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Introduction. Recently J. Rutkowski (see [3]) has defined the p-adic
analogue of the Walsh system, which we shall denote by (¢, )men,. The
system (@ )men, is defined in the space C(Z,,C,) of C,-valued continuous
functions on Z,. J. Rutkowski has also considered some questions concerning
expansions of functions from C(Z,,C,) with respect to (¢ )men,-

This paper is a remark to Rutkowski’s paper. We define another sys-
tem (hp)nen, in C(Zp,Cp), investigate its properties and compare it to the
system defined by Rutkowski. The system (h,)nen, can be viewed as a
p-adic analogue of the well-known Haar system of real functions (see [1]).
It turns out that in general functions are expanded much easier with re-
spect to (hp)nen, than to (¢ )men,. Moreover, a function in C(Z,,C,) has
an expansion with respect to (hy,)nen, if it has an expansion with respect
t0 (¢m)men,- At the end of this paper an example is given of a function
which has an expansion with respect to (hy)nen, but not with respect to
(qu)mEN(y

Throughout the paper the ring of p-adic integers, the field of p-adic
numbers and the completion of its algebraic closure will be denoted by
Zy,Q, and C,, respectively (p prime). In addition, we write Ny = N U {0}
and £E={0,1,...,p—1}.

The author would like to thank Jerzy Rutkowski for fruitful comments
and remarks that permitted an improvement of the presentation.

Definition and basic properties. Let p be a fixed prime number and
n € Ng. If n # 0 then for some k € Ny we have n = ng + nip+ ... + nip”,
where n; € FE fori € {0,1,...,k} and ny # 0. Define n_ =ng+mnip+...+
Ne_1pF1, ny = ny, ny, = p¥. Let ¢ be a primitive p-root of unity in Cp.
The functions hg, h1, ... are defined as follows: hg = 1 and for n > 0 we put

_np TR i x € no + npZy,
i () = {() otherwise,
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where z = xg +x1p+ ...+ x1p¥ + ... is a p-adic integer number in Hensel’s
form (i.e. z; € E).

Before proving some properties of (hy)nen,, we shall introduce some
notation. For f € C(Z,,C,) define

o) = {f<x>—1 if f(x) # 0,

0 otherwise.
The function (-, -) : C(Z,,C,) x C(Z,,C,) — C, defined by

pF—1

(f.9)= [ fg=lm p™* > 1(7)g(i)
Zy j=0

has some properties of the inner product. We shall see that the system
(hn)nen, is orthogonal with respect to the above defined “inner product”.
Moreover, we define

Vi = {f € O(Zy,Cp) : Y,y € Z,, (x = y (modp®) = f(z) = f(y))}-
Observe that Vj, is a p®-dimensional vector space over C,. Now we shall

prove

THEOREM 1. Let x = xo +z1p+ ... +zppf + ... € Ly (xz; € E). The
functions hg, h1, ... have the following properties:

nyl ifzren_+n,7Z
_ _ p pZip;
(a) |ho()lp =1, [ha(2)]p {() otherwise,

where | - |, denotes the p-adic norm,

k_
(b)) 385" Py g (1) = mp %
(¢) hy is continuous for all n € Ny;

)
(d) <hn,hm>:{n;1 ifn=m,
)

0 otherwise;
(e) ho,h1,...,hye_y form a basis in the vector space Vi over C,.
Proof. Properties (a)-(c) are easy to verify. Let n = ng +nmip+ ...+
nep”, m=mo+mip+...+mp*and j = jo+jip+...+ jr_1p" ", where

n, # 0, ms # 0 and all coefficients are in E. To prove (d) consider the
following sum for k£ > max{s,r}:

Assume r > s. Then

By ()R () #0 iff  j=n (modp”) and m = n (mod p**!),
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SO
p—l pk*'r‘fl_l
S=>" > ha(iep" +ip"™)
jr=0 =0
X Em(nsps + ns+1ps+1 + oA e p" G+ ipr‘H)
pk—r—lil p*l
ey (L) -
i=0 §r=0

Reasoning similarly for r < s one also obtains S = 0. If r = s then
hn($)hm(5) #0 iff  j=mn (modp”) and m =n (modp").
If n,. # m, then

p—l pk—r—l_l
S=Y" > halep” + i) Grp” + i)
jr=0 =0
p—1
= ph-r-t Z C(nr—mr)jr =0.

Jr=0
Otherwise (i.e. when n, = m,) one obtains S = p*~" = pFn_!. Therefore

(d) holds.

