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Beweis. Folgt aus (3.2) durch wortliche Wiederholung des Khin-
tchineschen Beweises [3] (wiedergegeben auch im Biichlein [4], 8. 89-95).
Aus (8.2) konnen verschiedene Verallgemeinerungen von Khin-
tchineschen [3] und P. Lévyschen [2] Resultaten hergeleitet werden; es
sei jedoch nur noch ein einziger Spezialfall hervorgehoben, der mir beson-
ders interessant zu sein scheint und dereinen Satz von 8. Hartman und
mir [6] verschérft. &
Man setze
1 falls %, %y = u, v (nodr) mit einem
festgelegten Zahlenpaar u, v((u, v,7) = 1),
0 somst.

(3-5) f(kly ko, )=

Dann schlieBt man aus (3 4) daf die Dichte der Zahlen ! mit

Bri=u, Bi=v(modr), (4,0v,7)=1

fiirst fast alle a gleich ¢(r)™* ist. Summiert man noch iber « (mit (u, v, r)
= 1), so erhélt man
Sarz 3.3. Bs gilt fiir fast alle o

1T S\ r (v, 1)
GO dmE Q) 1=et) D le i

i<n
Bymy(modr) (u,v,7)=1

Mit (3.6) wird die Dichte der I mit B; = v (mod?) in der Kettenbruchoent-
wicklung fast aller a bestimmt.
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A note on a theorem of Hardy and Littlewood
by
8. KNvapowskl and W. StTA§ (Poznan)

1. In this paper we shall be concerned with the behaviour of the
function
P(y) =D {Am)—1e, >0,
n=1
which Is, in essentials, Abel-mean formed from series > {A(n)—1}.
n B
Hardy and Littlewood proved [3], on starting from the formula
of Cahen [1] and Mellin (5]
ac-(-.im -
(1 e | Ty = (>0, rey >0,
2100
that, on the Riemann hypothesis,

p =0k, F -2 ()

as y—0 through positive values. )

In the present paper we arc going to show that one may (1‘181)61'158
with the Riemann hypothesis in the, at least sh'ghﬂy_ weake?, Q-esi:amafflon
of F(y) and, what is more, in place of the above ineffective estimation,
will supply an explicit one.

The result is

TaEOREM. For 0 < 0 < ¢, () we have

1
1 log’s 1
(1.2) max |[F(y)| > Wz.exp ——4-—————110g10g10g5
Isy<i 10g10g5

In the proof we shall apply the method of Turan, namely will use
the following modification [4] of Turén’s Satz X [8]:

(*) ¢y, 0g, -.. denote positive, numerieally caloulable constants.
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LmMMA. Sup;pose m 20,2, R, .., are complew numbers with

=] 2 2| = ... 2|l = .. = |ew]
and

N
(1.3) ‘zh‘ > 2m .
Then there emists an integer v with
(1.4) m
such that

(1.B)  [bi-+byeh+ ...

Lrim4-N,

+ by |

> ([_zo;ﬂ)” min by By -1

“

byl (m%m)zv

2. Before we {wn to the proof we shall list some know properties

of the functions I'(s) and ¢(s).which will be used in the following:

(2.1) logI'(s) = slogs-ws~§logs-|« %10g27r+g

for res >0, || =14, r = [s], |0] 1(2),

(2.2) (o) = 0L 4/ Amt
'l/0-2 32 emt .. g—mit

where 1 <k < VI+#, 0< o<1 (see [6], p. 25).
Further, by the formula of Legendre,

Bo) e =)/,

Nowlet N(T) stand for the number of zeros of fe)in0d<o<1,0<t
We have

(2.4) N(T)< e TlogT, for T=2.
Purther, for o> —§

—o0 <Lt +oo.,

(2.5) ‘& 311‘ osfL +(Jt] -+ 2) " log (J8] +2)
For every v > 2 there is a 7', with

(2.6) < Ty o4-1

such that

(2.7) %(a+i1‘,,) < log?ly,, —~31<o0<2.

The first complex zeros of £(s) are approximately (see [7], p. 320)
(2.8) 1141413, $4421.02, 344 25.01 )

(*) See e.g. [2], p. 138. (2.1) has been slightly modified.
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3. We turn to the proof of the theorem. Let us write

. 1)\-2s &
(3.1) o= %(logs) :
(3.2) A =}loglog.
Integer » will be supposed to satisfy the inequality
1—&)log < v4 <logh
(3.3) ( —s)og;’:\v <logy.
Further, put
1
logx
[}
(3.4) m=(l—e)—,
1
1/8_
v 1 log 3
(35) =3—1°
loglog;s-
Iogl/s%_
(3.6) . 1=
(1og10g 3)
‘We start from the formula
1 2+1{o0
3.1 r =t [ vEw @ +ew)a,
2—{o0
which follows by (1.1).
Substituting
Yy =",

we integrate (8.7) » times from 0 to w,, @, ...
the one hand we have then

© o, w©3op
(3.8) L= [ [ .. [ Flem)dwda,
00 00

and on the other

3.9) I,=-— 2—1- ‘[

D ) +eo) oords

ok Z aw——i{ 1O £ o) +20) s

=1

163

, w,, » respectively. On
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(3.8) gives clearly

(3.10) Lo < %5 moax |F(y)|
oGyl
Further we have
(3.11) f’s, +c(s))ds e, §1=1,2,..

