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L Introduction. It is still unknown whether or not odd perfect num-
bers exist, but many necessary conditions for their existence have been
established. Among the most interesting of these are & theorem of Kiihnel
([1]) that an odd perfect number N must have at least six different
prime factors, and a result published by Kanold ([2]) stating that ¥ > 10™.

In 1888, O. Servais ([3]) showed that if N =plph...p¥ is an
odd perfect number with p, < p, < ... < P, then % > p,. This result
wasg refined by Griin ([4]), who gave the inequality % > g Pp1—3. The
object of this paper is to make a considerable improvement in Griin’s
inequality for large p, and to give some general theorems concerning the
number of prime factors of N as a function of its smallest factor. Other
theorems of interest (including two on the size of N ) will be given, and
a table of numerical results will be included.

‘We shall let P, denote the nth prime number, where P, = 2. The
symbol N always denotes an odd perfect number. The funection li(z)
is the familiar logarithmic integral:
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We shall commonly write log"f(») in place of [log f(2)1". We let O (z) =

= Y'logp, where p runs through the primes not exceeding @, and m(x)
P<T
will denote the nuwmber of primes not exceeding z.
Now suppose that N = pfip®...p% is perfect, where 3 <{p, <
<P <...<p, 50
- p‘rlr'H"l < . Dr
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If p, = P,, then it is plain that (1) implies

0 , ENE P,,
) < r=mn Pf—— 1 .
Let the function a(n) be defined for n > 2 by the following double ine-
quality:
nt-a(n)—2 N+a(n)~1 .
P, P,

[ — D ]
3) ]Y 5T <2< Ry
From (1), (2), and (3); it follows that if P, is the smallest prime factor

of N, then N has at least a(n) different prime factors. Also, N must have
a prime factor at least as large as P .py.. = Ps. (Throughout the re-
mainder of this paper, the letter § = s(n) will represent n-+ a(n)~—1). The
caleulation of the exact values of a(n) and P; for 2 << < 100 was per-
formed by ILLIAC (the University of Illincis Automatic Digital Compu-
ter). These values are found in the table at the end of this paper. The
table has four columms, giving the numbers #, P,, a(n), and P, re-
spectively.

I am deeply indebted to my father, Professor H. W. Norton, who
spent many hours of careful work preparing the program for ILLIAC.
I am also especially grateful to Professor Paul T. Bateman, who read
and criticized the manuseript, and whose suggestions (particularly for
the proof of Theorem 4) were most helpful.

II. Auxiliary theorems. Some lemmas due to Rosser ([5], [9])
are indigpensable in obtaining our results.

LemmaA 1. P, >nlogn for all » = 1.

LeMMA 2. (a). If 17 <o < e, or if @ = e®®, then xfloga < a(v).

(b). If 6 < n <€, then P, << nlogn+nloglogn.

(¢c). For x =2, we have

2. -
(1— 85)w< O (x) /(1 i«~—§i)w.
- loga

logx
1
For 1<m<elﬂ°,0(w)<(1+ )w, and if 41 < @ =X e,
. logw®

then (1— )w < O(w). If o = 62090 then

1
(-
logs

1
logx

)m < O(x) < ( logw)w'

icm
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et IIII Main results. We now wish to study the function a(n) in some
etai

THEOREM 1. a(n) >n®—2n

Proof. Using (3) and Lemma 1, we have

P, (1 1 1
log2<log( )+ (~ —
P,—1 ,;J; P,,+2P3+3P§+“'
1
1
< og 75+ ZP Z(pﬁps)
P T
<log( - )+ — - (&, 1  rd
P,—1 n+!/2 zlogs ' 2log*(n+ 1) !w2+210g3(n+1)ﬂ o’

80

log(s+a—)>zlog(n+%)(1— 1 ){1— 1 _
nlogn 2nlognlog(n--1)

1
" 4nloginlog(n+ %)}
2
>2log(n 44—~ — —~ L
n  nlogn  ntlogn
It follows that
n+1 7 1 1

s+3> (0t %)”(1
This proves the theorem.

THEOREM 2. Suppose that t (1——“——) < 6 <t( L)
logt @ 1—*_logt

for P, <t < P, where a and b are constants and 0 < a
Then

<8,0<b<3.