(e) Observe that hg, hy,...,h
that if f € Vj, then

pk—1 belong to V. It now suffices to show

W = ("X F0))ho
=0
pF—1 e P
+ Z (p_k Z ZC_MSf(jpnp—i-snp%—n,))hn.
n=1 7=0 s=0

Denote the right side by g. It suffices to show that f(r) = g(r) for r €
{0,1,...,pF — 1}, because for each = € Z, there exists r € {0,1,...,pF — 1}
such that z = r (mod p¥) and f,g € Vi. Set

k—1,_-—1

pF-1 prny —lp—1
Si = Z p " Z Z ¢ f(Gpnp + snp +n-)hn(r)
n=p j=0  s=0

where ¢ € {0,1,...,k —1}.

Let r =rg+rp+... + rk_lpk*1

, where rg,r1,...,75—1 € E. Then
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one has
g(r)=glro+rp+... +rp_1p" )
p—1pF1-1
=p ") > fUp+s)
s=0 ;=0
p—1 pFl-1p-1
+ Zpik Z Z (T f(p+ 8)hn(ro +rip+ .+ re—1p" ) +S)
n—1 =0 s=0
p—1 p—lpk71—1

=p Y D N oI (p+s) + S

n=0s=0 5=0
Observe that Zf;é ¢™Mro=s) £ () iff s = rg, therefore

PPt

g(r)=p% > pf(ip+r0)+ 51
=0

Reasoning in the same way one obtains

p—1
g(r) =p "> P TGP ™ R i o) + Sk
=0

p—1
=pk z:p’“_lf(spk_1 + 7o 2 rip4T0)
s=0

pk—l po—lp—l
+ Y YD LGP + s A n (o +rp +
—ph—1 §=0 s=0

Y A S A
But if 7o + r1p + ... + r_op* "2 # n_ then h,(r) = 0 so one gets

p—1 p—1
g(r)=p* Z ZPMICM(Mfﬁs)f(Spk*l +7_2p" .+ Tip+10).

n4+=0s=0

If r,_1 # s then 217:1:0 ¢"+(m=175) = ( 50 finally one obtains

9(r) = fre—1p" " +rap® 2 4t rptrg) = (). m

Expansion of functions with respect to the system (h,)nen,. We
start with some notations. The sequence (z(®)).cy where 2(*) = x4 +
x1p + ... 4+ xp_1pF 1 is called the standard sequence of the element x =
To+ x1p + ... € Zp. The sequence (f*)) ey where fF)(z) = f(z®) is
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called the standard sequence of the function f € C(Z,,C,). It is easy to see
that

lim 2™ =2,  lim f® () = f(x)

k— o0 k—oo

for all € Z,, and that f*) € V. So one may apply the formula (1) to f*)
and obtain

k
F® = pzl £
n=0
where
pF—1
=5 1),
(2) =

p n, —lp_1

J=pE ST ST Gy +smy i) 0 << pF

7=0 s=0
(If pk_lnljl — 1 < 0 then put f,gk) =0.)

DEFINITION 1. A function f € C(Z,,C,) has an expansion with respect
to the system (hy)nen, if the following conditions are satisfied:

(E1) for any n € Ny the limit f, := limkqoofr(bk) exists;
(E2) limy,— 00 np fro = 0.

Observe that (E2) implies the convergence of > fnhy,. This series is
called the ezpansion of f with respect to (hy)nen,. We write f ~ > fnhn.

Remark. The series Y - fuhy is also convergent if the sequence
(Ifnlp)nen, is bounded. Indeed, if there exists M € R such that for any
n € No we have |f,|, < M then

0 < |funplp < M|nyl, and  lm |n,l, =0,
n—oo
so (E2) holds and the series Y.~ fnhy, is convergent.
The next theorem follows immediately from the above definition.

THEOREM 2. The set of all functions which have an expansion with re-
spect to (hp)nen, @s a vector space over C,. m

The following result describes a class of functions which have an expan-
sion with respect to (hy)nen, -
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THEOREM 3. If there exist constants do,dy,... € C, such that f =
> o dmhm then f has an expansion with respect to (hn)nen, and f ~
Zﬁ:o dmhp, .

