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1. Preliminaries. In [3], Honda proved that for any elliptic curve C
over , a formal completion C of C is isomorphic over Z to a formal group
whose invariant differential has the same coefficients as the zeta-function
of C, and his result was generalized to abelian varieties over Q with real
multiplication by Deninger and Nart in [1]. In this paper, we classify formal
groups which are obtained from some L-series associated with symmetric
pOwers.

Let p be a rational prime and let a, be a rational integer. Let Q,
and Z, denote the field of p-adic numbers and the ring of p-adic integers,
respectively. Consider an equation

(a) X?—a,X +p" 1 =0,

where k € N and k > 2. Let ap, 3, be roots of the equation (a) in Q,. Let
m € N and consider a local Dirichlet series:
1
L](Jm) (5) = Mo —s m—1 —s m—1__s mp—s)’
(L—agp=®)(1 — oy Bpp=®) ... (1 —apfBp' ™ p~*)(1 = By'p~*)

Expanding it out, we have

1
Lm) (o) — .
P ( ) 1+ cpp~* _|_pcp2p723 4+, +pmcpm+1pf(m+1)s

LEMMA 1. For anyv, 1 <v<m+1, ¢, € Z.
Proof. This can be shown by easy calculations. =

Now we put together all local Dirichlet series, and define the global
Dirichlet series:

L (s) = [T 26 (5) = T+ o= + - + P prnp™ (™ +D%) 71,
p

p
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where p runs over all rational primes. Put
oo
LM (s) = Z Ann~*.
n=1

Then A, € Z, and Ay, = AnAp = A Ay if (nyn') = 1.

This L-series is very important in number theory and algebraic geome-
try (cf. [5]). So it is interesting and meaningful to consider formal groups
obtained from this L-series. Put

F(@) =3 n M4, and  FOV(z,y) = FO07 (£ (@) + £ (y)).
n=1

Then by Theorem 8 in [4], F™)(z,y) is a formal group over Z. For a rational
prime p, let F(")*(x,y) denote the reduction of F™)(z,y) modulo p. For
b € Zy, let [b] pom (z) = 07 (bf™(2)). Then [b] pim) (z) € Zp[[x]] and let
[b] 3y denote the reduction of [b] p(m) modulo p (cf. [2]). We use ord, for
the p-adic valuation of Z, normalized by ord,(p) = 1. Then we have the
following lemma.

LEMMA 2. Let (ap,p) > 1 and v € N.
(1) For k = 2, we have

y 5 v/2 if v is even,
ordp(ap +6p) > { (v+1)/2 if v is odd.

(2) For k > 2, we have
ord,(a, +B,) > v.
Proof. This is proved by induction on v, using the identity

o+ By = (ap + Bp) (™" + B;71) — apBlop ™+ 6,77 m

2. The case of (a,,p) > 1. Let p be a rational prime, and let a, € Z
such that p|a,. Let ap,ﬂp,L,(;m)(s), f)(z), F™)(z,y) and F™*(x,y) be
as in Section 1. If m =1 and k = 2, f) is of type u = p + e, T +T? by
Theorem 8 in [4]. Hence F")* has height 2 by Proposition 3.5 in [4]. In fact,
it is associated with the elliptic curve which has Hasse invariant 0 (cf. [6]).
In other cases, we have the following results.

ProproSITION 1. If m =1 and k > 3, orm > 2 and k > 2, then Fm)*
has infinite height.
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Proof. We only need to show that for v > 1, Ap» =0 (mod p”). We
have

A= 3 @R B (e

ki+ko+...+Ekmy1=v

> (e

=1 .
ki+tkm41=1

X ( Z (oeg“lﬁp)kz ... (ozpﬁghl)k’“)) (mod p”).

k2+...+km:V—i

If 7 is even,
ord, (30 (g
ki+kmi1=1

= ordy((a")' + (By")' + () 1By + ag (B ™+ A+ (g B)7?)
> min{ord, ((ay")" + (6;")"), ordy, (o) 8" + a (B)) ),
-yordy((ag B71)2)}
>1 by Lemma 2.
If 7 is odd,
ord,, < Z (a;”)kl(ﬁﬁ)km+1)
k1+km+1:i
= ordp((ag")" + (B")" + (") 1B + g’ (By) ™+
+<azw)(i71)/2(ﬁgw)(i+l)/2 + (ag)(i+1)/2(5;1)(i71)/2)
> min{ord, ((a")" + (6;")), ord, ((ap") 8" + g (B)' ), - .
-y ordy ((agh) D) EEDZ 4 (apm) (D2 (g D/2))
>4 by Lemma 2.
On the other hand,
ord,, ( Z (Oé;n_lﬂp)k2 . (Ozpﬂgl_l)km> >v—i.
k2++km:1/77/
So we have ord,(A,~) > v. Hence A,» =0 (mod p”). m

3. The case of (ap,p) = 1. Let a, be a rational integer such that
ptay,. If m =1 and k = 2, we know that FM* has height 1 by Lemma 6
in [3]. It is associated with the elliptic curve which has Hasse invariant 1
(cf. [6]). If m = 1 and k > 3, then in the same way as in Lemma 6 of [3],
we have ht(F()*) = 1. More generally, we get the height of F(")* by direct
calculations.



154 M. Yamaji

PROPOSITION 2. FU"™* has always height 1.

Proof. We have
Ay =l +al B+ . +apBy T+ B
=a,' + 3" (mod p) =a," (mod p) Z0 (modp). =

Since (ap,p) = 1, by Hensel’s lemma, a,, and 3, are elements in Z,. Let
a, be the unit solution and let 3, be p*~1/a,.

In general, let R be a commutative ring with identity and let F' and G
be formal groups over R. A formal power series p(z) = a1z + ... € R[[z]] is
a homomorphism of F to G if o(F(x,y)) = G(¢(x), ¢(y)) and a1 # 0. If a1
is a unit in R, the inverse power series ¢ ~! is a homomorphism of G to F.
In this case, we say that G is weakly isomorphic to F', denoted by F' ~ G.
In particular, if a; = 1, we say that G is strongly isomorphic to F, denoted
by F ~ G.

PROPOSITION 3. The following assertions hold:

p *
W |2]  w=
ap' | pem)
(2) F0™) ~ FO") over Z if a, = 1 or a, = —1 and m = m' (mod 2).
Otherwise, F(™ o F(™) over 7.

Proof. (1) Let 7 be the prime element such that [r]}...,(z) = zP. By
Corollary 2 of Theorem 8 in [4], we have

m—+1
[p)om) + Z [ep ] pom) [T] pmy =0,
v=1

that is, [p + ¢pm + cpem® + ... + cpm+17rm+i];l;<m) = 0. Since the map * is
m J—

bijective, p 4+ ¢,m + cpem 4 ...+ CpmarT = 0. Put g(z) = p+cx +
cpra®+. ..+ cymerz™ 1 Then 7 is one of the solutions of g(x). Also, p/as
is a solution of g(x). But, since g(x) = (cp +cper+. ..+ cpms12™) (mod p)
and ¢, # 0 (mod p), there is only one solution of g(x) which is divisible by
p. Hence m = p/aj’.

(2) Since ht(F(™*) = 1, by Corollary of Theorem 2 in [3], p/ag =
p/ozzll, that is, a, = 1 or a, = —1 and m = m’ (mod 2) if and only if F(™)
and F(") are strongly isomorphic to each other. By Proposition 3.5 in 4],
weak isomorphisms are strong isomorphisms in this case. m

It would be nicer to give the geometrical interpretation of these formal
groups F("™)(z,7), but it seems difficult for the time being.
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