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1. Introduction. In this paper, we continue our investigations (cf. [5],
[6], [9]) concerning reducibility of polynomials of the form g(f(x)) over Q,
where g(x) is a monic irreducible polynomial in Z[x] and f(x) is a monic
polynomial in Z[x] with distinct zeros in Q or, more generally, in a given
algebraic number field K. We assume throughout this paper that the split-
ting field of g(x) over Q is a CM-field, i.e., a totally imaginary quadratic
extension of a totally real algebraic number field. In this case we say that
g(x) is of CM-type. For example, cyclotomic polynomials and quadratic
polynomials of negative discriminant are of CM-type. If g(f(x)) is reducible
for some f(x) then so are g(f(x + a)) for all a ∈ Z. Polynomials f(x) and
f(x+a) are called Z-equivalent or simply equivalent . In part I of this paper
(cf. [5]) we proved that for given g(x), there are only finitely many pairwise
inequivalent monic polynomials f ∈ Z[x] with distinct zeros in Q for which
g(f(x)) is reducible. In parts II and III (cf. [6], [9]), this result was extended
to polynomials f(x) having all their zeros in a given totally real algebraic
number field K. It turned out that in this more general situation there can
exist infinitely many pairwise inequivalent exceptions f(x) for which g(f(x))
is reducible for a suitable g(x) (cf. Lemma 2 in the present paper). However,
the characterization of these exceptions led to a hard diophantine problem
concerning certain arithmetic graphs.

Using some recent results on unit equations ([2], [4]), we solved in [10]
(see also [11]) the diophantine problem in question. This enables us to
give a precise description of the exceptional polynomials f(x) mentioned
above. Let K be a totally real algebraic number field, and g ∈ Z[x] a monic
irreducible polynomial of CM-type. We shall prove that the exceptions f(x)
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have the following properties:

(1)

f ∈ Z[x] is a monic quartic polynomial with distinct zeros in K

such that f = f1f2 with some monic polynomials f1, f2 for which
fi(x)− fi(0) ∈ Z[x], i = 1, 2, f1(0) and f2(0) are rational integers or
conjugate quadratic integers, f1(x)− f2(x) = γ for some γ ∈ K with
|NK/Q(γ)| ≤ (2g(0)1/n)[K:Q ] (n = deg(g)), and if β is a zero of g(x)
then

β = δ(δ − γ)

for some non-zero integer δ in Q(β, γ) with f2(0) + δ ∈ Q(β).
In this case we have

f(x)− β = (f1(x)− δ)(f2(x) + δ)

over Q(β) and hence, by Capelli’s theorem (cf. Lemma 3), g(f(x)) is re-
ducible over Q.

It is easy to see that if K has a quadratic subfield then there are in-
finitely many pairwise inequivalent f(x) satisfying (1) for a suitable g(x) of
CM-type. Indeed, if

√
d ∈ K for some square-free positive integer d then

there are infinitely many a, b ∈ Z with a2−db2 = 1; in this case the polyno-
mials f(x) = (x2 − 2ax + 1)(x2 − 2ax) and the minimal polynomial g(x) of
i(i−1) have the required properties. In this example, every polynomial f(x)
has a factorization f = f1f2 having the property (1) with f1(0), f2(0) ∈ Z.
We now give another example where f1(0) and f2(0) are not rational. Let
K be a totally real number field containing

√
3±

√
7. There are infinitely

many a, b, c ∈ Z with a2 − 2b2 = 1, a > 0, b < 0 and c = 3− 4b(a− 3b). It
is easy to check that the polynomials

f(x) = (x2 − (c +
√

7))(x2 − (c−
√

7)) ∈ Z[x]

and the minimal polynomial g(x) of (1+i)((1+i)−2
√

7) satisfy the properties
listed in (1).