2
P, > e""P,ﬁ{l _ 4a+43b--b _ 4logP, .
2logP, P,
In particular,
4a+ 3b-- b2
2log 547

P, > e'be,{l— — 410g547}, n >4,

547
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Proof. The second inequality follows from the first, since P, > P
T .

Now, for r == 2,

Karl X. Norton

== ¢)

for 4 <n <100 (see the table of numerical resulty), and Pio =

. ( P, )< L1
5 1)< "
80
d@(t) 9
1°g2<1°g”1> 2 *21} tiogt T P,
Y=n
2 O(P (P,
2. (Ps)  O(Py) LK (n),
P, PJlogpP, P,logP,
where
Y(logt+1
K(n) = f (t:iigzt )dt < loglogP;—loglog P, +
1+d 1+ b _ b
logP, logP, 2logP, 2log*P,’
Hence, )
b loglog P, + 1 b 2040
IR n 085 — [ ¢ e T
loglog P logP, T g 210g?P, - > loglog 82 logP, 2log:P,

Now, e < 1—a+ax2/2 for
follows that

> (2logP,) {1 —

0 <
80 we have A
b4+-b*
logP;— +21 ogP,
and since

b b

TogB,  2logi®,’

b b
> (logP,)exp ( — - v)

logP, 2log?P,
b 20+ b 2
10an, 210g2P'n 'P'n l

1

b+b“ b+ bt

2iogP, = 5logP,’

it follows that

P, >ePlexp (~

> e"’Pfl{l —

Ao 3b4- D2 410g1’u) '
2logP, P,

d4a4 30+ b2 4log P, }

2 IOan Pn

‘)

B

0< 2 Sinee 0<b<3 and P, =7, ib
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CorROLLARY. For 2 <<n < ¢, and for n > 61, we have

P 4 4logP,)
p>inli_ _ %A
s { logP, P,

Proof. Using Lemma 2(b), it is not hard to show that n < e im-
plies s < 6® and P, < . Also, for n > e, P, > nlogn > e, We
now apply Lemma 2(¢) and Theorem 2, noting that the result is obvious
for 2 < n < 12.

Recent unpublished theorems of Rosser and Schoenfeld (with better
inequalities for @(x)) indicate that the inequality of the Corollary can
be improved in various ways. For example,

P l 15 -L‘loan}

P>ty -
1/6 l Sloan —P'n

for all » = 2. Using these results and Lemma 2(a), various inequalities
for a(n) can easily be deduced.

We wish to make some remarks on the size of N. It was proved by
Buler that any odd perfect number N can be written in the form

4) N =" - g,

where p = a = 1(mod4). By two theorems of Kanold ([7], [8]), N is
not perfect if 2b, < 10 and by, =b; = ... = b,, =1, or if b, = b, = 2
and by =b, =... =0, =1. From this, we obtain without difficulty

the following lemma:
LemMa 3. If P, is the smallest prime factor of N, then

V -P1LP)1+1 (.Pﬂ+2Pn+3 .. Ps—l)zps .

Taking logarithms, we get logN > 20(P,)—26(P,)+ 6logP,+
-+ 2logP,.,—logP,. Using Lemma 2(¢), the proof of the Corollary, the
table of numerical results, and Kanold’s theorem that ¥ > 10%, we have

THEOREM 3. If P, is the smallest factor of N, where 2 < n <C et or
n > 6%, then

1 1
log ¥ > 2P, (1~ 7 ) —ZP,L(1+ I—(E—an) +6logP,+ 2log P, ., —logP;.

0g L

Using the recent results of Rosser and Schoenfeld, this inequality
can be improved to read

log N > 2P, ( P, (1 + )—|— 6log P,-2log P, ., —1log P,

2log P, ) 2log P,
for all n > 9.
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We now obtain a result giving the frue order of magnitude of a(n)
and P,. From thig we e¢an easily get a funetion which is a lower bound
for log N. The statement and proof of the following theorem are due to
Professor Paul T. Bateman, who communicated to the author his im-
provements of the author’s proof of a similar theorem.

THEOREM 4. Let N be an odd perfect number ~with smallest prime
factor P,, and let b be any number less tham 3. Then:

(1) N has at least a(n) different prime factors, where

— 11(1) )Nlﬂ 0(,”2 —1ogbn)

(2) N has a prime faotm“ at least as large as

P, = Pit O(n2emo8").

(3) log N > 2P} O (n2e~108™).

