If po =1 (mod 8) then (2/p2) = 1. If po =5 (mod 8) then, by Lemma 3.8

with E = pi"'pJ? = 3 (mod 4), E* = p!"py2~' = 3 (mod 4), E/E* =
p2 =5 (mod 8), r is odd so that (2/p2)" ™ = 1. Hence (3.K.11) becomes
K M N
(3.K.12) () - (“”)
b2 D2
Finally,

C, is a fourth power in H(—D)

()= ()=

K
o <) —1 (by (3.K.3))
D2
M N
& <+w> =1  (by (3.K.12))
P2
M N
(—I—w) =1 if mg =1, where w? = —p™ (mod ps),
P2
T\ (M
<> —1 if my > 2 (by (3.K.9)).
P2

Case (L): D = 4p™py2, D* = 4p™ ~'pi2~! 'm; (odd) > 1, my (even)
> 2, p1 = p2 =3 (mod 4), (p1/p2) = 1. Let p be an odd prime such that
(p/p1) = (p/p2) = 1, so that p # p1,p2. From (3.2) and (3.1), we have

(3L1) H2p = M2+p71711—1p72712—1N2’ H > 01 (Ma N) = 17 (H7 217]91292) = 17
(3.L.2) K?%p = A? —|—p71nlp72n2B2, K >0, (A,B)=1, (K,2pp1p2) = 1.

From (3.3) we have (—D/K) = (—4p{"py?/K) = 1, so that, by the law of
quadratic reciprocity, we have

(3.L.3) <£> =1.

From (3.L.1) and (3.L.2) we have
(3L4) (HA+KM)(HA—-KM)=p 'pi>"Y(K2N? — p1p, H?B?).

By Lemma 3.6 neither p; nor ps divides both of HA + K M. By changing
the sign of A if necessary, we may suppose that pot HA + KM. We define
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odd integers R and S by
(3.L.5) R=(HA+KM)/2"pS, S=(HA—-KM)/2°pp],
where p¢ || HA+ KM, p? | HA — KM, p] || HA — KM. We observe that

plTRS7 p2+RS7
(3.L.6) a+B8>my—1>20,vy>meg—12>1,
min(a, 5) = 0.

Proceeding as in Case (J) (proof of (3.J.16)) with roles of p; and ps reversed,
we obtain

wn (EE)-E)

Next we factor R into primes:

(3.L.8) rR=c [[ « I I

(p1p2/q:)=1 (p1p2/rj)=—1

where € = %1, ¢;, f; are positive integers, and g;,r; are distinct odd primes.
By Lemma 3.5(ii) each f; is even. Hence from (3.L.8) we have

(-(2) T (5) (B)-(2) 1 (&)

(p1p2/9i)=1 (p1p2/q:)=1
As
() == () - ()= () - ()
qi qi qi b1 D2
()-()
—_— = —_— = 5’
b1 D2
we deduce that
(3.L.9) (R) _ (R),
Y4 b2

Next, by Lemma 3.1, we have
(3.L.10) 2(KM + HA)(KM +wKN) = (KM + HA +wKN)? (mod p,),
where w is a solution of the congruence
(3.L.11) w? = —p"1p2Tt (mod py).

Note that we may take w = 0 when m; > 3. When my = 1 the congruence
(3.L.11) is solvable as

(5)-(2)-(E)-

and
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From (3.L.10) we obtain

(2)(Raem) () e

Recall by (3.L.6) that either « = 0 or § = 0. Taking the + sign in the above
equation if & = 0 and the — sign if § = 0, we derive, using (3.L.3) and

(3.L.5),
) r+1 M N
&) G)-(57)  we-e
b1 b1 b1

() () ()= () =
b1 b1 b1 - b1 o

Appealing to (3.L.7) in the case § = 0, we see from (3.L.12) that in both
cases we have

bL19 -G (%)

Further, by (3.L.4), we have (as mgy > 2)
2HA+ KM)KM = (HA+ KM)? (mod py),

GGG -

Then, appealing to (3.L.5), we obtain

)G GGG

so that (as (p1/p2) =1 and (R/p1) = (R/p2), see (3.L.9)) we have

NGORG]

and thus by (3.L.13),

b2 p1p2 b2 p1 '
If pipp = 1 (mod 8) then (2/pips) = 1. If pip; = 5 (mod 8) then, by
Lemma 3.8 with E = p"'pJ? = 3 (mod 4), E* = p" 'pi>~ ! = 3
(mod 4), E/E* = pipo = 5 (mod 8), r is odd, so that (2/p1p2)"t! = 1.
Hence we have