Theorem. Let g ∈ Z[x] be a monic irreducible polynomial of CM-type.
Apart from the possible exceptions f(x) described in (1), there are only
finitely many pairwise inequivalent monic polynomials f ∈ Z[x] with dis-
tinct zeros in K for which g(f(x)) is reducible over Q.

In the case when K is a quadratic number field, our Theorem implies an
ineffective version of Theorem 1b of [6]. Further, our Theorem provides a
more precise characterization of the exceptions f(x) occurring in Theorem 1
of [9]. We should, however, remark that Theorem 1 of [9] has been estab-
lished over an arbitrary totally real number field instead of Q. Further, in
contrast with the results of [6] and [9], our Theorem is ineffective, i.e., its
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proof does not make it possible to determine all f(x) for which g(f(x)) is
reducible over Q for a given g(x). This is due to the fact that the proof
of our Lemma 5 (cf. [10], [11]) depends on the above-mentioned finiteness
theorems on unit equations [2], [4] which are ineffective.

Corollary 1. Let g ∈ Z[x] be a monic irreducible polynomial of
CM-type. There are only finitely many pairwise inequivalent monic poly-
nomials f ∈ Z[x] of degree other than 4 and with distinct zeros in K such
that g(f(x)) is reducible over Q.

This is an immediate consequence of our Theorem. The following corol-
lary can also be easily deduced from the above Theorem.

Corollary 2. Let g ∈ Z[x] be a monic irreducible polynomial of
CM-type, and suppose that K has no quadratic subfield. Then there are
only finitely many pairwise inequivalent monic polynomials f ∈ Z[x] with
distinct zeros in K for which g(f(x)) is reducible over Q.

For K = Q, this gives an ineffective version of Theorem 5 of [5].
As is shown by the following example, our results do not remain valid

for any monic irreducible polynomial g ∈ Z[x] and for any number field K.
Let K be an arbitrary (not necessarily totally real) algebraic number field
having infinitely many units, f ∈ Z[x] a monic polynomial whose zeros are
distinct units in K and g(x) = x − f(0). Then the degree of f can be
arbitrarily large and g(f(x)) is divisible by x over Q.

2. Proof of the Theorem. To prove our Theorem we need several
lemmas.

Lemma 1. Let g ∈ Z[x] be a monic irreducible polynomial of CM-type.
There are only finitely many pairwise inequivalent monic polynomials f(x) ∈
Z[x] with degree ≤ 3 and with distinct real zeros for which g(f(x)) is re-
ducible over Q.

P r o o f. This is a consequence of Theorem 2b of [6] which was proved
in [6] in an effective way.

For a polynomial f ∈ Z[x], we denote by H(f) the height of f , i.e., the
maximum absolute value of the coefficients of f . Further, for any algebraic
number field M , OM will denote the ring of integers of M , and O∗

M the unit
group of OM . Let K be a totally real algebraic number field of degree k. We
may assume without loss of generality that K is a normal extension of Q.

Lemma 2. Let g(x) ∈ Z[x] be a monic irreducible polynomial of CM-type
with degree n, and let f(x) ∈ Z[x] be a monic polynomial of degree m ≥ 2
with distinct zeros in K such that g(f(x)) is reducible over Q. There is a
number C1 = C1(K, g) such that m ≤ C1. Further ,
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(i) f(x) is equivalent to a polynomial f∗(x) with H(f∗) ≤ C2(K, g,m),
or

(ii) m is even, and f , g have the following properties:

(2)

f(x) = f1(x)f2(x) for some monic polynomials f1, f2 for which
f1(x) − f2(x) = γ with some non-zero integer γ in K with degree
≤ 2 over Q such that |NK/Q(γ)| ≤ (2g(0)1/n)k, fi(x) − fi(0) ∈ Z[x]
and fi(0) ∈ OQ (γ) for i = 1, 2, and each zero β of g(x) satisfies β =
δ(δ−γ) with some non-zero δ ∈ OQ (β,γ) for which δ +f2(0) ∈ OQ(β).

