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We have so far proved that 2 = 0, and that » = 0 (modp) if and only
if By = 0 (modp). Hence x==0, and so u==0 if By n,50. If,
however, Bp_ys =0, then = 0, and we prove that now u == 0. For

gince
- AN
y—i—;ﬂ/p = i(t—i—;t-]@) for some positive integer =,
it is obvious that if « ==0, then n = 0. But
Vp —aVp
1y+2wp<2,,7 yz 2| oo,
and so B
t —
»#I—'l <2, ——;L—?i <2.

The cages so arising have already been disposed of.
This concludes the proof.

Note. I add a proof that the condition (13a) is sufficient. Let z be an integer
in E() and let (:?—1)/p = 0 (modp). Since (p) = (P)P-1, this ocongruence can
have only the p obvious roots z = { (modp), t=0,1,p—1 Hence if (13a) is
satisfied,

[T a0 TT (142 = ¢t (mod p) .
r . n

Take residues mod P2, Since { = 1—P,
[]@—Pn| [] (2—Pn) = 1—tP (mod F?),
and g0 ’ "
P (n—1) = —=tP (mod P?).
Since Z(‘n—-’r) = 0(modp), t = 0 (modp), and so z = 0 (modp).
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A note on the class number of real quadratic fields
by

N. C. ANKENY (Cambridge, Mass.) and 8. CHOWLA (Boulder, Colo.)

1. Let h = h(p) denote the class-number of the real quadratic field
R(l/pj), where p is a prime =1 (mod 4) and let ¢ = t+u1/§/2 > 1 be
its fundamental unit.

Ankeny, Artin, Chowla (also Kiselev, independently) have proved
that (we gave details only for p =5 (mod8))

uh B,_,

4 4

(modp),
where B, is a Bernoulli number defined by

T X
s e

They also raised a question — still unsettled — can it happen that
% = 0 (modp) when p = 1 (mod4)? We had noticed at the time this paper
was written that h < p, but we did not mention this. Hence, as
Mordell has said in the preceding paper, u = 0 (modp) if and only if
B,_,/4 = 0 (modp), when p == 5 (mod8). In the case when p = 5 (mod8),
Mordell has also given there a different proof of this. It seems now
desirable to give the proof that h < p, especially as the work of other
writers seems to indicate that this eannot be well known. Thus, Carlitz
in Proec. Amer. Math. Soc. 4 (1953), p. 535-537, says (in our notation
for the B’s) “... B,_;/4 = 0 (modp) if and only if either h = 0 or u = 07,
Selfridge, Nicol and Vandiver in their Proof of Fermat's Last Theorem
for all prime exponents less than 4002, Proc. National Academy .of Sciences,
U.S. A. 41 (1955), p. 972, say “in particular the class number k of the
field K (¥'1), where I = 1 (mnod4), is prime to I for the said ¥’s”. The “said”
I’s, here, are the primes < 4002.
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2. We have
]b]sin(bn/p)
= nsin(a;r‘/;)_

2h

&

where ¢ and b are typical numbers in the interval 0 < # < p, such that

BRI

-1
X . omz P . bm
sweo [ = 521w [Tt 3, vo v
ince Ml]lsm » P and i sin P < 1, we obtain
Ezh < 22)—1 < op,
Hence
log2 log2
ge  log((14V5)/2)
‘ 14+Vp _ 14V5
Using ¢ >-~t£ P + Hence k== 0 (modp).

2 2

3. We observe also that for large p, we have from the classical ex-
pression of k as an infinite series (a proof of h < p on these lines is also
possible),

. hloge = O(I/};Iogp)
whence

k= 0(p).

If we assume the “extended Riemann hypothesis’, Littlewood has shown
that

L1) = Z—Z—(ni) = O(loglogk)

where x(n) is a real primitive character (mod¥%), k > 3. Hence, on this
agsumption,

»

h= o(;/;foglﬂ).
logp
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Postscript. Mordell observes that yet another proof of h < p
would follow from expressions for the class number of binary quadratic
forms with a given discriminant, using d(n) = O(n*), where d(n) is the
number of divisors of » and ¢ is an arbitrary positive number. In fact
for a reduced form (a,b,¢) with b%2—4ac = p, we have ac < 0, 0 <<

" < Vp and so b has at most [Vp] values, and from ac = }(p— b?) we have

p° values for a and c¢. Thus
b = O(p**+%).
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