619 ()= (5) G

(3.L.12)

so that
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Finally,

C, is a fourth power in H(—D)

-(3)-(2)-

& <> —1 (by (3.L.3))

M N M
< w )() =1 (by (3.L.14))
p1 p2
M N M
<+w> <> =1, ifm; =1, where w?> = —p5?~" (mod py),
P1 P2
Y/ M
( ) - if my >3 (by (3.1.14)). =
P1p2

4. Predictive criteria when H(—D) ~ Z,. The class number 4 prob-
lem for imaginary quadratic fields was solved by Steven Arno [1]. It can be
deduced from this work that there are exactly fifty values of D (> 0) for
which H(—D) ~ Z,. For these values of D, we tabulate (pp. 266-269) the
predictive criteria given by Theorem 2 with specific numerical values for H
and w. For some discriminants the criterion can be simplified, for example
by removing a quadratic residue from a Legendre symbol or by writing the
product of two Jacobi symbols as one. For example the latter is possible
when D = 63, as

M+3N\ (4M +2N\ (M —4N\ (M —4N
() ) - () ()
M — 4N
-(%%)
For these fifty values of D the predictive criterion determines which form
class represents the prime p as the principal genus contains exactly two form

classes. For most of these, the predictive criterion is already known, and a
reference is given.

The fifty discriminants in the table include representatives of all cases
except (F). We conclude this section with an example illustrating case (F).

EXAMPLE. D = 392, D* = 28. Here h(—392) = 8, h(—28) = 1. The
principal genus of discriminant —392 contains the four form classes [1, 0, 98],
[2,0,49], [9,£2,11], of which the first two are fourth powers and the other
two are not (see the table on p. 270).
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266

O | 1=(#%) s (17) € gA6v+ X =d | NL+ w=d 1=(4)=(7%) | s¢ | 961
1] eT=H
[a1] a | 1= (M) e xor+x=d oNET + W = d 1 1=(%)=(3) | e | st
| 1= (5&5y) © AP HAX +x =d NN+ =d 1= (%) =(%) € | 1t
(3 S| 1= () © A6+ x =d NE+ U =d 1=()=(%) | et | 9ar
LT=H
1] I | 1= (5557) © A66+ AX +  x =d NS+ NI+ w=dg | 1=(%)=(5) 1e | a1
H | 1= (%) (8H) » x0e+ ,x =d NTL+ v =d 1=(5)=(Z%) | sv | v
et fet] | a | 1=(gHg) © Ave+x =4 NT+ v =d 1=(4)=(Z%) | s | o
[c] v | 1= (M) e gt x =d NOT+ v =d 1=(8)=(Z%) | v | sar
[o1] o | 1=(5Fx) © A0+ x =d N+ v =d 1=(5)=(%) | ot | 08
[¢] a | 1= (gir) © ALl +,x =4 N+ U =d 1=(4)=(Z) | v | 8
| 1= (5557) € AT+ AX +,x =d NN+ =d 1=(4)=(%) £ | €
e fer] | @ | 1=(MH) e g+ ,x=d NL+ =4 1=(4)=(%) ¢ | 9g
(1] 1| 1= (3&97) © AT+ AX +  x =d NE+ NI+ v =d 1=(%)=(%) | g
(1] I | 1= (5iy) © A0+ AX + x =d NN+ =4 1= (%) =(%) ¢ | 6
ERE| oseD UOLISILID SATIOIPAI] L= () e d LA | a
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L5'6°CT=H

1] I Sr) @ L A6SHAX + x =d | NSTHNWH v=dH | 1=(%)=(%) 1L
[er)let) | a ) € A8+ x =4 NT+ U =d 1=(F)=(%) | s
1] I L) @ L AIS+HAX +,x =d | NG+NW+ v =d 1=(%)=(4) | et
1] a L) e AeL+ x =d N+ =d 1=(%)=(%) | *
1] I oSt ) € g AELF AX + X =d | N+NW+ v =d 1=(4)=(9) ¢
L'T=H
1] I ) L A69F AX + x =d | NVIFNW+ w=d | 1=(F)=(%) ag
1] I ) € LA+ AX + X =d | NC+HNW+ v =d 1=(4)=(%) L
€T1=H
v S AP+ x =d (NTE+ U =d 1 1=(8)=(%) | sa
1 ) & LAE9+ X =d NE+ =4 1=(4)=(%) al
€T=H
[¢1] i 7)) E LA+ o x =d NTL+ U =d 1 1=(%)=(%) 12
1] I 7)) LA AX + X =d | NANWN+ w=d 1=(%)=(%) €
D k) € Aee+ x =d NV + 0 =d 1=(8)=(Z&) | or
1] 1 ) © QAIGH AX + X =d | NTHNW+ v =d 1=(%)=(%) L
P ose) UOLIDILID SATIOIPAI] 1= (') e d «ad

d jo uoryejueseidoy
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€¢
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NFTNNW A+ N =d
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9T