Proof. It is sufficient to compute f,gk) where k,n € Ny, and to show
that limg_, o fy(bk) =d,. For n = 0 one has

pF—1

pF—1 oo
I =07 do+ Y du (075D Aan(i)Ro() ) = do,
=0 m=1 j=0

by virtue of (2) and the proof of Theorem 1(d). For n > 0, consider the sum

pk—ln;171p_l

S = Z ZC‘"*Shm(jpnP—anp—Fn,).
7=0 s=0
Using the definition of (h,)nen, and the properties of roots of unity one
obtains S = 0 if n # m and S = p* if n = m.
Finally, one has

pkilngl—lp_l

f9 = Z dm (pik Z Z ¢ P hy (Gpny + snyp + n_)>
— j=0  s=0
pk—lngl_lp_l

+ dop " Z ZC‘"*shn(jpnp+snp+n_) =d,.

7=0 s=0

Now one can see that limy_, . f,(Lk) = d, for n € Np, so (E1) holds. By
convergence of Y °_ dy,hy,, (E2) also holds. m

From the above theorem one can deduce the following two corollaries:

COROLLARY 4. If f =3 _ dmhm = > 0 _odl by, then d,, = d),. m

m=0"m

COROLLARY 5. If the expansions of f, g € C(Z,,C,) with respect to
(hn)nen, are convergent to those functions, then fg has an expansion with
respect to (hpn)nen, -

Proof. Let f = Y02 fuhn and g = > 00 gnhy,. These series are
absolutely convergent so their product is also absolutely convergent. Hence
one may change the order of its terms. Because the product h,,h., is again hg
or Ah, (for some s € Ng, A € C,,) one can obtain the series fg = > oo j dshs
as a product (3" fuhn)(O o~ gnhn). To finish the proof it is enough to
apply Theorem 3. =m

Now we shall give a few examples of expansions with respect to (hy, )nen, -
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EXAMPLES OF EXPANSIONS. (a) Identity on Z, (f(z) = z). Employing
formulas (2) and Definition 1 one obtains

pF-1
fo=lim p~* Z j = Jlim (p~27 (p* — 1)pt) = —27,

pk ln=lo1,
Jn = khf;op% Z ZC "+ (jpngy + sny +n)
7=0 s=0

p—1
=p! Zs(‘”*s forn > 0.

Note that if p = 2 one gets f, = —2~! for all n € N,

(b) Quadratic function (f(x) = x?). It follows by direct computation
that

o _ —kp—1/ k k(o k _ -l
fo= Jim p~* ZO = lim (p7"67 (" — 1)pt(2pt — 1)) =671,
pk: 1 1 1 _
Ju = Jim p ' Z T (jpng + snp + n-)?
j=0  s=0
p—1
= lim Y s¢ 0 (p tnps +p s (07 - 1))
s=0
p—1
= Zs(_”+s(p_1nps +ptn_—n,) forn>0.
s=0

(¢) Ezponential function (f(x) = exp(az) where |al, < p/®P~V). In
this case, using the properties of the function exp, one gets

pF—1
- —k 5 -1 —1
o= Jim ™ 3 explag) = alesple) - )7,
J:

Pk_lnglflp—l

fa=lim (% S0 3¢ explajpny) explasny) exp(an-))

k—o0 c
7=0 s=0

= Jlim (p~" exp(an)(exp(ap") — L)(exp(apn,) = 1)

p—1
X Z ¢ s exp(asnp))

s=0
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p—1
= aexp(an_)(exp(apn,) —1)~* Z ¢ "+*exp(asny) forn >0.
s=0
(d) Trigonometric functions (f(x) = sin(az), g(x) = cos(ax), where
lal, < p'/P=Y). Applying well-known formulas one obtains

pF—1

— —k . .
fo= lim p E > sin(aj)
‘7:

= klim (p~*(sin(27a)) "t sin(2 7 a(p® — 1)) sin(27ap®)) = —271a,
—00
pkfln;l_lpil

fn = klim pF Z Z ¢~ "% sin(ajpny, + asn, +an_)
e j=0 =0

= klim (}f’“(silr1(271apnp))71 sin(Zilapnp(pkflnlj1 -1))

p—1

x sin(27 ' ap") Z ¢~ "+ cos(asny, + an_)
s=0
+ p*k(sin(2*1apnp))*1 cos(2*1apnp(pk*lng1 - 1))
p—1
x sin(27Lap") Z ¢ "+ sin(asn, + an_)>
s=0
p—1
=— 2_1a<z ¢~ "+ cos(asny, +an_)
s=0
p—1
+ (tan(2 tapn,)) ™! Z ¢ "+ sin(asny, + an_)> forn > 0.
s=0