Proof. It is known that @(w) =a+ 4@, where A(x) =
and ¢ is any number less than % (see Prachar [10]). Hence,

11 [aew 1 | fdt+ade
Zp T2 +f tlogt 2 +.{ tlogt

<

0 (wevlog“ac)

_ A(a) 2 1 1
= loglogo + i, +5— [ 40) {erogi * g

e~log‘ ¢ e log®¢
= logl B-+0 0 -
oglogrt B+ ( logw )+ (I tlogt dt)’

where B is a constant. Let b < a < 3. Then

e—log“l )
‘ —_ —log"®
mf flogi dt = O(e )

Therefore,

1
Z — =loglogs + B+ O(e~1%)  for all &<

<z
It follows that

Swb3)- Sl 3)-2)of

»<® DKL

= 10g10gw+ e+ O(e—log%)’

icm
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where ¢ is a constant. Thus, for & = o(2?),
! ) a
—log [1— —| = loglog («*+ h)—loglogm+O (¢~ 108%) .
s<n<e® +h p

Let h = 221" where b < a < %. Then

eﬂlogbm 0-210,;”:
+

Z —log(l—;) =log2 4+ —o ———-~—)+O(e*‘°ga’”) > log?2

21 1
rp<a i ogx ogx
for all sufficiently large ». Also, if h = — mze—logbm’ where b < a < %, then
b, b
\’ 1 e~ log™® e—2log’T
—log|1— —] = log2— 40 0 (¢~ 108"
"'}J g( P) o 2logz ( log ).+ (e ) <log2

T<n<TE LR
for all sufficiently large x. Hence, if g(«) is the smallest number such that
8 1
}( —log|{l——} > log2,
zsga’m P

then g(x) = @2+ O(x2e~1°5™) for all a < . Therefore, if ¢ = n+a(n)—
is the smallest integer such that

r
- > 2
L P—-1

then Z —log (1— i) >log2, 80 P, = P11 O(PLe '¢"Fh), or P,
Pp<p<Fy P
=P10 (n"‘e""gb"
theorem. )
Now, it iz known that =(z)
Prachar [10]). Hence,

) for any b < e. This proves statement (2) of the

= li(w)+ O (we™'5™) for all a < ? (see

a(n) = s—n+1 = z[Pi+0(n2e "‘“gb")]
= m(P})+ O (nte™ ")
— 1i(P2)+ O (P2 e~ 05" R 1 O (n2e1o¢
= 1i(P})+ O (nte e™),

n+1

b’ll

)

where we have assumed as before that b < a < ; This proves part (1)

of the theorem.
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Finally, if the odd perfect number N has smallest prime factor P,,
then (cf. Lemma 3)

$—1

log ¥ > log nPﬁ = 20(Py_1)—20(Py_,) = 20(P,)+ O0(P,)
1,

— 9P, 0(P,e ™' s) 1 O(P,)) = 2P%+ 0 (n2e~08"n),

The proof is complete.
Using known results (see Landau [6]) for P, as a funection of n, we
can rewrite parts (1) and (2) in the (weaker) form

n2loglogn n?
-+ 0
2logn logn

1 3
(8) a(n) é—nﬂognﬁ— 3 n2loglogn— ) n2-

1 1 n? )
= — —_—— H
2 nPa 4 w0 ( logn |’

(6) P, = n*log2n-+ 2n*lognloglogn—2nilogn- nloglogn-- 0(n?).

The inequality N > exp [2be+0(')zf’e"1°’=’b")], while rather crude,
serves to show the rapidity with which N increases as a function of »
(or P,).

IV. Numerical results

n P, a(n) Py n Py au(n) Dy

2 3 3 7 23 83 1010 8281
3 5 7 23 24 89 1114 9173
4 7 15 61 25 97 1222 10151
5 11 27 127 26 101 1331 11197
6 13 41 199 27 103 1448 12343
7 17 62 337 28 107 1572 13487
8 19 85 479 29 109 1704 14779
9 23 115 677 30 113 1845 16097
10 29 150 937 31 127 1994 17699
11 31 186 1193 32 131 2138 10087
12 37 229 1511 33 137 2289 20563
13 41 274 1871 34 139 2445 22109
14 43 323 2267 35 149 2609 23761
15 47 380 2707 36 151 2774 25460
16 53 443 3251 37 157 2048 27259
17 59 509 3769 38 163 3127 20123
18 61 577 4349 39 167 3311 31081
19 67 653 5009 40 173 3502 33029
20 1 733 5711 41 179 3699 35081
21 73 818 6451 42 181 3900 37199
22 79 912 7321 43 191 4112 30461

icm

n Py,
44 193
45 197
46 199
47 211
48 223
49 227
50 229
51 233
52 239
53 241
54 251
55 257
56 263
57 269
58 271
59 277
60 281
61 283
62 293
63 307
64 311
65 313
66 317
67 331
68 337
69 347
70 349
71 353
72 359