[e1]

[¢1]

6'c’e'1T=H
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¥8¢

1]
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6€
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le1]

6'€T=H

NVC+HNIW+ W =d,H
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¢1=H

NOT+ VW =d,H
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1]
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N+ =4
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N TN+ v =d

) @ LAI6+ AX +x =d

NEFNIW+ =42
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268

Jod

ase))

UOLIOLID DAI}OIPAI]

1= (NW) pm
d jo uoryejuesexdoy

«a




269

Representation of primes by binary quadratic forms

Sr) @ X688+ AX +x =d
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p=M?+7N? (_1)N( -2 ) (M) Representation of p by

p M N M+N AT a form of discriminant —392
11 2 1 —1 11=9-0242-0-1+11-12
43 6 1 -1 43=19-2242.2(=1) + 11(-1)?
67 2 3 +1 67 =2-32+49.12
107 10 1 +1 107 = 3% 4+ 98 - 12

5. Successive predictions. If the pair of discriminants (D, D*) meets
the conditions of one of the six cases (A), (B), (D), (G), (I), (K) studied
in Theorem 2, then the pair (AD, D) (where A = D/D*) also satisfies the
conditions of the same case. For these six cases we can apply Theorem 2
t times to determine whether or not a form class in the principal genus of
H(—\!'d) representing p is a fourth power.

For example consider case (G) with p; = 5, and take p = 29. We use
Theorem 2 three times to determine whether a form class in H(—16-53) =
H(—2000) representing 29 is a fourth power or not. From 29 = 52 44 - 12,
(b+1-1)/5) = 1 (w = 1 is a solution of w? = —4 (mod 5)), we see
that 29 is represented by the form x? + 20y, as the form class [1,0,20] is
the only fourth power in H(—16 - 5) = H(—80). Indeed 29 = 32 + 20 - 12.
Now (3/5) = —1, so that 29 is represented by the form 4z? + 25y2, as
the form class [4,0,25] is the only square which is not a fourth power in
H(—16-5%) = H(—400). Indeed, 29 = 4-12+425-12. In order to continue we
must determine a positive integer H coprime with 2-5-29 such that 20H? is
represented by the form z? + 100y2. As [8, 4, 13] are the two form classes
in the non-principal genus of H(—400), a suitable choice is H = 13. We find
13%-29 = 12 4+ 100 - 72. Now (1/5) = 1, so that 29 is represented by one or
two of the forms z2 + 50092, 2122 + 10xy + 25¢2, 2422 + 202y + 25y2, as
the form classes corresponding to these forms are precisely those which are
fourth powers in H(—16 - 5%) = H(—2000). However, Theorem 2 does not
tell us which of these forms actually represent 29.

Once it has been determined, by Theorem 2 or otherwise, whether a
form class in the principal genus of discriminant —D representing p is a
fourth power or not, Theorem 3 tells us how to determine directly whether
a form class in the principal genus of discriminant —A\'D representing p is
a fourth power or not, without determining the sequence of representations
of p needed to apply Theorem 2.

THEOREM 3. Let p be an odd prime such that x1(p) = x2(p) = 1, where
X1, X2 are defined at the beginning of Section 3. Let (D, D*) be a pair of
discriminants as defined in cases (A), (B), (D), (G), (I), (K) of Theorem 2.
Set A\ = D/D*. For t =0,1,2,... let Cp(t) denote a form class of H(—A\'D)



Representation of primes by binary quadratic forms 271

which represents p. Define the character
1 if Cy(t) is a fourth power in H(—A'D),
U,(t) =< —1 if Cu(t) is a square but not a
fourth power in H(—\'D).

Then
(—=1)HP=1D/8 in case (A), where m > 7,
t
(t) (p) in cases (B), (D), (G), where my > 1,
20 ) M
(p) in cases (1), (K), where mg > 1.
P2/4

Proof. Case (A). Let D = 2™, m > 7, and let t denote a pos-
itive integer. As (—1/p) = (2/p) = 1, applying (3.2) with discriminant
—2ttm=1 — _9t=11) shows that there are integers H, M, N such that
(5.1)  H?’p=M?*+2"""3N2  H>0, (M,N)=1, (H,2p)=1.