P r o o f. This is an immediate consequence of Theorem 1 in [9]. We
note that in [9], C1 and C2 are given explicitly. For some improvements of
that C1, see [3] and [10].

We remark that for m = 4, the properties of f , g listed in (ii) coincide
with those occurring in (1). In the remainder of the proof it suffices to re-
strict ourselves to polynomials f(x) of bounded degree. Further, it is enough
to prove that if f , g satisfy the assumptions listed in (ii) of Lemma 2 and if
the degree of f is greater than 4, then f(x) is equivalent to a polynomial of
bounded height.

Lemma 3 (Capelli). Let f, g ∈ Z[x] be monic polynomials, g(x) irre-
ducible over Q and β one of the zeros of g(x). If

f(x)− β =
s∏

i=1

(πi(x))ki

is the irreducible factorization of f(x)− β over Q(β) then

g(f(x)) =
s∏

i=1

(N(πi(x)))ki (N denotes the norm NQ (β)(x)/Q (x))

is the irreducible factorization of g(f(x)) over Q.

P r o o f. See [15] or [14]. We remark that Capelli proved this theorem in
a less general form (cf. [15]).

Lemma 3 reduces the question of reducibility of polynomials g(f(x)) over
Q to that of reducibility of polynomials of the form f(x)− β over Q(β).

Let M be an arbitrary algebraic number field, and let A = {α1, . . . , αm}
be a finite, non-empty subset of OM . For given N ≥ 1, we denote by
G = GM (A, N) the simple graph whose vertex set is A and whose edges are
the unordered pairs [αi, αj ] having the property

|NM/Q(αi − αj)| > N .

Lemma 4. Let M be a CM-field , A = {α1, . . . , αm} a finite set of real
integers in M and β a non-real integer in M . If the graph GM (A, NM/Q(2β))
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has a connected component of order s ≥ 2 then F (x) = (x − α1) . . .
. . . (x − αm) − β has no irreducible factor of degree less than s over M .
If in particular s > deg(F )/2 then F is irreducible over M .

P r o o f. This is in fact Lemma 7 in [6]. As was pointed out in [5] and [6],
it is not valid for arbitrary number fields M . Further, the estimate given
for the degrees of the irreducible factors of F is in general best possible
(cf. [6]).

Let again M be an arbitrary algebraic number field, and let N be a
finite, non-empty subset of non-zero integers of M . For each pair of distinct
positive integers i, j we select an element of N , denoted by δi,j , such that
δi,j = δj,i. For any finite ordered subset A = {α1, . . . , αm} of OM with
m ≥ 3, we denote by HM (A,D), or simply by H(A), the simple graph with
vertex set A whose edges are the unordered pairs [αi, αj ] for which

αi − αj 6∈ δi,jO
∗
M .

Here D denotes the
(
m
2

)
-tuple (δi,j)1≤i,j≤m.

The ordered subsets A = {α1, . . . , αm} and A′ = {α′
1, . . . , α

′
m} of OM

are called O∗
M -equivalent if α′

i = εαi + β for some ε ∈ O∗
M and β ∈ OM ,

i = 1, . . . ,m. It is obvious that the graphs H(A) and H(A′) are then
isomorphic.

The following lemma is the crucial new element in the proof of our The-
orem.

Lemma 5. Let m ≥ 3 be an integer different from 4. Then for all
but at most finitely many O∗

M -equivalence classes of ordered subsets A =
{α1, . . . , αm} of OM , the graph H(A) has a connected component of order
at least m− 1.

P r o o f. This is an immediate consequence of Theorem 1 of [10]. In fact,
Theorem 1 of [10] gives a more precise description of the graphs H(A) under
consideration. The proof of Theorem 1 in [10] depends among other things
on a finiteness result of Evertse and Győry [2] on unit equations in several
unknowns. We note that Lemma 5 can also be proved by using the finiteness
of the number of solutions of unit equations in two unknowns and the sharp
upper bound derived in [4] for the number of solutions of such equations.
Further, we remark that using an explicit bound of Schlickewei [12] for
the number of solutions of unit equations, we obtained in [11] a refined and
quantitative version of our Lemma 5. Together with quantitative versions of
our other lemmas, this would enable one to establish a quantitative version
of our Theorem. We shall not work this out here.