Reasoning in the same way one gets go = 27 'a - tan(27'a) and

p—1
gn = 2_1a((tan(2_1apnp))_1 Z ¢ "+*cos(asny, +an_)
s=0
p—1
+ Z ¢ "+ sin(asn, + an_)> formn > 0.
s=0

(e) Characteristic function of a coset of the residue class field. Let
A=t+p"Z, where 0 <t <p"~'. Then

1, ze€eA,
Xal@®) =10 Lg4.
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Without any difficulty one obtains

pkfl pk—'r'il
(xa)o = lim p~* »  xa(j) = lim p* Xat+ip") =p~".
§=0 i=0

Forn >0 assume n =ng +nip+... +np®, t=to+tip+... +tr_1p" !
and consider two cases a < r and a > r. In the first case one gets

pk—a—l_lp_l
(xa)n = lim p=® % Y ¢ ya(ipt + spt + o)
j=0  s=0

0 if n_ #t (modp?),
p "¢ Mata if n_ =t (modp®).

Considering the second case, note that if n_ # ¢ (modp”) then (xa)n = 0.
Otherwise one obtains

pszafl_lp_l
(XA)n = lim p~* > D e xalpt T+ spt +n)
7=0 s=0

p—1
—a—1 —n4s
=p “ ZC 2 =0.
s=0

Relationship between (h,,)nen, and (¢, )men,. The aim of this sec-
tion is to show that f has an expansion with respect to (hy,)nen, if it has
one with respect to the system (¢, )men, defined by Rutkowski (see [3]),
and to give an example of a function which has an expansion with respect
to (hn)nen, but not with respect to (¢m)men,. First recall the definition
and basic properties of (¢, )men,. For m = mg +mip+ ...+ mgp® € N
define

O () = G (To + T1p + ... + Tgp° 4 ...) = (TOMOTTIMIE AT
qbo(SC) 1.

It follows immediately that

(o +T1p+ ...z Faep AL
= ¢m($0 +Tip+ ...+ prr)¢m(xr+lpT+1 +.. ) :
The system (¢ )men, is orthonormal in the sense of the definition given

before Theorem 1. The functions ¢g, ¢1,. .., ¢ x_1 form a basis in the vector
space Vj (see Theorem 1(e)). For f € C(Z,,C,), elements of its standard
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sequence can be represented in the form

pF—1 pF-1
PO =3 (0753 F)8())dms where 6,,(j) = 6m(j) "
m=0 7=0

Define fnsk) =pk Z?kzgl (7)., (7). Making use of the above notations we
introduce

DEFINITION 2. A function f € C(Z,,C,) has an expansion with respect
to the system (¢ )men, if the following holds:

(I) for any m € Ny the limit fm = limg_, ﬁﬁ’“) exists;
(I1) limyn o frn = 0.
Note that (II) guarantees the convergence of the series > - _, fmqﬁm,

called the expansion of f with respect to (Pm)men,- We write
f~>_o fm®m. Now we prove the main theorem of this section.

THEOREM 6. A function f has an expansion with respect to (hy)nen, if
it has one with respect to (Gm)men, -

Proof. First we transform the formulas for the coefficients fﬁbk) in the
expansion of f with respect to (hy)nen,. For n > 0 and k large enough,

k—1,—1
p n, —lp_1

(3) f?'(Lk) =p* Z Z ¢ f(dpnp + snp + 1)
j=0 s=0
pkn;1—1
=p % D fling +n_)hn(ing +n_)ny
=0

prPnyt —1n,—1

= npp_k Z Z fin, + r)h,(in, + 1)
i=0 =0

pF—1

=npp > F(G)In(d).
7=0

One can check that

ny—1

hy = n;2 Z ar(n*)¢m+np+r
(4) r=0

(where —ny =m, (modp) and n > 0),
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Applying (4) to (3) one obtains

np—1 pkfl

B =nt > 6. )p ™ Y F() by ()
r=0 7=0
np—1

— - 7 (k
= np ! Z er(n*)fn(_*}z,p—}—r .
r=0

The limit f, = limg o0 f,(Lk) exists because fmnzﬁr = limg_ o ﬁff?lpw

exists by Definition 2 and f, = n! Z:ﬁalir(n_)fmnpw, so condition
(E1) of Definition 1 is satisfied. Now,
np—1

Z aT(n*)f”Jr”err » < max{’fn+np+r|p 0<r< ’rlp}.
r=0

Inp fulp =

But limy, oo fn = 0 s0 max{|ﬁl+np+r|p :0<r<np}—0asn— oo Thus
lim,, o0 np frn = 0 and condition (E2) of Definition 1 is also satisfied. m

Applying the above theorem and the result proved in [3], we immediately
obtain the following

COROLLARY 7. (a) There exists a function f € C(Zy,,C,) which has an
expansion with respect to (hp)nen, and f #0, f ~ 0.