By (3.3) we have (—2"™~1/H) =1 so that

—1 2\t
(5.2) <H>:<H> |
Reducing (5.1) modulo 16, we obtain, as t + m —3 > m — 3 > 4,
(5.3) H?p= M? (mod 16).
By Theorem 2 (Case (A)),
C,(t) is a fourth power in H(—2'D)
& (2/M)=1
< M =41 (mod 8)
& M? =1 (mod 16)
& H?p=1 (mod 16) (by (5.3))
< H =41 (mod8),p=1 (mod 16) or
H =43 (mod 8), p=9 (mod 16)
(2/H)=1,p=1 (mod 16) or (2/H) = —1,p=9 (mod 16)
(by (5.2)) H is represented by a square in H(—2'"1D)ifp =1 (mod 16),
or H is not represented by a square in H(—2!"1D) if p =9 (mod 16)

T3

& p is represented by a fourth power in H(—2!=!D) if p=1 (mod 16), or
p is represented by a square which is not a fourth power in H(—2!"1D)
if p=9 (mod 16)

& Cp(t—1) is a fourth power in H(—2!"1D)if p=1 (mod 16), or C,(t—1)
is a square but not a fourth power in H(—2!"'D) if p=9 (mod 16),
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and thus
U,(t) =1 ¥,(t—1)=1, p=1 (mod 16) or
U(t—1)=—-1, p=9 (mod 16)
St —1)=(-1)rD/E

Hence we have

Up(t) = ()P EE (- 1) (¢ > 1)
and so

W, (t) = (—1)"P=P0,(0) (¢ > 0).

Cases (B), (D), (G). Let D = 2#pi"*, where my > 1,

2, case (B),
=< 3, case (D),
4, case (G),
and
p1 (prime) =1 (mod 8), cases (B), (D),
{pl (prime) =1 (mod 4), case (G).
Here

a = (7). a= (1),

Let ¢t denote a positive integer. As x1(p) = x2(p) = 1, from (3.2) with
discriminant —pi_lD, there exist integers H, M, N such that

(54) H2p = M2 + (p’i_lD/4)N2, H > 0, (MvN) =1, (Ha 2pp1) =1
By (3.3) and the law of quadratic reciprocity, we have

- _plile _ _2;,Lpl‘i+m1—1
H H

t+my—1 t+my—1
—a(B) T~ ()
that is,
(5.5) Xi(H) = xo(H)mt,
From (5.4) we have
H?p=M? (mod py),
so that

). ()

By Theorem 2 (cases (B), (D), (G)),
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C,(t) is a fourth power in H(—p} D)

zZ) (51)4 =1 (by (5.6))

& (p)4 — 1, xo(H) =1 or (p)4 =1, xo(H) = -1

P1 p1
& (by (5.5)) H is represented by a square in H(—p'™'D) if (p/p1)s = 1, or
H is not represented by a square in H(—pt™ ' D) if (p/p1)s = —1
& p is represented by a fourth power in H(—p, *D) if (p/p1)s =1, or p
is represented by a square which is not a fourth power in H(—p}{~'D)

if (p/p1)a = —1
& Cp(t—1) is a fourth power in H(—p, ' D) if (p/p1)s = 1, or Cp(t — 1) is
a square but not a fourth power in H(—pi*D) if (p/p1)s = —1,

and thus

Uy(t) =1 W(t—1) =1, <§1> =lor
4

W, (t— 1) = —1, (;)4 — 1
S, (t—1) = <;1>4.

Hence we have

and so
t
p
70 = (2) m0) (=0
D1 4
Case (I). Let D = pi"'p5?, my (odd) > 1, ma > 1, p1 = 3 (mod 4),
p2 =1 (mod 4), (p1/p2) = 1. Let t denote a positive integer. As (p/p1) =

(p/p2) = 1, from (3.2) with discriminant —p%~' D, there exist integers H,
M, N such that

(5.7)  H’p=DM?+ MN + (1 + p{"pitm"")N2,
H >0, (M,N)=1,(H,2ppip2) = 1.
By (3.3) we have

A R AN O 1 S W e T
H H H
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-GG -6

H H t+mso—1
G)-G)
From (5.7) we have

16H?p = (4M + 2N)? + 4pi 1 phtm2 =1 N2,
Hence 24 H?p = (4M + 2N)? (mod py) so that