Lemma 6. There are only finitely many pairwise inequivalent monic poly-
nomials in Z[x] with a given non-zero discriminant.
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P r o o f. This was proved in [7] in an effective way. For an explicit
version, see also [8]. In [1], an explicit upper bound was given for the
number of equivalence classes consisting of such polynomials which have all
their zeros in a given number field.

P r o o f o f t h e T h e o r e m. Let again K be a totally real algebraic
number field with degree k, and suppose that K/Q is normal. Let g(x) ∈
Z[x] be a monic irreducible polynomial of CM-type with degree n, let f(x) ∈
Z[x] be a monic polynomial of degree m with distinct zeros in K, and sup-
pose that g(f(x)) is reducible over Q. As was mentioned above, in view of
Lemmas 1 and 2 it suffices to deal with the case when m is even and greater
than 4, m ≤ C1 (with the bound C1 occurring in Lemma 2) and f , g have
the properties specified in (2).

Let β be a fixed zero of g(x). Then, by Lemma 3, f(x)− β is reducible
over the number field M := K(β). The field M is also of CM-type. Denote
by A = {α1, . . . , αm} the set of zeros of f(x). It follows from Lemma 4 that
the graph GM (A, NM/Q(2β)) has no connected component of order greater
than m/2.

We note that

(3) (NM/Q(2β))1/[M :K] = (NQ (β)/Q(2β))[M :Q (β)]/[M :K] = 2kg(0)k/n .

Denote by N a maximal set of pairwise non-associate elements in OK whose
norms in absolute value do not exceed 2kg(0)k/n. Then |N |, the cardinality
of N , can be explicitly estimated from above in terms of K and g (see [13]
and [9]). For each pair of distinct positive integers i, j with 1 ≤ i, j ≤ m,
we select an element of N , denoted by δi,j , for which δi,j = δj,i. In this way,
we get a set, say C, of

(
m
2

)
-tuples (δi,j)1≤i,j≤m whose cardinality is |N |(

m
2 ).

For a fixed
(
m
2

)
-tuple D = (δi,j)1≤i,j≤m and for a subset B = {β1, . . . , βm}

of OK , consider the graph H(B) = HK(B,D) defined above. We recall that
B denotes the vertex set ofH(B), and its edge set consists of those unordered
pairs [βi, βj ] for which

βi − βj 6∈ δi,jO
∗
K .

If [αi, αj ] is an edge of the complement of GM (A, NM/Q(2β)) then, by (3),
|NK/Q(αi − αj)| ≤ 2kg(0)k/n. Hence αi − αj is an associate of one of
the elements of N . Together with the fact that GM (A, NM/Q(2β)) has no
connected component of order > m/2, this implies that for at least one
suitable

(
m
2

)
-tuple D = (δi,j)1≤i,j≤m of C, the connected components of the

graph H(A) have orders at most m/2. It follows now from Lemma 5 that
there is a finite subset M of m-tuples in OK , which depends only on K
and g, such that A is O∗

K-equivalent to one of the elements of M, say to
A′ = {α′

1, . . . , α
′
m}. In other words, we have

αi = εα′
i + % , i = 1, . . . ,m ,
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for some ε ∈ O∗
K and % ∈ OK . Thus we have

|D(f)|k = |NK/Q(D(f))| =
∏

1≤i<j≤m

|NK/Q(α′
i − α′

j)|2 6= 0 .

This implies that D(f) can assume only finitely many values. Consequently,
it follows from Lemma 6 that up to Z-equivalence, there are only finitely
many possibilities for f(x). This completes the proof of our Theorem.
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