(b) Every uniformly differentiable function has an expansion with respect
to (hn)nENo'

(¢) There exists a differentiable function which does not have an expan-
ston with respect to (hy)nen, -

Now we will show that the system (hj,)nen, is more general than

(d)m)mENo .

ExAMPLE. Consider the function f : Z, — C, given by f(0) = 0 and
flxap® + wap1p®tt+...) = pt1¢etl where x, is non-zero. One can check
that f is continuous. We shall show that f has an expansion with respect to

hn)neng, but the sequence (f,s)sen is convergent to 2(p — 1) so statement
0 P
(IT) of Definition 2 fails. We first prove the following facts:
(i) for s € N, x € Z,, one has f(p°z) = p°f(x);
(i) f(zap® + xa-l-lpaJrl o Tagep® T+ ) = f(zap® + $a+1pa+1 +
.+ 2o 1p®tT), where x, is non-zero and r > 1;
k
(iii) YP_o" flap® +jp*tt) =0 for s € No, k € N, o € E\{0};
k
(iv) 305" f(G) = (p— 1)p* for k € N.

The properties (i), (ii) are easy to verify and we get (iii) immediately by
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direct computations:

pF-1 p—1pF~'—1
> flap® +p*) = flap® +ip™™t + jp°+?)
=0 i=0 =0

p—1
_ pkflszrl ZCZ -0.
=0

To prove (iv) write

pF—1 p—1pF -1 p—1pF -1
> f6) = FGo+ip)+ > > flhp+ip®) +...
j=0 jo=1 =0 ji=1 =0

p—1 pF'-1

The last two terms are 0 and (p — 1)p* respectively by definition of f while
the others are zero by (iii).

Now we are ready to compute the coefficients f,,. Using (iv), (2) and
Definition 1, one obtains fy = p — 1. For n > 0 we consider three cases:
1°n_ =0,2°n_ =anyp ' (where a € E\{0}) and 3° n_ # 0 or n_ #
anyp~!. In the first case one gets

kl—l

P n, _1p 1
— —k nys .
fo = lim p S Y iy + sny)
j=0  s=0
PP lnol 1 PP lno1
= lim p ’“%(ZC Z f(s+jp) + 7).
§j=0

Here we have used (i). Applying (iii) and (iv) one can check that f, = p—1.
Consider the second case:

k— 1

p _lp 1
Jn = kh_{Iolopik Z ZC n+sf(jpnp + sny + anppil)
=0  s=0

— klln;op—knpp—lpk—lngl ch(l—vu_)s )

Here if ny = 1 then f, = 1 and otherwise f,, = 0. Finally, if neither the
first nor the second case holds then using (ii) one has
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klfl

p _lp 1
Jn = kli{{.lop ) Z Zgimsf(jpnp—i-snp—i—n_)
j=0  s=0
p—1
_ : —k k—1_-—1 —nys __
= lim p=pt i, f(n—)ZOC =0

Since f,, € Z,, for all n € Ny the function f has an expansion with respect
to (hn)nen, by the remark after Definition 1.

Let us compute the coefficients ]/”;,s (where s € N):

pF-1
for = Jm p™" 3 f(7)6,: (7)
j=0
= lim p~*
k—oo
—1p—1lp—1p—1pk—s-2_
% Z Z f Z—i—aps 1 +bp +Cps+1 _'_jps+2)< b
i=0 a=0b=0 c=0 7=0
ps~t—1p—1 p—1
_ —k{( k—s—1 1 —b
N (D DI SE TR ) B
e i=1 a=0 b=0
p—1p—1
pkfsflzzif apsfl _i_bps)gfb
a=1 b=0
p—1p—1
pk7872 ZZf(bps + cps+1)<fb
b=1 c¢=0
pilpk—s—Zil pk—s—271
+Z Z Flep™ ! + jps+2) + Z f(jps+2)>.
c=1 ;=0 j=0

The first sum is zero. Applying (iii) one finds that the third and fourth
sums are also zero. Using (i) and (iv) one shows that the fifth sum equals
p¥(p—1). Finally, applying the definition of f, one concludes that the second
sum is p*(p — 1). So fpe = 2(p — 1).
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