<H>(p> B <4M+2N>
Y2 P2/ 4 P2 '
The rest of the proof now proceeds as in the previous cases.
Case (K). Let D = 4p"'p5?, my (odd) > 1, ma > 1, p1 =3 (mod 4),
p2 =1 (mod 4), (p1/p2) = 1. Let t denote a positive integer. As (p/p1) =

(p/p2) = 1, from (3.2) with discriminant —p5~' D, there exist integers H,
M, N such that

(58) H2p = M2+(p;_1D/4)N27 H > Oa (Ma N) = 17 (H7 2]7171])2) =1
Appealing to (3.3), we obtain as in Case (I),

G-C)

From (5.8) we have H?p = M? (mod ps) so that

() G) = G)

The rest of the proof now proceeds as in the previous cases. m

so that

Returning to the example discussed at the beginning of this section, as 29
is represented by the principal form of discriminant —80 (29 = 32 +20-12),
Ws9(0) = 1. Then, by Theorem 3, for ¢ > 0 we have

29\
Woo(t) = <5> Wo(0) = (—1)%.
4
Thus 29 is represented by a form class in H(—5"-80) which is a fourth power

if ¢ is even and a square but not a fourth power if ¢ is odd.

6. Double prediction. We have applied Dirichlet’s technique to deter-
mine predictive criteria when Ho(—D) ~ Zy., k > 2. However the method
is also applicable to certain types of discriminants —D for which the 2-rank
of H(—D) is 2 or more.
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We illustrate this for the following two types of discriminants —D:
D =4tqr, qand r (primes) =1 (mod 8), (¢/r) =1, t=1or 2.

By Lemma 2.1 the 2-rank of H(—D) is 2. Further, by the Rédei—Reichardt
theorem [17], the 4-rank of H(—D) is also 2. Thus

H(—4tq7’) =G X G X Gg,

where G; and G5 are cyclic subgroups of H(—4tqr) of orders 2F (k > 2)
and 2! (I > 2), respectively, and G3 is a subgroup of H(—4tqr) of odd
order. Let U and V be generators of G; and G2 respectively. The subgroup
H?(—4tqr) in H(—4tqr) is the principal genus. The four genera of H(—4tqr)
are the cosets H?(—4tqr), UH?(—4tqr), VH?*(—4tqr), UV H?(—4tqr). We
order the generic characters of H(—4tqr) as follows: (x/q), (x/r), (—t/*). Let
FH?(—A4tqr) be the genus among U H?(—4tqr), V H?*(—4tqr), UV H?(—4tqr)
with character values + — —. Let GH?(—4tqr) be the genus with character
values —+ —. Thus the 4 genera are H2(—4tqr), FH?(—4tqr), GH?(—4tqr),
FGH?(—4tqr) with character values +++, +——, —+—, ——+ respectively.

Let H*(—4tqr) denote the subgroup of fourth powers in H?(—4tqr). We
have the coset decomposition H?(—4tqr) = H*(—4tqr) U F2H*(—4tqr) U
G?H*(—4tqr) U F?G?*H*(—4tqr).

By the law of quadratic reciprocity, we have (—r/q) = (—¢q/r) = 1, and
therefore (—tr/q) = (—tq/r) = 1. Hence we may define integers w, and w,

such that

wg = —tr (mod q), w?=—tq (modr).

THEOREM 4. Let t, q, r, F', G, wq, w, be as defined above. Let p be a

prime satisfying
—1
0-()-()-
q r p
so that there are integers H, M, N, H', M', N" with
(6.1) H?*p= M? +tqN?, H >0, (M,N)=1, (H,2pqgr) =1,
(6.2) H?p=M"?+trN? — H >0, (M N')=1, (H 2pgr) = 1.
Then p is represented by form class(es) from
H*(—4tqr) & (M' +wyN'/q) = (M + w,N/r) =1,
F2HA(—4tqr) & (M' +wyN'/q) =1, (M +w,.N/r) = —1,
G?*H*(—4tqr) & (M' + wgN'/q) = -1, (M + w,N/r) =1,
F2G?H*(—4tqr) & (M’ + wyN'/q) = (M + w,.N/r) = —1.
Proof. As (p/q) = (p/r) = (—t/p) = 1, p is represented by a form class
Cp (and its inverse C,; ') in the principal genus H?(—4tqr). Let S, be a class

such that SI% = C)p. Let K be a positive integer coprime with 2pgr which
is represented primitively by the form class S L. Then K?p is represented
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primitively by the class (S, ')?S> = I the principal class of H(—4tqr). Hence
there exist integers A and B such that

(6.3) K?p=A?+tqrB?, (A,B)=1, (K, 2pqr)=1.
From (6.1) and (6.3) we obtain
(6.4) (HA+ KM)(HA — KM) = tq(K2N? — rH2B?).