Number of factors of an odd perfect number

a(n)

4324
4546
4775
5016
5255
5493
5738
5993
6255
6524
6804
7084
7371
7663
7961
8270
8585
8909
9243
9579
9913
10254
10607
10969
11828
11693
12059
124387
12823

Py

41761
44101
46643
49253
51827
54449
57073
59779
62861
65837
69019
72101
75367
78691
82003
855717
89237
92831
96643
100559
104491
108497
112601
116911
121039
125303
129581
134129
138581

References

Py

367
373
379
383
389
397
401
409
419
421
431
433
439
443
449
457
461
463
467
479
487
491
499
503

a(n)

13215
13611
14014
14423
14841
15266
15696
16134
16576
17021
17477
17935
18404
18880
19364
19856
20353
20858
21876
21902
22429
22962
23503
24049
24605
25168
25732
26308
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Py

143329
148147
152777
157721
162823
168067
173263
178609
183919
189257
194827
200383
206249
211873
218083
224057
230059
236549
242971
249383
255961
262807
269387
276251
283207
290489
297797
304961

[1] Ullrich Kithnel, Verschdrfung der notwendigen Bedingungen fiir die Exi-
stenz von ungeraden vollkommenen Zahlen, Math. Zeit. 52 (1949), pp. 202-211.

[2] H.-J. Kanold, Uber mehrfach vollkommene Zahlen, IT, Journ. Reine Angew.

Math. 197 (1957), pp. 82-96.

[3] €. Servais, Sur les nombres parfails, Mathesis 8 (1888), pp. 92-93.
[4] Otto Griin, Uber ungerade wollkommene Zahlen, Math. Zeit. 556 (1952),

pp. 353-354.

[6] Barkley Rosser, The n-th prime is greater than nlogn, Proc. Lond. Math.

Soc. 45 (1939), pp. 21-44.

[6] E. Landan, Handbuch der Lehre von der Verteilung der Primzahlen, (2nd

ed.) New York 1953, vol. I.

[7]1 H.-J. Kanold, Kreisteilungspolynome wnd ungerade vollkommene Zahlen,
Ber. Math.-Tagung Tubingen, 1946, (1947), pp. 84-87.


GUEST


e ©
374 Karl K. Norton lm‘ ACTA ARITHMETICA

VI (1961)
[8] — Einige neuere Bedingungen fiir die Bwistenz wngerader vollkommener Zahlen,
Journ. Reine Angew. Math., 192 (1953), pp. 24-34.
[9] Barkley Rosser, Buplicit bounds for some functions of prime numbers,
Amer, Journ. Math. 63 (1941), pp. 211-232.
[10] Karl Prachar, Primzohlverteilung, Berlin 1957.

Regu par la Rédaction le 20.3. 1960 . .
P Criteria for Kummer’s congruences

— . by

L. CarLITz (Durham, N. C.)

1. Kummer ([2]) obtained the well-known congruence for the Euler
numbers

D1 () Busapory = O(mods”) (v =7, p >2)
8=0

by means of the following general result. Let p be a fixed prime > 2.

Then if
o mn OO1

(1.1) Dla— = Y (-1,

n=0 k=0
where the a,, A, are integral (medp), it follows that

R 5
(1.2) PG (:) bpsap_y = O(modp”)  (n >7).
=0

Indeed sinee (1.1) is equivalent to

k

n
a= > 4,00, where 0P = (=1 (%),

k=0 7=0
we have
r n4r{p—1) id
- r
(—1y (;) Upy5p-1) = Z Ay 2 (—1y (s) G'Sﬂs(p_x)
=0 k=0 8=0
n-+r(p-1) k
g (B - P
= Y 4 ) v () ra—py
k=0 =0

and (1.2) follows by Fermat’s theorem.
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