We apply Cauchy’s theorem of residues to the firgt integral in (8.9). Let £
be a connected broken line with segments alternately parallel to the
axes, all lying in the strip } < o< §, and such that

(3.12) )| < celog?(lt|+2) on L.

[Fu
The existence of £ follows eagily as e.g. in [8] (p. 186). We have then
by (8.11)

ere 1

613) L= D T0%-55 2 1) (5 0+ tio)) s
(L)

e>(L)

where g = f+%y runs through the zeros of £(s).
Using (3.12) and (2.5) wo get

This, (3.10) and (3.13) give

2 e

o>(L)

< 67(62’5w _5v> i

9)+¢(s)) s

Y -
8.14) )|+ 660 5" “F"BZ(‘Q":"‘“

w'
;— max |F(y TR
<Y<l ey N

4. Tn this section we shall estimate the saxn D in (8.14) from below.
> (L)
We put )

(4.1) o= vd

and split 2 into two with |y| <1 or else |y| >
0>(L]

sufficiently small é

= 1. We obtain easily for

o 0.4
sag <l
>t I

In order to estimate the other sum from below we ghall use the Lenima.

1 et
To)—
(o) 7

(4.2)

icm®
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Let o3 = B+ 971, 01> (L) be that zero of {(s)

A
fg—el is maximal. We put the sum in guestion in the form

-] Dron g

with |y,| < I for which

lvl<t
) or>(L)
and define
edle—en) e4(1/2+114.18..—¢1)
by=1I Ry = T 1B ri14.18 .. °
p=Ile), & == 12 +114.13...
%1

Next apply Lemma with m, N given by (3,4), (3.5). This is permissible
in view of (2.4). If N is greater than the actnal number of the ¢'s in the
considered domain, we put 2; = b; = 0 for the missing ones.

Let us check (1.3):
1 1 2N

R4 11/4>m+N'
(1og3)

lenl =

Choosing » as required in (1.5) we obtain
e4B1\r [gAl1/2—p1) N N
[gl|) (30/§91| ) (240 2N—|—m)) x
x min [I'(e)+I{eg)++ T(ey)|-

«3) 18>

It is easy to see that
(4.4) mlille’(el)+T(ea)+---+T(91)|
> |P(3+41418 )+ (311413 .

J= D irte)l.

lvl>21
But (2.2) furnishes

(4.3)
lyl>21
and by (2.1) we get

247° < arg (3 +1 14.13 ...) < 262°,

which means

IT(3+4 1413 ..) + T(3—414.18 ...)| > 0.278 [ (341 14.13 ..)] .
Using (2.3) we have together with (4.4) and (4.5)
& o
(4.6) min |Te0 + Tea) -+ T2 | > Y "—%> e

h<F<N
Next we have
N N N O\ —1/sl0gV/8L
s
24¢ (2N +m) 216m
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This, (4.3) and (4.6) give

R
]og~l
1\v2 1 5 1 Lyus
= —logiBz 9 e =) -
> (6) exp—log 5 log30 i 8 (1(>g 6) 24.
loglogg
! log1
12 5
> 2(1) exp -—8-—~—l—>~—
é 1
loglog 3
Using now (3.14) and (4.2) we obtain
1 1
y 1\1/2 og < L4 v
(4.7) % max |F(y)|> (5) exp | —8-- 9 1 —092—9—«.—1.
' eogy< loglog 3 - (»—1)
But
elogji ’
a_i" < ] < eam:’l-——z;—/fﬁ log log log 1/3
v P

and also

»
i) «’
B <02
7,211(1'“7)! S

whence by (4.7)

1
logs
1\v2 ] 1
max|F(y)| > —) exp | —4 ————logloglog= |,
d=y<t (6 loglog %» 8

Q.E.D.
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A theorem on ‘‘ordered” polynomials in a finite field

by
L. Carrnirz (Durham, North Carolina)

Let F denote the finite field GF(g) of order g, where g = p» is odd.
Put p(a) = +1, —1or 0 according as a is a non-zero square, a non-square
or zero in F. Then we have
1) y(a) = a™,

where ¢ = 2m 1. The writer has proved the following theorem.
THEOREM A. Let f(x) be a permutation polynomial such that

.

@ () =0, fA)=1
and )
(3) p(H@)~1W) =vl@—y)
for all ,y e F. Then we have

(4) flz) = a®’

for some § in the range 0 <j < m.

We recall that a polynomial f{x) with coefficients in ¥ is a permutation
polynomial if the numbers f(a), « « F, are distinet. Also two polynomials
f(&), g(x) are defined as equal if f(a) = g(a) for all a ¢ F; this is equivalent
to the statement

f(x) = g(x) (modx2—a) .

Now it is evident that the hypothesis (3) implies that f(#) is a per-
mutation polynomial. Also we may drop the hypothesis (2) and replace
Theorem A by the following slightly more general theorem.

THEOREM B. Let f(x) be a polynomial with coefficients ¢ F' such that

p(f(@)—1(y)) = dyp(a—y)
for all @,y e F, where A= +1 is fived. Then we have
(B) fl@) = az®+ b

for some j in the range 0 <j <mn and where a,beF, p(a) = 2.
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