By Lemma 3.6, r does not divide both of HA + K M. Choose the sign of M
so that r{ HA + K M. Factoring HA + KM into primes, we have

HA+ KM = e2* H q; H rfj,
(r/gi)=1  (r/rj)=-1
where ¢ = £1, « is a nonnegative integer, e;, f; are positive integers, and
gi, r; are distinct odd primes. By Lemma 3.5(ii) each f; is even. Thus, by
the law of quadratic reciprocity, we have

HA+ KM € 2\ ¢ ¢\ r 15
R (O (#) 1 (2) -
r r)\r r r
(r/a)=1 (r/rs)=—1
Similarly we can choose the sign of M’ so that ¢t H' A+ KM’ and deduce
(H’A + KM’> 1
B .
Next, by Lemma 3.1, we have

2KM + HAY(KM + w,KN) = (KM + HA + w, KN)? (mod ),
2KM + H'AY(KM +w,KN') = (KM’ + H'A+ w,KN')? (mod q),

so that
K\ (M+w.N K\ M' + wyN’
r) r ’ a) q '
1

If t = 1, then the four ambiguous classes are [1, 0, gr], [¢,0, 7], [1, 1, 5(1—|—qr)] ,
[2q, 2q, %(q—i—r)]. If t = 2, the four ambiguous classes are [1,0, 2¢gr], 2,0, gr],
[q,0,2r], [2¢,0,7]. All these ambiguous classes belong to the principal genus
of H(—4tqr). Then p is represented by form class(es) in H*(—4tqr) U
F2H*(—4tqr)

& C, = J* or F2J* for some form class J in H(—4tqr)

& S5y =J or F2J*

& S) = LJ? or LFJ?, where L is an ambiguous class, that is, L% = I,

& S, =J} or FJ?

& K is represented by form class(es) in H?(—4tqr) U F H?(—4tqr)

(5]

N <M’+qu’> .
q
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Similarly p is represented by form class(es) in H*(—4tqr) U G2H*(—4tqr) if
and only if (M + w, N/r) = 1. Combining these two assertions we deduce
the double prediction criterion of the theorem. It is readily verified that the
choice of signs of M and M’ does not affect the values of the Legendre
symbols appearing in the assertion of the theorem. m

EXAMPLE. t =1, ¢=73=1 (mod 8), r =89 =1 (mod 8), (¢/r) =1,
wq = 35, w, =4, H(—4tqr) = H(—25988) = G1 x G2, where G (resp. G2)
is a cyclic group of order 8 generated by the form class F' = [27,—16, 243]
(resp. G = [87,82,94]). The genera of H(—4tqr) are:

() | (&) | (3)
H?(—4tqr) + + +
FH?(—4tqr) + - -
GH?(—4tqr) - + -
FGH?(—4tqr) - - +

Further H?(—4tqr) comprises sixteen form classes subdivided as follows:

H*(—4tqr) = {[1,0,6497], [2,2,3249], [73,0,89], [81,16,81]},
F2H*(—4tqr) = {[9, +2,722], [18,+2, 361]},
G?H*(—4tqr) = {[57,+40, 121], [69, £64, 109]},
F2G?H*(—4tqr) = {[57,42,114], [69, +28,97]}.
H2p H’2p , ]
P € € Representation of p
H| M|N|H |M|N
97 | 7| 64| 3|3 |28 | 1|—-1|-1][97=69-02+28-0-1+97-12
173 | 1] 10 1|5 63| 2|-1|—-1][173=57-12+2-1-14114.12
257 | 7| 89| 8| 5 [ 27| 8|—1|+1[257=69-22+64-2-(—1)+109-(—1)2
809 | 7| 32(23| 5 | 72| 13| +1|—-1|809=9-32+2-3-14722-12
1013 | 7 [202 [ 11| 7 | 81 | 22| +1 | +1{1013 = 73-3% +89-2°

2, _ 2 2 12, aql2 2 _ (M'+35N’ _ (M+4N
H?p=M?+T3N?, H?p=M"+8IN"?, &' = (LB o = (MM,

It remains to investigate further the possibilities of Dirichlet’s technique
in determining predictive criteria.
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